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ABSTRACT. Suppose I' is a graph with V(T") = {1,2,...,p} and F = {I'y,...,Ip} is a family of
graphs such that n; = |[V(I'y)|, 1 < j < p. Define A = I'[l'y,...,T';] to be a graph with vertex set
V(A) =UjZ, V(Ty) and edge set E(A) = (Uj_; B(T;)) U (U,jepe{uviu € V(Ii),v € V(I;)}). The
graph A is called the I'-join of . The power graph P(G) of a group G is the graph which has the group
elements as vertex set and two elements are adjacent if one is a power of the other. The aim of this paper
is to prove that P(Zn) = Kgn)+1+An[Kg(dy), Keds)s - - - » Kg(a,)], where Ay, is a graph with vertex and
edge sets V(A,) ={d; | 1,n # di|n,1 <i < p} and E(A,) = {did; | d;|d;,1 < i < j < p}, respectively.
As a consequence it is proved that Aut(P(Zn)) = Ssm)+1 X 11 ,4/n Ss(a)- This proves a recent
conjecture by Doostabadi et al. [A. Doostabadi, A. Erfanian and A. Jafarzadeh, Some results on the
power graph of groups, The Extended Abstracts of the 44th Annual Iranian Mathematics Conference,
27-30 August 2013, Ferdowsi University of Mashhad, Iran]|. Finally, we apply our results to obtain

complete descriptions of the power graphs of some finite groups.

1. Introduction

All groups and graphs in this paper are assumed to be finite. Suppose G is a finite group. The
power graph P(G) is a graph in which V(P(G)) = G and two distinct elements x and y are adjacent
if and only if one of them is a power of the other. The investigation of graphs related to groups as
well as other algebraic structures is very important, because such graphs have valuable applications
(see [[]) and are related to automata theory (see [, U]). These graphs were introduced in [6], see also

[0, o, 2.
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We refer to [3] for a survey of all recent results on the power graphs. Let us include only a
brief overview of some relevant facts here. Chakrabarty et al. [d] proved that for a finite group
G, P(G) is complete if and only if G is a cyclic group of order 1 or p™, for some prime number
p and positive integer m. They also obtained a formula for the number of edges in a finite power
graph. Cameron and Ghosh [[l] proved that non-isomorphic finite groups may have isomorphic power
graphs, but that finite abelian groups with isomorphic power graphs must be isomorphic. They also
show that the only finite group whose automorphism group is the same as its power graph is the
Klein group of order 4. In this paper, the authors conjectured that two finite groups with isomorphic
power graphs have the same number of elements of each order. Cameron [?] proved that in a finite
group, the undirected power graph determines the directed power graph up to isomorphism. As a
consequence, he responded affirmatively to the main conjecture of [[l]. Pourgholi et al. [['7], presented
counterexamples for a conjecture maid by Chakrabarty et al. [3] regarding the values of n for which
P(U,) is Hamiltonian. They also proved some results about characterization of simple groups by
power graphs. Moghaddamfar et al. [IH] considered the proper power graph P*(G). This graph
can be constructed from P(G) by deleting the identity element of G. They provided necessary and
sufficient conditions for a proper power graph P*(G) to be a strongly regular graph, a bipartite
graph or a planar graph. They also obtained some infinite families of finite groups G for which the
power graph P*(G) contains some cut-edges. Finally, Moghaddamfar et al. [I6] found the number
of spanning trees of the power graph associated with specific finite groups. They determined, up to
isomorphism, the structure of a finite group G whose power graph has exactly n spanning trees, for
n < 53. The author of the mentioned paper presented also a new characterization of the alternating
group As by tree-number of its power graph.

Suppose that G is a finite group and x € G. If G is a finite group then it easy to prove that the power
graph P(G) is a connected graph of diameter at most 2. The degree of z in P(G) can be calculated
by deg(z) = |{g € G | (x) < (g) or (9) < (x)}|- Suppose I' is a graph with V(I') = {1,2,...,p} and
F =A{T"1,...,I,} is a family of graphs such that n; = |V(I';)|, 1 <j < p. Define A =T'[I'1,...,I,] to

be a graph with vertex set V(A) = 1;:1 V(T'j) and edge set

EM)=(JET))u( U {uwuev(I),veV(T)}).
Jj=1 ijeB(T)

The graph A is called the I'-join of F [3]. The set of all positive divisors of an integer n is denoted

by D(n). Our other notations are standard and can be taken from [I4, I¥].

2. Main Results

The aim of this section is to prove P(Z,) = Kg(n)+1 + An[Kg(d,) Kpda)s - - - » Kg(d,)], where Ay, is a
graph with vertex and edge sets V(A,) = {d; | 1,n # d;|n,1 < i < p} and E(A,) = {did; | d;|dj,1 <
i < j < p}, respectively. As a consequence it is proved that Aut(P(Zy)) = Sym)+1 X Hl,nidln Sa(d)-
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This proves a recent conjecture by Doostabadi et al. [5]. We start by computing the order and size of
M = An[Kg(ar) Koz - Koy

Lemma 2.1. [V(M)| =n—¢(n) — 1 and |[E(M)| = 337, 2q,(2d — ¢(d) — 3)¢(d).

Proof. Since )y, #(d) =n, [V(M)| =321, 2q, #(d) =1 — ¢(n) — 1. On the other hand,

> ¢d = > > dd)e(d)

(dd'),d|d’ Intdln d'|d
1,n#d,d'|n d'#1,d
= Y o) Y eld)
1,ndn 1,d#d'|d
= Y (d=¢(d) - 1)g(d).
1,n#d|n
Therefore,
AE(M)] = Y dd@d)-1)+2 Y $d)od)
1,n#d|n dd'€eE(An)
= D @ ) dd+2 Y (d-¢(d) - 1)(d)
1,n#d|n 1,n#d|n 1,n#d|n
=2 ) dpd)-3 ) dd)— Y ¢(d)?
1,n#dIn 1,n#d|n 1,n#d|n
= Y (2d—¢(d) — 3)é(d),
1,n#d|n
proving the result. O

Theorem 2.2. P(Zn) = K¢(n)+1 + AR[K¢>(d1)7 K¢(d2), ce. 7K¢(dp)]-

Proof. We first assume that the power graph P(Z,) has a subgraph isomorphic to

Komy+1 + BnlKgar), Kods)s - - - - Kop(ay))-

Suppose {d1,...,dp} = D(n) — {1,n} and x,y are vertices in P(Z,). Clearly, if z and y are adjacent
then o(x)|o(y) or o(y)|o(x). Thus, P(Z,) has complete subgroups of orders ¢(d;), 1 < i < p. If for
some ¢ and j, d;|d;, then since Z,, is a cyclic group, all vertices of degree d; and d; are adjacent. On
the other hand, all generators of Z,, together with identity element constitute a complete subgraph of
order ¢(n)+ 1 that its vertices are adjacent to all other vertices of P(Z,,). This proves that the power
graph P(Zy) has a subgraph H isomorphic to Ky(n)+1 + An[Ked,), Kgay)s - - - s Kg(dy)-

To complete the proof, we calculate the number of vertices and edges of H. By Lemma B,
V(H)| = ¢(n) +1+|V(M)| = ¢(n) + 1 +n—¢(n) —1 = n and |B(H)| = LD 4 (6(n) +1)(n —



4 Int. J. Group Theory 5 no. 1 (2016) 1-10 Z. Mehranian, A. Gholami and A. R. Ashrafi

¢(n) — 1) + |E(M)|. Therefore,

2B(H)| = (2n—¢(n) = 1)$(n) +2(n—¢(n) = 1)+ Y (2d - ¢(d) - 3)$(d)

1,n#d|n
= @2n-¢(m) - Do(n)+2 > ¢(d)+ Y (2d—¢(d)—3)p(d)
1,n#d|n 1,n#d|n
= (2n—¢(n) = )o(n)+ Y (2d— ¢(d) — 1)¢(d)
1,n#d|n
= > (2d - ¢(d) — 1)¢(d).

dn

By [, Corollary 4.3], 2|E(P(Zy))| = >_g),(2d—é(d) —1)é(d), which shows that H = P(Z,). Hence,
P(Zn) = Kgmy+1 + AnlKgd,), Kg(dy), - - - » Kg(a,)] which completes the proof. O

By [@, Theorem 2.12], it is clear that the mentioned conjecture made by Doostabadi et al. [5] is
incorrect, when n is prime power. In the next theorem this conjecture is proved for positive integer n

such that n cannot be written as a prime power.

Theorem 2.3. If n is not a prime power then Aut(P(Zn)) = Spm)+1 % 11 ntapn So(d)-

Proof. Tt is well-known that for each graph I', Aut(T") = Aut(I"). Applying Theorem 272, we have:

Aut(P(Zy,)) = Aut

= Aut K¢(n)+1) X AUt(M)

Since Aut(K¢(n)+1) = Aut(K¢(n)+1) = S¢(n)+17 Aut(P(Zn)) = S¢(n)+1 X Aut(M) = S¢(n)+1 X
Aut(M). So, it is enough to prove that Aut(M) = [, ,, .4, Se(a)- To do this, we first calculate the
degree of each vertex x € Ky(g) in M. By the definition of M, we have:

degr(z) = ¢lo(@)—1+ > s+ > ¢d)

dlo(z) o(z)|d
1,n,0(x)#d|n 1,n,0(x)#d|n
= ¢(o(z)) —1+o0(z) = $lo(x)) =1+ Y ¢(d)
o(z)|d
1,n,0(z)#d|n

= o) -2+ Y ¢(d).
o(z)|dn
1,n,0(x)#d
Define Hy = Ky(4). We prove that for each automorphism o € Aut(M), a(Hy;) = Hg,. To do this,
we prove that there is no automorphism 8 € Aut(M) such that (Hg,) = Hq,,i # j. Choose x € Hy,

and y € Hg, i # j. If degr(x) # degn(y) then it is obvious that there is no automorphism 3 such
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that B(z) = y. If degps(x) = degpr(y) then
(2.1) o) =2+ Y p(d)=oy)—2+ Y  ¢(d).
o(z)|d[n o(y)ldln
Without loss of generality, we can assume that o(x) < o(y). So,
(2.2) Y. o@)> Y ¢(d).
of(x)|d[n o(y)ld|n

We consider two separate cases as follows:

Case 1: o(x)|o(y). In this case, if o(y) | d then o(z) | d and so each summand in the right hand
side of (2) is a summand of the left hand side of this equation. Thus the inequality (2.2) implies that
there is a positive integer d such that d | n, o(x) | d and o(y) 1 d. Consider the complete subgraphs
A= Kyq), B= Kyo(z)) and C = Ky(o(y))- Then each vertex of A is adjacent to each vertex of B, but
there is no edge connecting a vertex of A and a vertex of C. Hence there is no automorphism that
sends x to y.

Case 2: o(x) 1 oy). Suppose there is no d such that dn and o(z)|d. Then 3,4, ¢(d) = 0.
Apply inequality o(z) < o(y) and Eq. (2.1) to deduce that degps(x) # degar(y), which is im-

. o(y)
possible. Put d = ko(x n, where k 0,1,t———=——— for t > 1. If o(y)|d then there
)| 7 0L o), o) W

. o(x o(y)
exists k' such that ko(z) = k'o(y), that means that k——F+*—— = k'———=>—— But
(r) = Wolw) ged(oe). o) " ged(o(a). o)
ofz) and oly) are coprime, which implies that ¢ | k. Hence,

ged(o(x), 0(y)) ged(o(x), 0(y)) ged(o(x), 0(y))

o — (k’gcd(O(-’IJ),O(y))> ( o(y) ) _, o)
o() ged(o(x), 0(y)) ged(o(x), 0(y))’
a contradiction. Again, we consider the complete subgraphs A = Ky4), B = Ky(o(z)) and C = Ky(o(y))-

Then each vertex of A is adjacent to each vertex of B, but there is no edge connecting a vertex of A and

a vertex of C. Hence there is no automorphism that sends x to y. This completes our argument. [J

Corollary 2.4. The automorphism group of the power graph Dy can be computed as follows:
Sn—1 X S n s a prime power
Aut(P(Day)) =
Sn X [Tgn Se(a) otherwise

Proof. By [4, Proposition 7], P(D2;,) is a union of P(Z,) and n copies of K that share the identity
element of Day,. If n is prime power then P(Dsy,) = K,,_1+ K1+ K,, and so Aut(P(Day)) = S,_1 X Sy.
Otherwise, P(D2y,) =& P(Z,*) + K1 + K,, and we have Aut(P(Dg,)) = S, x T4 Se(a), proving the
result. O

To describe our result, we compute the automorphism groups of P(G), for some special group G.

Example 2.5. In this example the automorphism groups of P(Zyq), P(Zpgr) and P(Zyz,2) are
calculated. We first assume that n = pg, + € H, and y € H,. Then degy(z) = p — 2 and
degyv(y) = ¢ — 2 and so degy(x) # degnm(y). Applying Theorem P23, we have Aut(P(Zpq)) =
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Sppg)+1 X Sp—1 X Sg—1. Next, we suppose that n = pgr. Then V(A,) = {p,q,7,pq,pr,qr} and
E(An) = {(p,pq), (p,pr), (¢,pq),(q,q7), (r,pr), (r,qr)}. By Theorem B3,

P(Zpgr) = Kg(pgry+1 + An[Hp, Hy, Hyy Hpgy Hpry Hyr .

Choose x € Hy, y € Hy, z € H., uw € Hpy, v € Hp and w € Hy,. Then,

degu(z) = p—2+pg—p—q+1l+pr—p—r+l=pg+pr—p—q-—r,
degmu(y) = q¢—2+pg—p—q+l+qr—q—-r+1l=pg+qr—p—q-r,
degp(z) = r—24pr—p—r+1l+qr—q—r+1l=pr+qr—p—q-—r,
degnm(u) = pg—2,degn(v) = pr —2,degy(w) = qr — 2.

Therefore by Theorem 23,

Aut(P(Zpgr)) = Sg(pgry+1 X Sp—1 X Sg—1 X Sr—1 X Sp(pg) X Sg(pr) X Se(qr)-

Finally, we consider the case that n = p?q®. Then,

V(A = {p,p’,q,¢",pe,pq",°q}
E(A) = {0, (0.r0), (0,00), (0,0°0), (¢, 4°), (¢, pq),
(4,p4%), (¢:9%9), (P, *0), (¢°,pa*), (g, pa®), (pq, P*q)}-
Again by Theorem P2,

P(szqQ) = K¢(p2q2)+1 + A, [H H 2, Hy H 2, Hpg, H 2 H ]

pg?>

Choose x € Hy, y € Hy2, 2 € Hy, u € Hp, v € Hpg, w € Hyp2 and 1 € Hp2,. Then,

degy(z) = pg® +p*q—pg—q° —1,
degu(y) = p’q—pg+p—2,
degr(2) = pg® +p°q—p* —pg—1,
degr(u) = pg’ —pg+q—2,
degy(v) = p@+p’q—pe—p* = +p+q—2,
degyr(w) = pg® —2,degy(r) = p’q —2.

Since degrees are different, by Theorem 223,
Aut(P(Zy2g2)) = Sg(prg2)41 X Sp—1 X Sg(p2) X Sg=1 X Sg(g2) X Sg(pg) X Fp(pg?) X S(p2q)-
3. Concluding Remarks
The semidihedral group SDsg, and dicyclic group Ty, can be presented as follows:

SDg, = <a,bla™™ =0b*=1,bab=a*""1>,

Ty = <a,bla® =1,a"=b*b"lab=0a"'>.
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FiGURE 1. The Power Graph of SDyg,,.

FIGURE 2. The Power Graph of Tj,.

FiGURE 3. The Power Graph of M.
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Mm

FiGURE 4. The Power Graph of Ji.

In this section, we apply similar methods as Theorem 22 to obtain the graph structure of P(G),
where G is isomorphic to S Dg,,, Ty, the Mathieu group M1 or the Janko group J;. The automorphism
groups of these graphs can be computed in a similar way as those of the cyclic groups.

The power graph P(SDsg;,) is a union of P(Zay,), n copies of P(Z4) that share an edge and 2n copies
of P(Zs), all of them are connected to each other in the identity element of SDg,, as shown in Figure
1.

The power graph P(Ty,) can be constructed in a similar way as a union of P(Zs,) and n copies
of P(Z4) that share an edge, all connected to each other in the identity element of Ty, as shown in
Figure 2.

In what follows, we explain the power graph of the sporadic groups Mj1, Figure 3, and Ji, Figure 4.
The power graph P (M) has exactly 7920 vertices. It can be constructed from 165 copies of a graph
L, 55 copies of P(Z3), 396 copies of P(Zs) and 144 copies of P(Z11), all connected to each other in
the identity element of Mj;.
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The Janko group J; has exactly 175560 elements and its power graph is a union of 1463 copies of
a graph K, 1540 copies of P(Z19), 1596 copies of P(Z11) and 4180 copies of P(Z7), all connected to

each other in the identity element of J;.
We end this paper with the following open question:

Question 3.1. What is the automorphism group of P(G), where G is a sporadic group?
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