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ABSTRACT. This article is intended to be a survey on some combinatorial topics in group theory. The
bibliography at the end is neither claimed to be exhaustive, nor is it necessarily connected with a
reference in the text. I include it as I see it revolves around the concepts which are discussed in the
text.

1. Introduction

Automorphisms of free groups.
Let F = F, = (x1,%2,...,Zpn), n > 2, be a free group of rank n and let Aut(F’) denote the
group of all automorphisms of F'. Here we begin with Elementary Nielsen (transformations)

automorphisms

{a:i — xil, o permutation of {1,2,... ,n}};

+

{z; — ;T Vg — ap, k4 iy, A — x]ilzzi, T — T, k F£ 1}

{z; — xj_la;ixj, xp — xp, k# iy {ry — xjrix; T, oy — xk, k# i}

J

Every automorphism of the free group F' is a power product of these elementary Nielsen transforma-

tions. Next, we state a significant result of Nielsen.

MSC(2010): Primary: 20F05; Secondary: 20F16, 20E22.

Keywords: Automorphisms, test words, polynilpotent series, universal theories.
Received: 11 December 2012, Accepted: 10 January 2013.

Research supported by NSERC.

91


http://www.theoryofgroups.ir
http://www.ui.ac.ir

92 Int. J. Group Theory 2 no. 1 (2013) 91-107 C. K. Gupta

Theorem 1.1 (Nielsen, [68]). Aut(F) can be generated by the following four elementary automor-

phisms:
n={z1 —al, v — oy, i £ 1) = {r — mag, 1 — xy, i # 1)
3 ={x1 — X2, T2 — T1, Ty —> 3y, 1 F 1,2}
Ty ={x1 — T2, Ty —> T3, ..., Ty —> T1}.

If n > 4, then Aut(F') can, in fact, be generated by a set of two automorphisms.

Theorem 1.2 (B. H. Neumann, [67]). Ifn=4,6,8,..., then Aut(F') = (14, ), where

. -1
YT —> Ty T2 —> T1,T3 —> T3, ...,

Tn—2 — Tp—2,Tp-1 — xnxgip Ty — Scflil;
ifn=>5,7,9,..., then Aut(F) = (¢, x), where X = T4T1iT2i - * * Tni, and Tg;: T — x;l, x; = i, 1 £ k.
Let F' = [F, F] denote the commutator subgroup of F. Consider the natural homomorphism

a: Aut(F) — Aut(F/F’), the kernel of the homomorphism consists of all those automorphisms of F
which induce the identity automorphism on F' module F’. These are so-called IA-automorphisms of F.
We denote by TA-Aut(F') the subgroup of all TA-automorphisms of F. Elements of TA-Aut(F) may
be defined as

a={xr; — x1d1,x9 — xada, ..., Ty — Tpdy},

where d; € F' are such that {x1dy, xady, ..., z,dy,} is a basis of F.

Next, we mention an interesting result of Magnus.

Theorem 1.3 (W. Magnus, [57]). IA-Aut(F,), n > 2, is finitely generated. And

IA-Aut(F,) = sgp{aijk: Ty — Ti[x, Tp), B —> Tyt F 4

foralli,j,k‘}j:i ori ¢ {j, k} andj<k:}.

(Here, we write the commutator [z;, z;] = a:j_la:,:la:j:ck.)

An inner automorphism of F' is clearly an IA-automorphism. We denote by Inner-Aut(F) =
Inn-Aut(F) the subgroup of Aut(F') which consists of all inner automorphisms of F. The centre
of F is trivial, so Inn-Aut(F) = F and the following inclusions of normal subgroups of Aut(F') are
now clear:

F = Inn-Aut(F) < IA-Aut(F) < Aut(F).

Nielsen [68] proved that if F' is a free group of rank 2, then IA-Aut(F) = Inn-Aut(F'), see Lyndon
and Schupp [56] for a proof. Formanek and Procesi [26] proved that Inn-Aut(F,,), n > 2, is a unique
normal free subgroup of rank n. Also, it is clear that Aut(F,/F)) = GL(n,Z), n > 2, the group of
n X n invertible matrices over the integers. Here F, = [F,, F}] is the commutator subgroup of F,.
We recall the question: What IA-endomorphisms of the free group F, = F = (x1,x2,...,Zp)

(¢p: F,, — F,) are automorphisms?
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Nielsen [69] and Mal’tsev [60] have proved that if an endomorphism ¢ of the free group F5 fixes the
commutator of a pair of generators, then ¢ is an automorphism; Durnev [23] showed that if ¢ fixes
the commutator modulo FJ (= [Fj, Fj]), then ¢ defines an automorphism of Fy; Narain Gupta and
Shpilrain [48] proved that if an endomorphism ¢ of F» fixes the commutator modulo the derived series

0k(F3), k > 3, then ¢ is not an automorphism. (Here, the Nielsen commutator test fails.)

2. Test words for automorphisms of free groups

Definition. A word w € F), is a test word if any endomorphism fixing w is necessarily an automor-

phism.

Here we begin with some known results: Zieschang [I0I] showed that if ¢ is an endomorphism of

the free group F,, = F = (z1,%2,...,Zy), n > 2, then ¢ is an automorphism if it fixes xlfxlz“ oxk
for some k > 2 or [x1,x9|[xs, x4] - - [Tn—1,xy] if n is even; Rips [77] and Shpilrain [90] showed that if
o([x1, e, ..., xp]) = [x1,22,..., 25|, n > 2, then ¢ is an automorphism; Dold [20] has found a series

of test elements described in graph-theoretic methods; Edward Turner [97] proved that test words
in F), are those words that are not contained in any proper retracts of Fj,. A retraction p: G — G
is a homomorphism of a group G satisfying p> = p and a retract is the image of a retraction, i.e.,
R = p(G) is a retract.

Example. Let ¢: Fy — F3 be an endomorphism defined by
o(r) = x%:nzzcl_lm;l, o(z) = 1.

Then ¢ fixes x%xgmf%;l but x%xgxflxgl lies in a proper retract (namely, the image of ¢). Therefore,

a:%xgxflx;l is not a test word, whereas one can check that xlngflmgl is a test word.

Test sets and test rank: Let G = (z1,...,x,) be an n-generator group. A set of elements {g1,...,9m},
m < mn, is a test set of a group G if whenever ¢(g;) = ¢;, i = 1,...,m for some endomorphism ¢ of G,

then ¢ must be an automorphism of G. The test rank of GG is the minimal cardinality of a test set.
3. Test ranks of free nilpotent groups

Theorem 3.1 (C. K. Gupta, Roman’kov, Timoshenko [306]). Let N = N,. be a free nilpotent
group of rank r > 2, class ¢ > 2. Then

(1) tr(N) =2 for r odd and ¢ = 2;
(2) tr(N) =1 in all other cases.

(3) An element g € Nog 2 is a test element if and only if it can be written as

g = [r1,22]"" - [T9g—1, T2g]"

in some basis x1,x2,...,T2q, and t1,...,ty are non-zero integers.
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Proof. First we show that if a test element ¢ exists in N,o, then g € N/,, the commutator

subgroup of Ny2. Suppose g ¢ N/,, without loss of generality, assume g = xJu, where
u= H[xi,:cj]k” €Ny, n>1.
1<J
Let ¢ be an endomorphism of N2 defined by

ry — v, vE N/,
ati—>:v’;+1, 1=2,...,7.
Applying ¢ to g,

<p(g) _ cp(:):?u) = (z10)" H[xhwj]k’ij(n—i-l) H [ml,xj]kij(n-i-l)z
1<j 1<i<j<n

= 2o " uw"

for some w € N/,.

u € N/, and Ny2 is nilpotent of class 2. Hence p(g) = g. Obviously, ¢ is not an automorphism of N,s.

Thus, g is not a test element. So, we can assume that g € N’ = N/_. For instance, the set of elements

{x1, [0, 3] -+ (1, 2,]} is & test set. Let

1 — Y1

Ty — Yr

e il
be an endomorphism of NV, y; = 27" -

cxlire;, i € L, ¢; € N'. Let A = (a;;). An endomorphism o

of N is an automorphism if & induces an automorphism on N/N’ [66]. It turns out that the matrix

A = (ayj) is invertible over Z. Thus, « is an automorphism.

For instance, r odd, ¢ > 3, N,. contains a test element g = [[3:2,:(:3] . [a:r_l,xT],ml]. If r =2¢q

even, ¢ > 3, then g = [z1,x2]" -+ - (w241, T24]" is a test element in N. For details, see our paper.

4. Test rank of a direct product F, x A,

O

[F, = (x1,22,...,2,) free group of rank r; A, = (a1,as,...,a,) free abelian group of rank n.]

It follows from the works of Zieschang, Rips, Rosenberger and Turner: A free group F, has test

rank 1; a free abelian group A, has test rank n. Fine, Rosenberger, Spellman, Stille [25] have shown

that for the given integers n and k, there exists a group of rank n with test rank k.
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Theorem 4.1 (Fine, Rosenberger, Spellman, Stille [25]). Test rank of G = G,, = F, x A,
equalsm+ 1, forr > 2 andn > 1.

Something is wrong with the statement of the theorem. We have now proved the following.

Theorem 4.2 (C. K. Gupta, Roman’kov, Timoshenko [36]). The group G = F, x A,, = G,

has test rank n, where Fy.: free group of rank r > 2, A,: free abelian group of rank n > 1.
Proof. Let x1,...,x, be a basis of F,. Shpilrain [90] has shown that the commutator
w1 = [ ’ [-Tl,iﬂg],...,l’r]

is a test element in F,.. He started with Nielsen’s test element [z1, z2] of F5, and his proof used induction
on r. Also, as proved by Fine, Rosenberger, Spellman, Stille [25], every commutator [z, z2], m > 2,
is also a test element in Fy. We started with [z]", zo] for m = 2, and using similar arguments as

Shpilrain, we derive that the commutator
_ 2
Wy = [~--[x1,x2],...,:m]

is a test element in F,.. So, we have obtained wi, w2 two non-commuting test elements in F,.. Here,
we have shown that the set of elements g1 = wia1, g2 = waag, ..., g, = waa, is a test set for G [here

ai,...,ay is a basis of A,]. That concludes the proof. O

5. Invertibility criterion for endomorphisms, test ranks of metabelian products

of abelian groups

Here we begin with a definition.

Definition. An endomorphism of a group G is an IA-endomorphism if it induces the identity map
on G/G'.

Let G =[] *A; be a free product of some non-trivial abelian groups Aj, ..., A,. Let A = G/G" be
the metabelian product of groups Ay, ..., A,. Denote A =[] | xg2A;.

P. Ushakov studied IA-automorphisms of metabelian products of abelian groups. He considered an
embedding of the IA-Aut A group in a group of matrices over some ring for metabelian products A
of abelian torsion-free groups. He showed a stronger version of Bachmuth embedding. It follows from
Ushakov’s results: an IA-endomorphism ¢ is an [IA-Aut A if and only if the determinant of the matrix
(D;a;) over the ring Z(A/A’) can be written as

det(D;a;) = £g(a1 — 1) -+ (ap — 1),

where g € A/A’, B; a basis of A; and a; € B;.
Here, we give necessary and sufficient conditions for an endomorphism of a metabelian

product of free abelian groups to be an automorphism.
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Theorem 5.1 (C. K. Gupta and E. I. Timoshenko [44]). Let A = [[;", *92A4; be a metabelian
product of torsion-free abelian groups of finite ranks; B;: a basis of A;; a; some fixed element of B;;
¢ an endomorphism of A and p(a;) = y;. Ai,..., An non-cyclic groups (m < n). Then ¢ € Aut(A)
if and only if

(1) the images of elements p(b), b € || B; in the group A/A" generate this group;
(2) det(D;y;) = Jnxn over Z(AJA") can be written as

det T = 49(yi — 1)+ (g — Dlampr — 1)+ (an — 1)
for some g € AJA’.
Next we begin with a definition.

Definition. Let G be a group and ¢1, ..., g, € G. The set of elements {g1, ..., g} has the property
(x) if, whenever ¢(g;) = g;, for i = 1,...,m, for some IA-endomorphism ¢ of G, then this ¢ is an

automorphism of G.
Next, we state the following.

Theorem 5.2 (C. K. Gupta and E. I. Timoshenko [44]). Let A = [[;", #92A4; be a metabelian

product of torsion-free abelian groups of finite ranks, n > 2. Then

(1) there is a system {g1,...,gn—1} of elements of the group A with the property (x);

(2) there exists no system of elements {gi,...,gn—2} with the property (x);

(3) a system of elements {gi1,...,gn—1} of the group A has the property (x) if and only if all
elements belong to A" and are independent over the ring Z(A/A’).

In the proof of (1), we demonstrate that the set of elements [a;, as], ..., [a1, a] has the property (x),
where Bj; is a basis of the group A;, and a; some fixed element of B;, i = 1,...,n. Let ¢ € IA-End(A)
and let ¢([a1,a;]) = [a1,a;] for i = 2,...,n. Then it can be shown that the IA-endomorphism ¢
induces the identity map on the commutator subgroup A’. From this we conclude that ¢ is actually
an automorphism of A. For the details of (2) and (3), see our paper.

Next, we have obtained the following:

Theorem 5.3 (C. K. Gupta and E. I. Timoshenko [44]). Let A = [[;" | g2 A; be a metabelian
product of torsion-free abelian groups of finite ranks, n > 2. Then the test rank of the group A equals

n—1.

6. Test ranks for some free polynilpotent groups

Theorem 6.1 (C. K. Gupta and E. I. Timoshenko [45]). Let F' = (z1,...,x,) be a free group.
Let Z(F/R) be a domain, having trivial units only, R < F'. If{q1,...,9m} € F/R' is a test collection,
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then for every solution M1, ..., \m € Z(F/R) of the system of equations

OG- Nt Ogi A =0

Gm - Mt + OG- A =0
and for any ¢ € R/R’, the following condition should hold:

O M+ + 06\ =0.

Proposition. Let F be a free group with basis x1,...,2,, {1} # R<IF, ¢ € R/R', Z(F/R) be a
domain, \; € Z(F/R) fori=1,...,r. Then the endomorphism

T — T

Ty — &N . T,

of F/R' will be an automorphism if and only if

is an invertible element of the ring Z(F/R).

Theorem 6.2 (C. K. Gupta and E. I. Timoshenko [45]). Let F = (x1,...,x,) be a free group.
Let Z(F/R) be a domain with trivial units only, R a non-trivial verbal subgroup of F', and tr(F/R')
be the test rank. Then tr(F/R') equals r — 1, orr.

From these theorems, we obtain the following;:

Corollary 1. For r > 2 and every collection (c1,...,¢) of classes, a free

polynilpotent group F,.(AN., ---N¢,) has its test rank equal to r — 1, orr.

Corollary 2. Let r > 2, ¢ > 2 and F be a free group of rank r. Then the test rank for a group
F/[Ve(F),v.(F)] equals to r — 1.

Here, we mention Shmel’kin’s theorems.

Theorem 6.3. Let F' = (z1,...,x,) be a free group of rank r > 2. Let R be a verbal subgroup of F
and F/R a free polynilpotent group. Assume endomorphism ¢ of F/R' acts identically on the subgroup
A=R/R'. Then ¢ is an inner automorphism of F/R' induced by some element of A= R/R'.

Theorem 6.4. Let F' = (x1,x2) be a free group of rank 2. Let ¢ > 2, t > 1, R = ~.(F) and
F= F/R'. Assume y1,7y2 € F and [x1,72,...,22] = [Y1,Y2,- - ., Y2] of weight c+t are equal. Then the
map ¢: {x; = yi,i = 1,2} is an automorphism of F.
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7. Generating elements of groups F/R’

Theorem 7.1 (C. K. Gupta and E. I. Timoshenko [46]). Let g1,. .., gm be elements of the group
F=A%---xA, and RIF; RNA; ={1} fori=1,...,n; A=F/R, T = t1ZA+ --- + t,ZA is
a right ZA-module with basis t1,...,tn; 7, = t1D1g; + - +t,Dngj; L = tiMZA + - +1,0,ZA,
where /\; is the augmentation ideal of ZA;. Then the elements g1,...,gm generate the group F/R' if

and only if the elements 11, ..., Tm generate a right ZA-module L.

Corollary. Let F,, be a free group of rank m with basis x1,...,Tm; g1,---,9n € Fi, n > m; R is
a normal subgroup of F, with RN gp(x;) = {1} fori=1,...,m; Z(Fy/R) is a domain. Then the
elements g1,...,gn generate the group Fp,/R' if and only if for the matriz J(g) = (0;gj)mxn, there
exists a matriz Bpym over Z(Fy,/R) for which J(g) - B = Epxm (identity matriz).

The following is a stronger version of Birman’s theorem.

Corollary. Elements gi,...,9n € Fy (n > m) of a free group F,, of rank m generate F,, if and only
if for the matriz J(g) = (0;9j)mxn there exists a matrix Byxm such that J(g) - B = Epxm (identity

matriz).
Next we obtain the following:

Theorem 7.2 (C. K. Gupta and E. I. Timoshenko [46]). Let A; (i = 1,...,n) be free abelian
groups of ranks m;; m = my + -+ mp; v < m, F = Ay x---x Ay; D is a Cartesian subgroup
of F; A= F/D; G = F/D'; A; is the augmentation ideal of the ring ZA;; g1,...,9» € G; T =
HWZA + -+ + t,ZA is a free ZA-module with basis ti,...,tn; L = t1MZA + - + t,ANyZA; 75 =
t1D1g; + - +tyDpg; € L, j = 1,...,7. Then there exist elements gr41,...,9m € G such that
Gls- s Grs Gril, - - - 9m generate the group G if and only if there exist elements Ty41,...,Tm € L such

that the elements T1,...,Tp, Tr41,- .., Tm generate the ZA-module L.

The above theorem collects earlier results of Timoshenko, Roman’kov, Narain Gupta—Noskov—
C. K. Gupta.

Corollary. Let S, be a free metabelian group of rank n; g1,...,g9, € Sp (r < n). Then the elements
i, ---,gr can be included in a basis of Sy, if and only if the ideal generated by the r X r minors of the

matriz (0;g;) over the ring Z(S,/S},) coincides with the whole ring.

8. Test ranks for certain solvable groups

Theorem 8.1 (C. K. Gupta and E. I. Timoshenko [43]). The test rank of solvable products of m
non-trivial free abelian groups A1,..., Am of finite ranks is equal to m — 1 if we consider the variety

A" n > 2, of solvable groups.
This statement implies the following.

Corollary 8.2. Let G = 2> [Ti%, Ai be a metabelian product of torsion-free abelian groups of finite
ranks, m > 2. Then the test rank of G equals m — 1.
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Corollary 8.3. The test rank of a free solvable group F,.(A™), r > 2, n> 2, isr — 1.

Corollary 2 answers a question by Fine and Shpilrain (unsolved problems in [62, prob-
lem 14.88]): Does a free solvable group of rank 2 and class n > 3, possess test elements?

Here, we answer their question positively.

9. Torsion in factors of polynilpotent series

A well-known result of Karrass, Magnus, Solitar [51] states: The group is torsion-free if
and only if the relation is not a proper power of any word w in the group. Earlier, an analog with the
Karrass, Magnus, Solitar theorem: Romanovskii [84] proved that the factors of the derived subgroup
series of the group G are torsion-free if and only if r is not a proper power of any element of F' modulo
Fk+1)

Here, we consider a more general situation: let F' = (z1,...,x,) be a free group. We consider in F’

some polynilpotent series of subgroups
(9.1) F=F1>Fo>--->Fimi1=Fn > 2>2F i1 =F>---.

We define Fj; = v;(Fi1), vj(Fi1) is the j-th term of the lower central series of Fj;.

The group F/Fy 41 is a free group of the variety N, Ny, --- Ny, , where N, is a variety of
nilpotent groups of class < m. [The product variety N, N, is the variety of all extensions of groups
in N, by groups in N, ]

Let G = (x1,..., 2, | r) be a group with a single defining relation. Denote by G; a canonical image

of F; in G. We have a polynilpotent series in G-

G=G11>G12>>G1m+1
(9.2)
=Go1 > > Gomyt1 =G31 > - .

We prove more generally the following.

Theorem 9.1 (C. K. Gupta and N. S. Romanovskii [39]). Let G = F/rf be a group with a
single defining relation, 7 € Fp \ Frm+1 (m < my), Fij the term of some polynilpotent series of the
free group F. We show that the factors of the corresponding polynilpotent series of the group G are

torsion-free if and only if r is not a proper power of any element of F' mod Fy, p41.

Denote v;(G) as the i-th term of the lower central series of a group G, i.e., 11(G) = G, vi4+1(G) =
[i(G), GI.

We also give a description of the lower central series of a group F'/[R, R|, when F/R is a nilpotent
group with torsion-free lower central factors. Earlier, Narain Gupta, Frank Levin, and C. K. Gupta
[31] gave a description of the lower central series of a group F/[R, R], when F/R is a free nilpotent
group. We make use of the Magnus Embedding in the proofs. We recall:
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Let F' = (x; | i € I) be a free group, A = F'/R, a; canonical image of x; in A. Consider a right free

ZA-module T with a basis {t; | i € I}, a group of matrices (% (1)) and a group homomorphism

A0 i 0
p: FF— defined as z; — ¢ .
T 1 t;i 1

Kernel of ¢ = [R, R]. Here ¢ defines an embedding of the group F'/[R, R] into the group of matrices
(#9) known as the Magnus embedding. Ry consists of matrices of the type (4. 040, §) for
which (a1 — 1)us + -+ + (an = 1)u, = 0. It follows from the construction, replace the ring ZA by
(Z/mZ)A, then ker ¢ = R™[R, R).

10. Word problem for certain polynilpotent groups

We write G = (z1,...,Zn | T1,. .., Tm; ), where a group G is presented in a variety 90 by generating
elements x1,...,x, and by defining relations r1, ..., r,, if it is a quotient group of a free group in the
variety 9t with basis {x1,...,2,} w.r.t. a normal subgroup generated by 71,...,7y. In other words,
all relations between x1,...,x, in G are consequences of the given defining relations and identities
defining 9.

For k > 3, there are examples of groups that are finitely presented in a variety AF of soluble
groups (here, A the variety of Abelian groups) that have an algorithmically undecidable word problem
[72, 63]. Ng: the variety of nilpotent groups of class at most k. Similar examples for varieties N A,
with & > 3, are given by Epanchintsev and Kukin [24]. On the other hand, the word problem is
decidable for groups that are finitely presented in varieties Ny (Mal'tsev, [60]), A? (Romanovskii,
[84]), and N2 A (Kharlampovich, [52]).

A question of Kargapolov (in [62, Problem 3.16]): Decide whether the word problem is
decidable for groups with one defining relation in A*, k > 3, remaining open.

We define an element r of a free soluble group F' of derived length n is called primitive
if r e O \ FU+D) in a series of derived subgroups, implies that » modulo FU+)) s not a
proper power of another element. Here we deal with a more general case—of a polynilpotent

variety 2 = N,,5 - - - N;1. We prove the following.

Theorem 10.1 (C. K. Gupta and N. S. Romanovskii [38]). Polynilpotent groups with a single

primitive defining relation have a decidable word problem.

In the proof, essential use is made of earlier results [39] from our paper: where factors

of a polynilpotent series in a group G are torsion-free.

11. Property of being equationally Noetherian

A group A is equationally Noetherian if, for any n, every system of equations in x1,...,z, with
coefficients from A is equivalent to some finite subsystem of a given system. The condition of being

equationally Noetherian is equivalent to being Noetherian for the Zariski topology defined on a set
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A™ where as the subbase of a system of closed sets we take algebraic sets, that is, sets of solutions
to systems of equations over the group A. More details about this fact can be found in papers by
G. Baumslag, Myasnikov, Remeslennikov [5] [6] [7].

Every group representable by matrices over a commutative Noetherian unitary ring is equationally
Noetherian (G. Baumslag, Myasnikov, Remeslennikov [6]). They conclude: free groups are equation-
ally Noetherian. Every abelian group is also equationally Noetherian. R. Bryant [9] proved that a
finitely generated group, which is an extension of an abelian by a nilpotent group, has this property.

We give two simple examples of groups which are not equationally Noetherian. The first example
is nilpotent group of class 2 (not finitely generated); the second example is centre-by-metabelian
group and 2-generated. It is worth mentioning another result of Baumslag, Myasnikov, Roman’kov
[7] which states as follows: a wreath product of any non-abelian group and any infinite group is not
an equationally Noetherian group.

Let B be a class of groups A which are soluble, equationally Noetherian, and have a central series
as

A=Ay >Ay> > Ay > e
for which (| 4,, = 1 and all factors A,,/A,+1 are torsion-free groups.

Here, we have proved the following.

Theorem 11.1 (C. K. Gupta and N. S. Romanovskii [37]). Let D be a direct product of finitely
many cyclic groups of infinite or prime orders, with A € B. Then the wreath product D! A is an

equationally Noetherian group.
Here, we have obtained the following two interesting corollaries.

Corollary 11.2 (C. K. Gupta and N. S. Romanovskii [37]). Let a group A € B be representable
as a factor group F/R, where F is a free group of finite rank. Then F/[R, R] € B.

Corollary 11.3. Free soluble groups of arbitrary derived lengths and ranks are equationally Noether-
ian.

Some remarks.
(a) The class of equationally Noetherian groups is closed w.r.t. subgroups and finite direct products.
(b) A group is equationally Noetherian if all of its countable subgroups have this property.

In [37], Romanovskii and I give two simple examples of groups which fail to be equationally

Noetherian.

Example 1. Let a group A in a variety of nilpotent groups of class 2 be given by the following

generators and relations:
A= <a1,a2,...,b1,bg,--~ ’ [bl,al] = 1,[b2,a1] = [bQ,CLQ] = 1,...,
[bTL?al] — [bn,CLQ] — = [bnaan] — 1; [bn+1;a1] — [bn+17a2] _

= [bn—i-laan] = [bn+1aan+1] =1,... >
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Consider a system of equations in one variable such as

[z,a1) =1, [z,a2] =1, J[z,a3]=1, ...;
this system is not equivalent to any one of its finite subsystems of the form

[x,a1] =1, [z,a2]=1, ..., [zx,a,]=1.

Since z = b, is a solution to the subsystem, but [b,,an+1] # 1. Therefore, the group A is not

equationally Noetherian.

Example 2. Consider a free centre-by-metabelian group of rank 2. Its derived subgroup is a free
nilpotent group of class 2 of countable rank (C. K. Gupta [29]). We identify the basis of the derived
subgroup with a set {a1,aa,...,b1,be,...}, imposing on elements certain relations which the group A in
the previous example enjoyed. We obtain a 2-generated centre-by-metabelian group C, whose derived
subgroup is equal to A. Thus the group C is not equationally Noetherian, because its subgroup A has
this property.

12. Automorphisms of free groups of countable

infinite rank

F = Fy = (z1,22,...): Methods of Nielsen and Whitehead do not reduce an infinite set
of generators of F' in a finite number of steps. D. H. Wagner extended Nielsen transformations
to apply to infinite subsets of a group.

Wagner’s 7-transformations: elementary simultaneous transformations, where genera-
tors of 7(z) have bounded lengths.

Question (D. Solitar): Is the group of all automorphisms of F' that are bounded relative
to the given basis {z; | i € I} generated by generalized elementary simultaneous Nielsen
transformations?

The following natural generalizations of the elementary Nielsen transformations:

(i) automorphisms permuting the z;;
(ii) automorphisms inverting any subset of the z;’s and leaving the remainder fixed,;

(iii) automorphisms of the form: given any partition I; and I3 (in I)
{5Uz‘1 — Ljy Liy i1 € Il,ig S IQ, Tijg — Tiy for all 19 € IQ};

(iv)

+1 +1 .
{z;{; — Ty T O Tjy —> T Ty, d2 € Iy}

We call automorphisms of these four types generalized Nielsen elementary transforma-
tions.

L are bounded:

An automorphism ¢ € Aut(F) is bounded if the lengths of the words z; and z;¢~
there is an n such that |z;¢|, |7;p~ 1 < n for all i € I. (See also R. Cohen [I8], Burns & Pi [15].) The

problem of Solitar still remains open.
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Theorem 12.1 (C. K. Gupta and W. Holubowski [35]). We described a generating set for the
group Aut Foo. We show: the group of all automorphisms (modulo the TA-automorphisms) is generated

by strings and the lower triangular automorphisms. Some new subgroups of Aut Fi are presented.

13. Automorphisms of rooted trees

Here we prove the following:

Theorem 13.1 (C. K. Gupta, N. D. Gupta, and A. S. Oliynyk [33]). Let a finite number of
finite groups be given. Let n be the largest order of their composition factors. We prove explicitly
that the group of finite state automorphisms of rooted n-tree contains subgroups isomorphic to the free

product of given groups.

14. Universal theories for partially commutative groups

Here T is a finite graph without loops, whose vertex set {x1,...,z,} is denoted by X, and the set
of edges (z;,z;) by E. For a graph I', a partially commutative group given by

G, T)=(z1,..., 2y | vixj = zjz; <= (24,25) € E; A2 AN,).

A2 A M,: class of nilpotent metabelian groups.
We define certain transformations of a defining graph: we prove that these transformations do not
change the universal theory of a partially commutative nilpotent metabelian group for each defining

graph.

Theorem 14.1 (C. K. Gupta and E. I. Timoshenko [40]). We give necessary and sufficient
conditions for two partially commutative nilpotent metabelian groups defined by trees to be universally

equivalent.

Theorem 14.2 (C. K. Gupta and E. I. Timoshenko [41]). Two partially commutative metabelian

groups defined by cycles are universally equivalent if and only if the cycles are isomorphic.

Definition. Two groups G and H are said to be universally equivalent if their universal theories

coincide. That is, any 3-formula is true on one of these groups if and only if it is true on the other.
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