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MODULES OVER GROUP RINGS OF GROUPS
WITH RESTRICTIONS ON THE SYSTEM OF ALL PROPER SUBGROUPS
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Communicated by Victor Bovdi
Abstract. We consider the class M of R–modules where R is an associative ring. Let A be a module
over a group ring RG, G be a group and let L(G) be the set of all proper subgroups of G. We suppose
that if H ∈ L(G) then A/CA (H) belongs to M. We investigate an RG–module A such that G ̸= G′ ,
CG (A) = 1. We study the cases: 1) M is the class of all artinian R–modules, R is either the ring of
integers or the ring of p–adic integers; 2) M is the class of all finite R–modules, R is an associative
ring; 3) M is the class of all finite R–modules, R= F is a finite field.

1. Introduction
Let A be a vector space over a field F . Subgroups of the group GL(F, A) of all automorphisms
of A are called linear groups. If A has a finite dimension over F then GL(F, A) can be considered
as the group of non-singular (n × n)-matrices, where n = dimF A. Finite dimensional linear groups
have played an important role in various fields of mathematics, physics and natural sciences, and have
been studied many times. When A is infinite dimensional over F , the situation is totally diﬀerent.
Infinite dimensional linear groups have been investigated little. Study of this class of groups requires
additional restrictions.
The definition of the central dimension of an infinite dimensional linear group was introduced in
[5]. Let H be a subgroup of GL(F, A). H acts on the quotient space A/CA (H) in a natural way. The
authors define centdimF H to be dimF (A/CA (H)). The subgroup H is said to have the finite central
dimension if centdimF H is finite and H has infinite central dimension otherwise.
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Let G ≤ GL(F, A). The system Lid (G) of all subgroups of G of infinite central dimension was
considered in [5]. In order to investigate infinite dimensional linear groups that are close to finite
dimensional, it is natural to consider the case where the system Lid (G) is “very small”. Locally
soluble infinite dimensional linear groups in which Lid (G) satisfies the minimal condition as an ordered
set have been studied in [5]. Soluble infinite dimensional linear groups in which Lid (G) satisfies the
maximal condition as an ordered set have been investigated in [10].
If G ≤ GL(F, A) then A can be considered as an F G-module. The natural generalization of this
case is the consideration of an RG-module A, where R is a ring whose structure is near to a field. At
this point the generalization of the notion of the central dimension of a subgroup of a linear group is
the notion of the cocentralizer of a subgroup. This notion was introduced in [14].
Let A be an RG-module where R is a ring, G is a group. If H ≤ G then the quotient module
A/CA (H) considered as an R-module is called the cocentralizer of the subgroup H in the module A.
Investigation of modules over group rings is an important direction of algebra. Modules over
group rings of finite groups have been studied by many authors. Recently this class of modules
was investigated in [7]. Study of modules over group rings of infinite groups requires some additional
restrictions as in the case of infinite dimensional linear groups. Modules over group rings of infinite
groups have been considered recently in [13]. Artinian and noetherian modules over group rings are a
broad class of modules over group rings. We remind that a module is called artinian if the partially
ordered set of all its submodules satisfies the minimal condition. A module is called noetherian if the
partially ordered set of all its submodules satisfies the maximal condition.
Another question arises here: investigation of modules over group rings which are not artinian or
noetherian but which are similar to these modules in some sense. Let M be the class of R–modules
where R is an associative ring and let A be a module over a group ring RG where G is a group.
Let L(G) be the set of subgroups of G such that if H ∈L(G) then A/CA (H) belongs to M. B.A.F.
Wehrfritz has considered groups G of automorphisms of a module A over a ring R if M is one of the
classes of noetherian, artinian or finite R–modules and L(G) contains all finitely generated subgroups
of G [16]–[20].
In [5] the authors has considered an RG–module A such that R= F is a field of prime characteristic,
CG (A) = 1, G is an almost locally soluble group, all proper subgroups of G belong to L(G) but G
does not belong to L(G). In [3] the authors has considered the case where A is an RG–module, R is
the ring Zp∞ of p–adic integers, CG (A) = 1, G is an infinite soluble group and M is the class of all
artinian R–modules. As well the case has been considered where A is an RG–module, R is the ring Z
of integers, CG (A) = 1, G is an infinite soluble group and M is the class of all artinian R–modules [1].
In [12] the authors have investigated the case where A is an RG–module, R is the ring Z of integers,
CG (A) = 1, G is a locally generalized radical group and M is the class of all artinian-by-(finite rank)
R–modules. In all these cases G is isomorphic to a quasi–cyclic q–group for some prime q.
We study RG–module A such that G is an infinite group, G ̸= G′ , CG (A) = 1, and M is one of the
classes of artinian R–modules or finite R–modules.
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The main results of this paper are Theorems 2.4, 2.5, 3.1. It should be noted that Theorem 3.1 was
announced in [2]. Theorems 2.4, 2.5 were announced in [4].
2. Modules over group rings
Later we consider RG–module A such that CG (A) = 1, R is an associative ring.
Lemma 2.1. Let A be an RG–module, K, L be subgroups of G. If A/CA (K) and A/CA (L) are
artinian R–modules then A/CA (⟨K, L⟩) is an artinian R–module also.
Proof. Since A/CA (K) and A/CA (L) are artinian R–modules then A/(CA (K) ∩ CA (L)) is artinian
also. Therefore A/CA (⟨K, L⟩) is an artinian R–module.

□

Lemma 2.2. Let A be an RG–module where G is an infinite group, G ̸= G′ . Suppose that A/CA (G)
is not an artinian R–module and A/CA (H) is an artinian R–module for every proper subgroup H of
G. Then G has not proper subgroups of finite index and G/G′ is isomorphic to a quasi–cyclic q–group
for some prime q.
Proof. We prove that G is infinite generated. Otherwise let {x1 , x2 , . . . , xm } be a minimal system
of generatings of G. If m = 1 then G is an infinite cyclic group. Therefore G is generated by two
proper subgroups. By Lemma 2.1 A/CA (G) is an artinian R–module. Contradiction. If k > 1 then
G is generated by proper subgroups ⟨x1 , x2 , . . . , xm−1 ⟩ and ⟨xm ⟩. We have a contradiction also. It
follows that G is an infinite generated group. Now we prove that G has not proper subgroups of
finite index. Otherwise if N is a proper subgroup of G of finite index then we can choose a finitely
generated subgroup M such that G = M N where M and N are proper subgroups of G. By Lemma
2.1 A/CA (G) is an artinian R–module. Contradiction.
Let D be the derived subgroup of G. As G has not proper subgroups of finite index then G/D is
infinite. By Lemma 2.1 G/D can not be generated by two proper subgroups. Suppose that G/D is a
nonperiodic group. Let T /D be the periodic part of G/D. Then G/T can be generated by two proper
subgroups. Contradiction with Lemma 2.1. Therefore G/D is periodic. Hence G/D is isomorphic to
a quasi–cyclic q–group for some prime q (p.152 [15]).

□

Lemmas 2.1 and 2.2 are valid if the artinian condition is replaced by the finiteness condition.
Lemma 2.3. Let A be an artinian R–module where R= Zp∞ is the ring of p–adic integers. Then the
additive group of A is Chernikov and its divisible part is a p–group.
Proof. Let P be the maximal ideal of R. Then the additive group of R/P has the order p and
the additive group of R/P k is a cyclic group of the order pk . Let R/P k = ⟨ak ⟩, k = 1, 2, . . . ,
πkk+1 : R/P k −→R/P k+1 where
πkk+1 (ak ) = pak+1
and let πkm : R/P k −→R/P m where m > k and
πkm (ak ) = pm−k am .
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We consider the injective limit of the set of R/P k , k = 1, 2, . . . , n, . . . . From the choice of a1 it
follows that pa1 = 0. Therefore this injective limit is isomorphic to the quasi–cyclic p–group Cp∞ .
It follows that the additive group of a Prüfer R–module is isomorphic to the quasi–cyclic p–group
Cp∞ (ch. 5 [11]). By Theorem 7.13 [11] an artinian R–module is decomposed in the direct sum
A = a1 R⊕a2 R⊕ · · · ⊕ an R⊕C1 ⊕ · · · ⊕ Ck where Ci is a Prüfer Pi –module, Pi ∈ Spec(R), i =
m

1, . . . , k, AnnR (aj ) = Pj j , Pj ∈ Spec(R), j = 1, . . . , n. Every ideal of R has a finite index in R (ch. 6
[15]). Therefore aj R is a finite R–module for each j = 1, . . . , n. It follows that the additive group of
an artinian Zp∞ –module A is Chernikov and its divisible part is a p–group.

□

Theorem 2.4. Let A be an RG–module where G is an infinite group, G ̸= G′ , R is either the ring Z
of integers or the ring Zp∞ of p–adic integers. If A/CA (G) is not an artinian R–module and A/CA (H)
is an artinian R–module for every proper subgroup H then G is isomorphic to a quasi–cyclic q–group
Cq∞ for some prime q.
Proof. Let D be the derived subgroup of G. By Lemma 2.2 G/D is isomorphic to a quasi–cyclic
q–group for some prime q. Let H/D be any finite subgroup of G/D. Since H is a proper subgroup
of G then A/CA (H) is an artinian R–module. If R is the ring Z of integers then A/CA (H) is an
abelian group with the minimal condition on subgroups. Therefore A/CA (H) is a Chernikov group.
If R is the ring Zp∞ of p–adic integers then A/CA (H) is a Chernikov group by Lemma 2.3. It follows
that A/CA (H) is the union of finite characteristic subgroups An /CA (H), n = 1, 2, . . . , and for each
n = 1, 2, . . . , we have that G/CG (An /CA (H)) is finite. By Lemma 2.2 G has not proper subgroups
of finite index. Then G = CG (An /CA (H)) for each n = 1, 2, . . . . It follows that [G, An ] ≤ CA (H) for
each n = 1, 2, . . . . Therefore [G, A] ≤ CA (H). From the choice of H it follows that [G, A] ≤ CA (G)
and so G acts trivially in every factor of the series 0 ≤ CA (G) ≤ A. By Kaluzhnin Theorem (p. 144
[8]) G is abelian. It follows that G is isomorphic to a quasi–cyclic q–group Cq∞ for some prime q.

□

Theorem 2.5. Let A be an RG–module where G is an infinite group, G ̸= G′ , R is an associative ring.
If A/CA (G) is an infinite R–module and A/CA (H) is a finite R–module for every proper subgroup H
of G then G is isomorphic to a quasi–cyclic q–group Cq∞ for some prime q.
Proof. Let D be the derived subgroup of G. By Lemma 2.2 G/D is isomorphic to a quasi–cyclic q–
group for some prime q. Let H/D be any finite subgroup of G/D. Since H is a proper subgroup of G
then A/CA (H) is finite. Therefore G/CG (A/CA (H)) is finite. Since by Lemma 2.2 G has not proper
subgroups of finite index then G = CG (A/CA (H)). It follows that [G, A] ≤ CA (H). From the choice
of H it follows that [G, A] ≤ CA (G). So G acts trivially in every factor of the series 0 ≤ CA (G) ≤ A.
By Kaluzhnin Theorem (p. 144 [8]) G is an abelian group. Therefore G is isomorphic to a quasi–cyclic
q–group Cq∞ for some prime q.
In [12] the authors have constructed the example of ZG–module with the prescribed properties.

□
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3. Linear groups
Now we shall prove that in contrast to a module over group ring a linear group with all proper
subgroups of finite central dimensions can not have infinite central dimension.
Theorem 3.1. Let G ≤ GL(F, A), G ̸= G′ , F be a finite field. If every proper subgroup of G has a
finite central dimension and |G| ̸= q k , where q is prime then G has a finite central dimension.
Proof. At first we consider the case of infinite group G. Assume that centdimF (G) is infinite. Let D
be the derived subgroup of G. By Lemma 2.2 G/D is isomorphic to a quasi–cyclic q–group Cq∞ for
some prime q. It follows that G/D is the union of finite characteristic subgroups. Let H be a proper
subgroup of G such that D ≤ H. The central dimension of H is finite. Since F is a finite field then
A/CA (H) is finite. Therefore G/CG (A/CA (H)) is finite. By Lemma 2.2 G has not proper subgroups
of finite index. It follows that G = CG (A/CA (H)). Then [G, A] ≤ CA (H). From the choice of H it
follows that [G, A] ≤ CA (G) and so G acts trivially in every factor of the series 0 ≤ CA (G) ≤ A. By
Kaluzhnin Theorem (p. 144 [8]) G is abelian. Suppose that G is nonperiodic. Let T be the periodic
part of G. Then G/T can be generated by two proper subgroups. Contradiction with Lemma 1.1.
Therefore G is periodic. Hence G/D is isomorphic to a quasi–cyclic q–group for some prime q (p.152
[15]). Since G is an infinite finitary abelian Chernikov q–subgroup of GL(F, A) then by Lemma 5.1
[5] q ̸= p where p is the characteristic of F . On the other hand G acts trivially in every factor of the
series 0 ≤ CA (G) ≤ A. Every factor of this series is an elementary abelian p–group. By Proposition
1.C.3 [9] and the results of §43 [6] we obtain that G is the bounded abelian p–group. Contradiction.
Therefore centdimF (G) is finite.
Now we assume that G is finite. Since |G| ̸= q k for some prime q then we can choose the system of
generatings {g1 , g2 . . . , gm } of G such that m > 1 and for any l = 1, . . . , m, the set {g1 , g2 . . . , gm } \{gl }
is not a system of generatings of G. Therefore ⟨gl ⟩ is a proper subgroup of G for any l = 1, . . . , m.
Since centdimF (⟨gl ⟩) is finite for any l = 1, . . . , m, then A/ ∩i=1,...,m CA (gi ) is a finite dimensional
quotient space. As CA (G) = ∩i=1,...,m CA (gi ) then centdimF (G) is finite.

□

Corollary 3.2. Let G ≤ GL(F, A), G ̸= G′ , F be a finite field of prime characteristic p. If every
proper subgroup of G has a finite central dimension and |G| ̸= q k , where q is prime then G has the
normal elementary abelian p–subgroup H such that G/H is isomorphic to some subgroup of GLn (F ).
Proof. By Theorem 3.1 centdimF (G) is finite. Then G contains the normal elementary abelian p–
subgroup H such that G/H is isomorphic to some subgroup of GLn (F ) [5].

□

Example.
Let A = B × C be a vector space over a field F , charF = p, dimF B = n, C = Drl∈N Cl , Cl =
⟨cl ⟩, l ∈ N, G = W × H, G ≤ GL(F, A), W ≤ GL(F, B), H = Drk∈N Hk , Hk = ⟨hk ⟩, k ∈ N, |hk | = p.
Let c1 hi = c1 + ci+1 , cl hi = cl , l = 2, 3, . . . , i ∈ N, bh = b for each b ∈ B, h ∈ H, cw = c for each
c ∈ C, w ∈ W .
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Since C ≤ CA (W ) then centdimF W ≤ n. As CA (H) = B × (Drj≥2 ⟨cj )⟩ then centdimF H = 1.
Then by Lemma 2.1 centdimF G is finite.
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