
www.ijgt.ui.ac.ir

International Journal of Group Theory

ISSN (print): 2251-7650, ISSN (on-line): 2251-7669

Vol. 9 No. 4 (2020), pp. 251-260.

c⃝ 2020 University of Isfahan

www.ui.ac.ir

ENGEL GROUPS IN BATH – TEN YEARS LATER
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Dedicated to our friend Prof. Pavel Shumyatsky on the occasion of his 60th birthday

Abstract. The eighth edition of the international series of Groups St Andrews conferences was held

at the University of Bath in 2009 and one of the theme days was dedicated to Engel groups. Since

then much attention has been devoted to a verbal generalization of Engel groups. In this paper we will

survey the development of this investigation during the last decade.

1. Group-words

Let F be the free group on free generators x1, . . . , xd, for some d > 1. A group-word w is any

nontrivial element of F , that is, a product of finitely many xi’s and their inverses. The word w is

called a commutator word or a non-commutator word, depending on whether w does or does not lie

in the commutator subgroup of F . In particular, a non-commutator word is a word such that the sum

of the exponents of some variable involved in it is nonzero.

Following [24], we say that the commutator word

[xi1 , xi2 , . . . , xik ] = [. . . [[xi1 , xi2 ], xi3 ], . . . , xik ]

is a simple commutator word if k ≥ 2, i1 ̸= i2 and ij ∈ {1, . . . , d} for any j ∈ {1, . . . , k}. Examples of

simple commutator words are the lower central words γk = [x1, . . . , xk], with k ≥ 2 different variables,

and the n-Engel words [x,n y], with n ≥ 1. Here, as usual, the commutator [x,n y] is defined inductively

by the rules

[x,1 y] = [x, y] and [x,n y] = [[x,n−1 y], y] for n ≥ 2.
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Let w = w(x1, . . . , xd) be a group-word in the variables x1, . . . , xd. For any group G and arbitrary

g1, . . . , gd ∈ G, the elements of the form w(g1, . . . , gd) are called the w-values in G. We denote by

Gw the set of all w-values in G. The verbal subgroup of G corresponding to w is the subgroup w(G)

of G generated by Gw. If w(G) = {1}, then G is said to satisfy the identity w ≡ 1. The class of

all groups satisfying the identity w ≡ 1 is the variety determined by w. More generally, a variety is

a class of groups defined by equations. By a well-known theorem of Birkhoff (see, for instance, [26,

2.3.5]), varieties are precisely classes of groups closed with respect to taking subgroups, quotients and

Cartesian products of their members.

Most of the words considered in this survey are multilinear commutator words, also known un-

der the name of outer commutator words. These are words that have a form of a multilinear Lie

monomial, i.e., they are constructed by nesting commutators but using always different variables.

Thus [x, [y1, y2], [z1, z2, z3]] is a multilinear commutator word while the n-Engel word is not, for any

n ≥ 2. Formally, multilinear commutator words are recursively defined as follows: the variable x is

a multilinear commutator word of weight 1; if u = u(x1, . . . , xi) and v = v(y1, . . . , yj) are multilin-

ear commutator words involving different variables of weights i and j respectively, then [u, v] is a

multilinear commutator word of weight i+ j.

An important family of multilinear commutator words consists of the lower central words γk. The

corresponding verbal subgroups γk(G) are the terms of the lower central series of G. Another dis-

tinguished sequence of outer commutator words are the derived words δk, on 2k variables, which are

defined by

δ0 = x1 and δk = [δk−1(x1, . . . , x2k−1), δk−1(x2k−1+1, . . . , x2k)], for k ≥ 1.

The verbal subgroup that corresponds to the word δk is the familiar kth derived subgroup G(k) of G.

The following lemma shows the close connection between multilinear commutator words and derived

words.

Lemma 1.1. [31, Lemma 4.1] Let v a multilinear commutator word of weight k ≥ 1. Then, for any

group G, every δk-value in G is a v-value.

We also mention a property of the set of v-values, when v is a multilinear commutator word.

Lemma 1.2. [12, Lemma 2.2] Let v a multilinear commutator word. Then, for any group G, the set

Gv is symmetric, i.e., x ∈ Gv implies that x−1 ∈ Gv.

2. Groups satisfying an Engel type identity

An element g of a group G is called a left Engel element if for any x ∈ G there exists n = n(g, x) ≥ 1

such that [x,n g] = 1. If n can be chosen independently of x, then g is a left n-Engel element or simply

a left bounded Engel element. Right Engel elements are defined in a similar way, assuming that the

variable x appears on the right.

The following result is well-known and is due to Heineken (see, for instance, [26, 12.3.1]).
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Lemma 2.1. In any group G the inverse of a right Engel element is a left Engel element, and the

inverse of a right n-Engel element is a left (n+ 1)-Engel element.

Clearly, given a group-word w, a group in which all w-values are left (or right) n-Engel elements

satisfies an identity.

A group is called an Engel group (or an n-Engel group, resp.) if its elements are both left and right

Engel (or left and right n-Engel, resp.). It is a long-standing problem whether any n-Engel group G

is locally nilpotent. This is the analogue of the Burnside problem in the realm of Engel groups (see,

for instance, [36]). Following Zelmanov’s solution of the restricted Burnside problem [43, 44], Wilson

proved that this is true if G is residually finite ([38], see also [36]). As a consequence, the class of

locally nilpotent n-Engel groups turns out to be a variety [45].

In [18], Kim and Rhemtulla extended Wilson’s theorem by showing that any locally graded n-Engel

group is locally nilpotent. Recall that a group is locally graded if every nontrivial finitely generated

subgroup has a proper subgroup of finite index. Later, in [30] (see also [29]), Shumyatsky proved

that if all commutators [x1, . . . , xk] of a residually finite group G are left n-Engel elements, then the

subgroup γk(G) is locally nilpotent. This, together with the aforementioned results, leads to formulate

the following conjectures.

Conjecture. Let n be a positive integer and w an arbitrary group-word.

L1. If G is a locally graded group in which all w-values are left n-Engel elements, then the verbal

subgroup w(G) is locally nilpotent (see [4]).

L2. The class of all groups G in which the w-values are left n-Engel elements and the verbal

subgroup w(G) is locally nilpotent is a variety.

The class of locally graded groups is rather wide, since it includes locally (soluble-by-finite) groups

and residually finite groups. A quotient of a locally graded group need not be locally graded. Never-

theless, we have the following sufficient condition for a quotient to be locally graded.

Proposition 2.2. [21] Let G be a locally graded group and let N be a normal locally nilpotent subgroup

of G. Then G/N is locally graded.

An answer to Conjectures L1 and L2 is provided when w is a power of a multilinear commutator

word.

Theorem 2.3. Let m,n be positive integers, v a multilinear commutator word and w = vm.

(i) If G is a locally graded group in which all w-values are left n-Engel elements, then the verbal

subgroup w(G) is locally nilpotent ([34, Theorem 1.1], see also [4, Theorem A]).

(ii) The class of all groups G in which the w-values are left n-Engel elements and the verbal

subgroup w(G) is locally nilpotent is a variety [35, Theorem A].

We also remark that in the residually finite case a quantitative version of Theorem 2.3 (i) can be

deduced from Proposition 1 of [10].
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Corollary 2.4. Let d,m, n be positive integers, v a multilinear commutator word and w = vm. Let G

be a residually finite group in which all w-values are left n-Engel elements, and suppose that w(G) is

generated by d elements. Then w(G) is nilpotent of class c = c(d,m, n, v).

A subset X of a group is commutator closed if [x, y] ∈ X for any x, y ∈ X. Of course, in any group

all δk-values form a (normal) commutator closed set. Usually the restriction to multilinear commutator

words is motivated by Lemma 1.1, which allows to deal with δk-values, for some k ≥ 1. Thus, when

m = 1, part (i) of Theorem 2.3 can be seen as a consequence of the next theorem (applied to w(G)

and taking into account that in a group having an ascending normal series with locally soluble factors

the set of left Engel elements is a locally nilpotent subgroup [4, Proposition 7]).

Theorem 2.5. Let G be a group satisfying an identity and suppose that G is generated by a commu-

tator closed set X of bounded left Engel elements.

(i) If G is residually finite, then G is locally nilpotent [3, Theorem A].

(ii) If G is locally graded and X is a normal set, then G is locally nilpotent [3, Theorem 3.4].

The proof of Theorem 2.5 (i) depends on Lie-theoretic techniques created by Zelmanov in his

solution of the restricted Burnside problem.

Let L be a Lie algebra over a field. An element b ∈ L is called ad-nilpotent if there exists a positive

integer n such that

[a,n b] = [[. . . [[a, b], b], . . .], b︸ ︷︷ ︸
n times

] = 0

for all a ∈ L. Following [39], we say that a subset X of L is a Lie set if [a, b] ∈ X for any a, b ∈ X. We

denote by S⟨X⟩ the Lie set generated by X, namely the smallest Lie set containing X.

Let F be the free Lie algebra over the same field as L on the generators x1, . . . , xd. For a nonzero

element f = f(x1, . . . , xd) of F , the Lie algebra L is said to satisfy the polynomial identity f ≡ 0 if

f(a1, . . . , ad) = 0 for all a1, . . . , ad ∈ L.

In this context, the following theorem is crucial.

Theorem 2.6. ([39, Theorem 1.1], see also [40, 41, 42]) Let L be a Lie algebra satisfying a polynomial

identity and generated by elements a1, . . . , ad. If every element b ∈ S⟨a1, . . . , ad⟩ is ad-nilpotent, then

L is nilpotent.

Next, using Theorem 2.3 (i), we prove Conjecture L1 for non-commutator words (see also [4, The-

orem C]).

Proposition 2.7. Let n be a positive integer and w a non-commutator word. If G is a locally graded

group in which all w-values are left n-Engel elements, then the verbal subgroup w(G) is locally nilpotent.

Indeed, let w = w(x1, . . . , xk) be a non-commutator word and let G be a locally graded group in

which all w-values are left n-Engel elements. Assume that the sum of the exponents of some xi is

m ̸= 0. Substituting an arbitrary element g ∈ G for xi and 1 for the other variables, we see that gm is

a w-value for any g ∈ G. Hence every mth power is a left n-Engel element in G and so, by Theorem 2.3

DOI: http://dx.doi.org/10.22108/ijgt.2020.120132.1584

http://dx.doi.org/10.22108/ijgt.2020.120132.1584


Int. J. Group Theory, 9 no. 4 (2020) 251-260 A. Tortora and M. Tota 255

(i), the subgroup Gm is locally nilpotent. Applying Proposition 2.2, it follows that G/Gm is a locally

graded group of finite exponent. Thus G/Gm is locally finite, by the positive solution of the restricted

Burnside problem (see, for instance, [22, Theorem 1]). Since finite and soluble groups generated by

finitely many left Engel elements are nilpotent (see, for instance, [26, 12.3.3, 12.3.7]), we deduce that

w(G) is locally nilpotent.

Another standard argument yields a positive answer to Conjecture L2 for non-commutator words

(see [35, Theorem A]).

Theorem 2.8. Let n be a positive integer and w a non-commutator word. Then the class of all groups

G in which the w-values are left n-Engel elements and the verbal subgroup w(G) is locally nilpotent is

a variety.

A group G is orderable if there exists a full order relation on the set G such that x ≤ y implies

axb ≤ ayb for all a, b, x, y ∈ G, i.e., the order on G is compatible with the product of G. Any orderable

group is torsion-free and, conversely, any torsion-free nilpotent group is orderable (see [5]). According

to a result of Kim and Rhemtulla, every orderable n-Engel group is nilpotent ([19], see also [20]).

In the same spirit of Theorem 2.3 (i), we have the following result concerning orderable groups.

Theorem 2.9. [32, Theorem 1.1] Let m,n be positive integers, v a multilinear commutator word and

w = vm. If G is an orderable group in which all w-values are left n-Engel elements, then the verbal

subgroup v(G) is locally nilpotent.

Notice that unlike the situation with the locally graded groups where the result is that w(G) is

locally nilpotent, Theorem 2.9 states that so is v(G). Of course, in general w(G) ≤ v(G). Furthermore

v(G) = G is nilpotent, in the particular case where v = x.

Theorem 2.10. [32, Theorem 1.2] Let m,n be positive integers and let G be an orderable group. If

xm is a left n-Engel element, for any x ∈ G, then G is nilpotent.

There still remains the question whether, under the hypotheses of Theorem 2.9, the subgroup w(G)

is actually nilpotent.

We now reformulate Conjectures L1 and L2 in terms of right Engel elements.

Conjecture. Let n be a positive integer and w an arbitrary group-word.

R1. If G is a locally graded group in which all w-values are right n-Engel elements, then the verbal

subgroup w(G) is locally nilpotent.

R2. The class of all groups G in which the w-values are right n-Engel elements and the verbal

subgroup w(G) is locally nilpotent is a variety.

Despite to the “left conjectures”, we are able to say that Conjecture R1, for residually finite groups,

and Conjecture R2 are right!

Theorem 2.11. Let n be a positive integer and w an arbitrary group-word.
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(i) If G is a residually finite group satisfying an identity, then the set of right Engel elements of

G is contained in the Hirsch-Plotkin radical of G [33, Theorem A].

(ii) The class of all groups in which the w-values are right n-Engel elements and w(G) is locally

nilpotent is a variety [33, Theorem B].

Recall that the Hirsch-Plotkin radical of a group G is the unique maximal normal locally nilpotent

subgroup of G, and it contains all normal locally nilpotent subgroups of G (see [26, 12.1.3]).

The proof of Thorem 2.11 (i) is based on the following corollary of Theorem 2.6 (see also [23,

Lemma 5]).

Corollary 2.12. [33, Corollary 2.2] Let p be a prime and let L be a Lie algebra over the field with

p elements satisfying a polynomial identity. Suppose that L is generated by elements a1, . . . , ad such

that [ai,pk b] = 0, for some k ≥ 1 and any b ∈ S⟨a1, . . . , ad⟩. Then L is nilpotent.

Let p be a prime. Using Theorem 2.6, Zelmanov proved that any residually finite p-group which

satisfies an identity is locally finite [39, Theorem 1.2]. It is still unknown whether a similar result holds

for periodic groups. However, this suggested the following conjecture [3].

Conjecture. Let G be a residually finite Engel group satisfying an identity. Then G is locally nilpotent.

Part (i) of Theorem 2.11 confirms the previous conjecture. More generally, by a folklore argument,

the result can be extended to locally graded groups (see, for instance, [3, Theorem C]).

Corollary 2.13. Every locally graded Engel group satisfying an identity is locally nilpotent.

Following [3], we say that a group G is a nil group if all elements of G are bounded Engel elements,

i.e., for any g ∈ G there is n = n(g) ≥ 1 such that [x,n g] = 1 for all x ∈ G. A nil group satisfying

an identity might not be locally nilpotent, as announced by E.Rips in a series of lectures on n-Engel

groups. On the other hand, the following question remains open.

Question. Is any locally graded nil group necessarily locally nilpotent?

For the sake of completeness we point out that, applying Lemmas 1.2 and 2.1, Theorem 2.9 is still

true for right Engel elements.

Theorem 2.14. Let m,n be positive integers, v a multilinear commutator word and w = vm. If G is

an orderable group in which all w-values are right n-Engel elements, then the verbal subgroup v(G) is

locally nilpotent.

3. Conciseness of some Engel type words

A group-word w is said to be concise in a class of groups X if w(G) is finite whenever Gw is finite

for a group G ∈ X . In addition, w is boundedly concise in X if for any positive integer m there exists

a number ν = ν(X , w,m) such that |w(G)| ≤ ν whenever |Gw| ≤ m for a group G ∈ X . When X
is the class of all groups we speak of concise and boundedly concise words, respectively. Notice that

every word which is concise in the class of all groups is also boundedly concise.
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Theorem 3.1. [12, Theorem A.1] Let w be a concise word and let G be a group in which w takes

m ≥ 1 values. Then the order of w(G) is bounded by a function depending on w and m.

In the sixties P.Hall conjectured that every word is concise, but his conjecture was refuted in 1989

by Ivanov.

Example 3.2. [16] For any odd integer n > 1010 and any prime number p > 5000, there exists a

2-generator torsion-free group A with cyclic centre such that the word

v(x, y) = [[xpn, ypn]n, ypn]n

takes only two values in A and the nontrivial value is a generator of Z(A). Hence, v(A) is infinite.

Further examples of words which are not concise were produced in [25, p. 439] and [6, Proposi-

tion 4.1]. However, many words of common use are known to be concise. For example, every non-

commutator word is concise [27, Part 1, Lemma 4.27] and similarly for the commutator of two non-

commutator words [8, Theorem 1.1]. By a result of J. C.R.Wilson, multilinear commutator words are

also concise [37] (see also [12] for another proof). Nevertheless, it is an open question whether every

n-Engel word is concise. This was proved only for n ≤ 4 in [1] and, independently, in [13] by using the

locally nilpotency of n-Engel groups for these particular values of n.

Let w be any group-word and suppose that Gw is finite for a group G. It is well-known that the

derived subgroup w(G)′ of w(G) is always finite and its order is bounded by a function depending

only on the order of Gw (see, for instance, [13, Proposition 1]). The word w is called semiconcise if

the finiteness of Gw for a group G always implies the finiteness of the subgroup [w(G), G] (see [7]).

Obviously, concise words are semiconcise. More interesting examples are Engel words.

Theorem 3.3. [13, Proposition 4] For any positive integer n, the n-Engel word [x,n y] is semiconcise.

By Proposition 4.2 of [7], if w is a semiconcise word and z is any variable not appearing in w, then

the word [w, z] is semiconcise. Thus, we have:

Corollary 3.4. [7, Corollary 4.3.] For any positive integers m,n, the word [x,n y, z1, . . . , zm] is semi-

concise.

The next result is analogous to Theorem 3.1 and, similarly to this latter, its proof needs the ultra-

product construction of groups.

Proposition 3.5. [7, Proposition 3.3] Let w be a semiconcise word and let G be a group in which w

takes m ≥ 1 values. Then the order of [w(G), G] is bounded by a function depending only on m.

So far, it is unknow whether there exists a semiconcise word which is not concise. Anyway, a suitable

modification of Ivanov’s example, given in [6], shows that there exists a word which is not semiconcise.

Proposition 3.6. [7, Proposition 4.4.] Take A and v as in Example 3.2, and set w(x, y) = v(x2, y2).

Let G = AwrB where B is a cyclic group of order 2. Then |Gw| ≤ 4 and [w(G), G] is infinite. In

particular, w is not semiconcise.
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Recently, the conciseness of words in residually finite groups has been investigated. In fact, it is

unclear whether every group-word is concise in the class of residually finite groups ([28, p. 15], [17]).

We also mention the conjecture that any group-word which is concise in the class of residually finite

groups is boundedly concise [14].

Following [10], we say that a word w implies virtual nilpotency if every finitely generated metabelian

group satisfying the identity w ≡ 1 has a nilpotent subgroup of finite index. Since soluble n-Engel

groups are locally nilpotent (see [26, 12.3.3]), the Engel words imply virtual nilpotency. More generally,

this is true for simple commutator words.

Proposition 3.7. [24, Corollary 3.2] Every simple commutator word implies virtual nilpotency.

According to Theorem 1.2 of [10], words implying virtual nilpotency are boundedly concise in

residually finite groups. This, together with Proposition 3.7, yields the following corollary.

Corollary 3.8. [24, Corollary 3.3] Every simple commutator word is boundedly concise in residually

finite groups.

In [14] (see also [2]) it has been shown that if v is a multilinear commutator word and q is a

prime-power, then the word vq is boundedly concise in the class of residually finite groups. Applying

Corollary 2.4, this has been extended as follows.

Theorem 3.9. Let n be a positive integer, v = v(x1, . . . , xk) a multilinear commutator word and q a

prime-power. Then:

(i) The word [v,n y] is boundedly concise in residually finite groups ([11, Theorem 1.1], see also

[10, Theorem 1]).

(ii) The word [vq,n y] is concise in residually finite groups [11, Theorem 1.2].

Also, much more can be said dealing with weakly rational words. Recall that a group-word w is

weakly rational if for any finite group G and any integer e relatively prime to |G|, the set Gw is closed

under taking eth powers of its elements. Given an integer m > 1, it is easy to see that wm is weakly

rational whenever w is. Actually, the only known examples of weakly rational words are the words

[. . . [xn1
1 , x2]

n2 , . . . , xk]
nk , for any positive integers n1, . . . , nk [15, Theorem 3]. In particular, the lower

central words are weakly rational.

Theorem 3.10. Let k,m, n be positive integers and v = v(x1, . . . , xk) a weakly rational word. Then:

(i) The word [v,n y] is boundedly concise in residually finite groups [9, Theorem 1.2].

(ii) Assuming v = [x1, . . . , xk], the word [y,n v
m] is boundedly concise in residually finite groups

[10, Theorem 3].

We conclude with the conjecture that even the word [y,n v] is boundedly concise in residually finite

groups, whenever v is weakly rational.

Conjecture. Let k, n be positive integers and v = v(x1, . . . , xk) a weakly rational word. Then the word

[y,n v] is boundedly concise in residually finite groups.

DOI: http://dx.doi.org/10.22108/ijgt.2020.120132.1584

http://dx.doi.org/10.22108/ijgt.2020.120132.1584


Int. J. Group Theory, 9 no. 4 (2020) 251-260 A. Tortora and M. Tota 259

Acknowledgments

The authors would like to thank the University of Bath and the “National Group for Algebraic and

Geometric Structures, and their Applications” (GNSAGA – INdAM) for their financial support. This

research is also supported by a grant of the University of Campania “Luigi Vanvitelli”, in the framework

of Programma V:ALERE 2019.

References

[1] A. Abdollahi and F. Russo, On a problem of P. Hall for Engel words, Arch. Math. (Basel), 97 no. 5 (2011) 407–412.

[2] C. Acciarri and P. Shumyatsky, On words that are concise in residually finite groups, J. Pure Appl. Algebra, 218

no. 1 (2014) 130–134.
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