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NORMAL EDGE-TRANSITIVE AND }-ARC-TRANSITIVE CAYLEY GRAPHS
ON NON-ABELIAN GROUPS OF ORDER 2pq, p > ¢ ARE ODD PRIMES
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Communicated by Mohammad Reza Darafsheh

ABSTRACT. Darafsheh and Assari in [Normal edge-transitive Cayley graphs on non-abelian groups of
order 4p, where p is a prime number, Sci. China Math. 56 (1) (2013) 213—219.] classified the connected
normal edge transitive and %—arc-transitive Cayley graph of groups of order 4p. In this paper we
continue this work by classifying the connected Cayley graph of groups of order 2pq, p > ¢ are primes.
As a consequence it is proved that Cay(G,S) is a %—arc—transitive Cayley graph of order 2pg, p > ¢
if and only if |S| is an even integer greater than 2, S = TUT ! and T C {cb’a’ | 0 < i < p — 1},
1 <j<q—1,such that T and T~" are orbits of Aut(G,S) and

2 —1
G = (abyc|d’=bl=c"=e,ac=cabc=cbb ab=2a"), or

R

G = {(abelad=0"=c=¢ecac=a""bc=chb 'ab=a"),

where 7?7 = 1 (modp).

1. Introduction

All groups considered here are finite. For notations and definitions not defined here we refer the
reader to [[ll]. Let I' = (V, E) be a simple graph, where V' = V(I') is the set of vertices and E = E(I")
is the set of edges of I'. The group of automorphisms Aut(I") is acting obviously on the set of vertices,
edges and arcs of I'. If Aut(T") acts transitively on vertices, edges or arcs of I', then I is called vertex—,
edge— or arc—transitive, respectively. If I' is vertex— and edge—transitive but not arc—transitive, then

I is called 1/2—arc—transitive.
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Let G be a finite group and S be a subset of G such that S = S~! and S C G\ {1}. The Cayley
graph I' = Cay(G, S) is defined by V(I') = G and E(I") = {{g,sg}|g € G,s € S}. For every g € G, the
mapping p, : G — G given by py(x) = xg is an automorphism of I'. Thus, R(G) = {py | g € G} is a
subgroup of Aut(I") isomorphic to G. Define Aut(G,S) = {a € Aut(G) | a(S) = S}.

Following Xu [00], the Cayley graph I = Cay(G, S) is called normal, if R(G) < Aut(T"). The graph I’
is said to be normal edge transitive, if N ) (R(G)) is transitive on the set of edges of I'. Wang et al.
[d], obtained all disconnected normal Cayley graphs on finite groups. Thus for studying the problem of
normality in Cayley graphs, it suffices to consider the connected Cayley graphs. The following theorem

is crucial throughout this paper:

Theorem 1.1. Let ' = Cay(G,S) and A = Aut(T"), then the following hold:

(1) @] Na(R(G)) = R(G) x Aut(G,S). The group R(G) is normal in A if and only if A =

R(G) x Aut(G, S);

(2) [@] T' is normal if and only if A1 = Aut(G, S);

(3) [@] Let I' = Cay(G,S) be a connected Cayley graph on S. Then I' is normal edge-transitive if
and only if Aut(G,S) is either transitive on S, or has two orbits in S in the form of T and
T, where T is a non-empty subset of S such that S =T|JT~};

(4) [2, Corollary 2.3] Let I' = Cay(G,S) and H be the subset of all involutions of the group G. If
< H > G and I is connected normal edge—transitive, then its valency is even;

(5) [@] If T = Cay(G, S) is a connected Cayley graph on S then T is normal arc—transitive if and
only if Aut(G,S) acts transitively on S;

(6) [2, Corollary 2.5] If G is a Cayley graph of an abelian group, then G is not a normal %—arc— transitive
Cayley graph.

Throughout this paper our notation is standard and taken from [, 4]. We encourage the interested
readers to consult papers [3, 8, 6] for more information on this topic. Our work is a continuation
of recent paper of Darafsheh and Assari [2]. Our aim is to classify all normal edge-transitive and
%—arc—transitive Cayley graphs on non-abelian groups of order 2pq, when p and ¢ are odd distinct
primes. We encourage to the interested readers to consult [I1] for more information on groups of order

2pq, p > q are primes.

2. Main Results

It is well-known that a Cayley graph I' = Cay(G, S) is connected if and only if G is generated by
S. In this section, the connected Cayley graphs of groups of orders 2pg, p and ¢ are distinct primes,
are investigated. Since the Cayley graph Cay(G,S) is not normal arc—transitive, when G is abelian,
it is enough to consider non-abelian groups of orders 2pq. In [R], Talebi proved that if G = Da,, the
dihedral group of order 2n, and I' = Cay(G, S) is connected normal edge—transitive then Aut(Day,, S)
is transitive on .S. Using this result, he proved that the Cayley graphs of dihedral groups are not normal
%—arc—transitive. So, it is enough to investigate the groups G3, G4, Gs and Gg. All Cayley graphs

considered here are assumed to be undirected.



Int. J. Group Theory, 5 no. 3 (2016) 1-8 A. R. Ashrafi and B. Soleimani 3

As a consequence of our result, it is proved that I' = Cay(G,S) is a §—arc transitive Cayley
graph of order 2pq, p > ¢, if and only if |S| is an even integer greater than 2, S = T'UT~! and
T C{cbla’|0<i<p-—1},1<j<q—1,suchthat T and T~ are orbits of Aut(G,S) and

G = (a,bc|a? =b"=c*=e,ac=ca,bc=chb lab=d"), or

G = (a,bc|a? =b1=c®=e cac=a"',bc=ch b tab=a"),
where r? = 1 (mod p).

Theorem 2.1. (See [I1]) A group of order 2pq, p and q with p > q are distinct odd primes, is isomorphic

to one of the following groups:

(1) G1 = (a),

(2) Go = {a,b|a? =b*>=1,b"tab=a"1),

(3) Gz = (a,b,c | a? =b? = c®> = 1,ab = ba,cac™! = a~', bc = cb),
(4) G4 = (a,b,c | a? = b? = % = 1,ab = ba,ac = ca,cbc = b~ 1),
(5) G5 = {(a,b,c | a? =b? = c?> = 1,ac = ca,bc = cb,b"Lab = a"),
(6) Gg = (a,b,c| a? =b?=c?>=1,cac=a"',bc=cb,b"tab=a"),

where r is an element of order q in Up.

Lemma 2.2. The automorphism groups of Gs, G4, G5 and Gg can be computed as follows:
(1) Aut(Gs) = (Zp x Up) x Uy

(2) Aut(Ga) = (Zy x Ug) x Up.

(3) Aut(Gs) = Z, x U,.

(4) Aut(Ge) = Zp x Up.

Proof. From the presentations of G, G4, G5 and Gg, Theorem P, we record their element orders in

Table 1. In this table, 1 <i<p—-1,1<j<g—1and 0 <k <p—1. Our main proof will consider

four cases as follows:

(1) If o € Aut(G3) then o is an order preserving function. This implies that o(a) = a’,1 < i <
p—1,00)=b,1<j<qg—1,and o(c) = ca®, where 0 < k < p — 1. Thus, Aut(G3) =
{oijn | oigr(a) = a'ou5k(b) =¥ & oijp(c) =ca” ;1 <i<p-1,1<j<qg—-10%

kE < p—1}. On the other hand, Uijkair,j/,k/ = 0yt jjt k+ki- 1t is clear that eqyi(qy) = 0110
and o; jlk Jj -1
={oi1k|1<i<p—1 0<k<p-—1}andB = {01;0,1 <j < ¢g—1}. Then by an easy
calculation, one can see that Aut(G3) = A x B = (Z, x Up) x Uy, which completes this case.
(2) A similar argument as (1) shows that Aut(Gy) = {0; ;x| 0ijk(a) = a', 0, jk(b) = b & 0y x(c) =
e 1<i<p-1,1<j<qg—1 0<k<g—1}. We now define A = {01, | 1 <j <
¢q—1, 0<k<qg—1}and B = {010 |1 <i<p-—1}. Then A< Aut(G4), B < Aut(G4),
ANB=1and G = AB. Therefore, Aut(G4) = A x B = (Z; x Uy) x Uy, which completes this

part.

Oj-1j-1,_;-1}, where i~ Land j~! are computed in U, and Uy, respectively. Define
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(3) Suppose o € Aut(Gs5). Since o is an order preserving function, o(a) = a’,1 < i < p — 1,
o(b) = ba?,0 < j < p—1, and o(c) = ¢. Thus, Aut(Gs) = {0i; | 0ij(a) = a',0,;(b) =
bal & o;j(c)=c; 1<i<p—1, 0<j<p—1}. On the other hand, o; 0/ (b) = ai,j(baj/) =
0ij(b)oi (@) = balal" = ba/t'" and oy jou j(a) = 07 j(a”) = a”, where i’ =1 (mod p). So,
0ijOy ji = Oiit jyji- Oince o19(a) = a,01,0(b) = b and 01(c) = ¢, 01,0 = id. This shows that
0_7]1 = 0;-1_;-1j, where i~ is computed in Up. Set A={o01;|0<j<p-—1}. Itis clear that
Ais normal in Aut(G5). Put B = {0;0 | 1 <i < p—1}. Then obviously B is a subgroup of
Aut(Gs) and Aut(Gs) = A x B = Z, x Uy, as desired.

(4) By a similar argument as above, Aut(Gg) = {0;; | 0, j(a) = a’,0;;(b) = ba’ & 0, (c) =
cal ;1 <i<p-1, 0<j<p—1} Again, we define A = {01; | 0 < j < p—1} and
B ={0i0|1<i<p-—1}. Then Aut(Gs) = Z, x U,.

This completes the proof. O

We now apply Lemma P2 to compute the orbits of Aut(G;) under natural action on G;, 3 < i < 6.
Suppose n;, 3 < i < 6, denote the number of orbits of Aut(G;) on G; under natural group action. Then
by a tedious calculation, one can see that ng = ngy = 6, ny = 2¢ + 2 and ng = 2q + 1. Moreover, we
assume that Qg, 3<j<6and1<i<n;j, denote the it" orbit of Aut(G;) on G. Our calculations are

recorded in Table B

Example 2.3. Define S = {cbjal,cbjal', (a1, (cbTa" )1, 1 # 1 and T = Cay(Gs, S). Obviously,
(cbia)~t = cbi77al, (cbla’)™' = cb¥7a" and S is a generating set for Gs. Hence, Cay(Gs,S) is
connected. We now consider the automorphisms o_11,14+1,0—1,g—1,+1r and 01410 that introduced in
the proof of Lemma Z2(1). By a simple calculation, one can see that

l

o_ 11H_l/(b70a = o_1g-140 (07 Jca)—alq 10067 e ) b76a

o_11 l+l/(b]ca = 0_1,g-1,40 (07 I ) = 01,41, o(bq*jca ) = Ved,

—q /
o_ 1,1,z+l/(bq Jea) = ooy g (Ped) = 014 100 cd) = b1 ed,

) (
) (
) (
"y = o_1g-1121 ([ cd ) = 014 100 cal) = b7 I cal.

This shows that 0_1141(S) = 0-1,¢g-1,141(S) = 01,4-1,0(5) = 5. Thus, Aut(G3,S) acts transitively on
S. Apply Theorem I2(3) and Theorem T(5) to deduce that I' is normal edge—transitive and normal

arc—transitive Cayley graph of degree 4. Therefore, I' is not normal %farcf transitive.

Proposition 2.4. The connected Cayley graph T' = Cay(Gs, S) is normal edge—transitive if and only
if Gz =< 8 >, |S| > 2 is an even integer and S C {cbla’ |0<i<p—1& 1<j<q—1}, where S is
an orbit of Aut(Gs, S).

Proof. Since G3 & Z, x Doy, H = {ca’ | 0 < i < p—1} is the set of all elements of G3 of order 2. Thus,
b¢ (H) and so Gs # (H). Apply Theorem I1(4) to deduce that |S| is an even integer > 2. Consider
the automorphisms o_y ;-1 4, 0 < i <p—-1&1<j<g—1and 0 < [,I! < p—1. Then, one can
easily see that o_y j-1,,;1p(S) = S and so Aut(Gs,S) acts transitively on S. Therefore, I' is normal

edge— and arc—transitive. Il
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Table 1. Element Orders of G3, G4, G5 and Gg.

Elements Gs Gy Gs G

at p p p p

c 2 2 2 2

k= k=

biak a 1 qQa 49
pqg k#0 pqg k#0
. 2 k=0

el ak 2q 29 2q
2p k#0

ca’ 2 2p 2p 2

Corollary 2.5. The connected Cayley graph I' = Cay(Gs, S) is not normal %—arc—tmnsitive.

Example 2.6. Suppose S = {bca’, b9 Ica’,b/caP~" b9 TcaP~},5 # 0, 1 < i < p—1and T =
Cay(Gy4,S). Then we can see that, (Wca’)™t = bdTcaP~t, (b9 7ca’)~! = bcaP~" and S is a gen-
erating set for G4. This shows that Cay(Gy,S) is connected. We now consider the automorphisms
O1,j-1(g—5),01 Ti~1(p=i),1,0 AN Ti=1(p_s) j~1(q—j),0 that introduced in the proof of Lemma Z3(2). A simple

calculation implies that

o1j1g-poted’) = 0imipiy10(b"Ved”™) = Gima iy jo1(g—jy 0 (B ea’ ) = b1 ed,
011 g-o(b"7ea’) = oinipop 10t ea’) = oin iy jor(g-go (BT ea” ) = Ved,
11 q-polea™) = iy a0(bT ) = 01 o1 g0 (M ea’) = BT T e,
0151 g0 el = i 0(bed’) = Oin iy (g0 (BT ca) = Bea”

Therefore, o1 j-1(4—j)0(S) = i-1(p—i)1,0(S) = Ti=1(p—i) j~1(q—j),0(S) = S and Aut(Gy,S) acts transi-
tively on S. We now apply Theorem T(3) and Theorem TA(5) to deduce that I" is normal edge—transitive

and normal arc—transitive Cayley graph of degree 4. Therefore, I' is not normal %—arc—tmnsitive.

Proposition 2.7. The connected Cayley graph I' = Cay(Gy, S) is normal edge—transitive if and only
if Gy =< 8 >, |S| > 2 is an even integer and S C {cbla’ | 1<i<p—-1& 0<j<q—1}, where S is
an orbit of Aut(Gy,S).

Proof. We first notice that G4 = Z,, x Dag. Then H = {cb’ | 0 < j < g — 1} is the set of all elements of
G4 of order 2. Since a ¢ (H), G4 # (H). Apply Theorem I1(4) to deduce that |S| is an even integer
> 2. Consider the automorphisms o;-1;; 1 ;1 j, where 1 <4,4’ <p—1and 0 <j,j" <¢—1. Then, it is
easy to see that o;-1, _q ;4;(S) =S, for all i and j. So, Aut(Gy, S) acts transitively on S. Therefore,

I' is normal edge— and arc—transitive. Il
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Table 2. The Orbits of Aut(G;) on G; under Natural Group Action, 3 < i < 6.

o - of-af-9f-),

0 = QW={d|1<i<p-1},
Q3 = {ed |0<i<p—1}, U={ct |0<j<q—1},
QF = (Md' |[1<i<p-1,1<j<q—-1}, Q=0 ={|1<j<q-1},
0 = {a |0<i<p-1,1<j<q—1}, Qg={ctld* | 1<k<p-10<j<q—1},
Qf = (P |1<j<q-1,1<k<p-1},
05 = {c}, W={d"[1<i<p—-1}, Q)={cd'|1<i<p—1},
0 = {pa"|0<i<p—1}, Q={b%a"|0<i<p—1},
Qg+2 = {2 |0<i<p—1}, QZ+3:{bq_1ai]0§i§p—1},
QZH = {cba' |0<i<p—1}, Qg+5:{cb2ai\0§i§p—1},
ngJrl = {quiQCLi‘OSigp—l}, ngJ&:{cbqflai’()Siép_l}7
0 = {d'[1<i<p—1}, Q§={ca' [0<i<p—1},
Qf = {ba'|0<i<p—1}, Q={p’a"|0<i<p—1},
Qg1 = {72 |0<i<p—1}, Qp={""1a" [0<i<p—1},
QS+3 = {cba' |0<i<p-—1}, QS+4:{cb2ai\O§i§p—1},
ng = {2 |0<i<p—1}, Qgﬁl:{cbq_lailogigp—l}.

Example 2.8. If S = {cba", cbd!, (cba®)~', (cba')™1},1 # k and T = Cay(Gs,S). It is clear that S is
a generating set for G5 and so Cay(Gs, S) is connected. Also, (cba®) ™t = cbta=""""* and (cbal) ™ =
bt 1a " Set T = {cbal,cbaF}. Thus, T-1 = {cb?'a=™" ' b 1o~} and S = TYT .
We now prove that T and T~' are orbits of Aut(Gs,S) under natural action. Suppose O_11+k €
Aut(G5). Then oy 4k (cbal) = cba*, o_1 1 (cba*) = cbal, 0_1,l+k(cbq_1a_rqilk) = b la" ' and
0_1,l+k(cbq_1a_’”qfll) = cb®la="" 'k This shows that o_11+k € Aut(Gs,S) and so T and T~ are
orbits of Aut(Gs,S). Therefore, I' = Cay(G5, S) is connected normal edge—transitive Cayley graph of
degree 4 which is not normal arc—transitive. Therefore, by Theorems T1(3) and T(5), T is normal
1

5—arc— transitive.
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Proposition 2.9. The connected Cayley graph I' = Cay(Gs,S) is %farcftmnsitive if and only if
Gs =< S >, |S| > 2 is an even integer and S = T UT~', where T C {cb/a’|0 < i < p — 1} and
1 <j<q-—11is an orbit of Aut(Gs,S).

Proof. Since c is the unique involution of G5, a,b & {(c), |S| is even. On the other hand, if T' C {cb/a’|0 <
i <p—1}then T71 C {cb?7a'l0 <i<p—1}. Set S=TUT!. Then S = S, kalw(cbq*jal) =
(cb?7a") and op-11(cb?Tak) = (cb?7a'). Thus, op-1,0(T) =T and 0p-1;0(T~') = T~1. Since S is a

union of two orbits, I' is normal %—arc—transitive, proving the result. O
Proposition 2.10. If S = {cba!, cha”, i1 cbqflafrq_lk}, l # k, then Aut(Gs,S) = Zs.

Proof. Obviously, G5 = (S) and so Aut(Gs, S) has a faithful action on S. This implies that Aut(G5, S)
is isomorphic to a subgroup of Sy. We first prove that Aut(Gs5,S) does not have an element of order 3
and 4. If 0 € Aut(Gs,S) has order 3, then the automorphism o is fixed an element y € S. This implies
that y~! is another fixed element of o, a contradiction. Next, we assume that o € Aut(Gs, S) has order
113_12/)-

On the other hand, o € Aut(Gs5,S) < Aut(G5) and so there exist 7,7, 1 <i<p—land0<j<p—1
such that o = o;;. It is clear that o; ;(cba*) = cbala* = cba/t*'. If 0 = g then o(y) = 27! which
implies that cba?™* = cb=1q=" 'l So, a/t* = b2l If p|j + ki then ai™* = ¢ and so
b7 20" = ¢. On the other hand, o(b?2) = 3, o(a™™ ') = p # 3 and b9"2 = " !, which is
impossible. If p fj + ki then o(a?T*") = p and o(bq_Qa_Tq_ll) = q,p # ¢, lead to another contradiction.

4, x = cba' and y = cba®. Then o has one of the forms g = (zyz~'y~!) or h = (zy~

Thus o # g. A similar argument shows that o # h. Therefore, Aut(G5,S) does not have elements of
order 3 or 4. Since Aut(G) is isomorphic to a subgroup of the symmetric group Sy without elements
of order 3 and 4, it is enough to prove that Aut(G) has a unique element of order 2. It is easy to see
that o(o_1,4%) = 2 and 0_1 1 € Aut(G5,S). Suppose 0;; € Aut(G,S), 0 j(cbal) = cba? ™ = cba®

and o; j(cbak) = cba?™* = cba'. Then

j+li =k (modp) and j+ki= 1 ( mod p). (1)
On the other hand,

Ui’j(ch—la—rqfll) _ qu—laj(rq72+...+7"+1)—irq’ll _ qu—la—rqflk’

O'Z‘J'(qu_la_rq_lk) _ qu—laj(rq_2+..‘+7“+1)—i'rq_lk _ qu—la—'rq_ll.
Hence, j(ri 2+ ..+r+1) = (il —k)r9! (mod p) and j(r?2 + ... +r+1) = (ik — Dr?~! (mod p).
These congruences imply that (il — k)r?~! = (ik — [)r9~! (mod p) and so i(l — k) = —(I — k) (mod p).
Since [ # k, i = —1 (mod p) and by Eq (1) j — k = [ (mod p) which implies that j = [ + k (mod p).
Therefore, Aut(Gs,S) = (0-1,+%). This completes the proof. O
Example 2.11. Set S = {cbja,cbjap_l,cbq_jarﬁ,cbq_jarqij(p_l)} and ' = Cay(Gs, S). It is clear
that S is a generating set for Gg and so Cay(Gs,S) is connected. Set T = {cb/a,cb/aP~'}. Thus,
T = {cb? 0™ cb? 3™ 7D} and S = T\JT~'. To prove T and T~* are orbits of Aut(Gg, S)

under natural action, we assume that o_1o € Aut(Gg). Then o_1o(cba) = cblaP™t, o_1 o(cbaP™t) =

cbia, o_10(cb? a7y = b 30" P and o_1(cb? a7 PDY = cb979q™ . This shows that
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o_10 € Aut(Ge,S) and so T and T~ are orbits of Aut(Gg,S). Therefore, I = Cay(Gs,S) is a
connected normal edge—transitive Cayley graph of degree 4 which is not normal arc—transitive, i.e. by
Theorems TA(3) and TA(5), T is normal 3 —arc—transitive.

Proposition 2.12. The connected Cayley graph T' = Cay(Gs, S) is normal %—arc—tmnsz’tz’ve if and
only if Ge =< S >, |S| > 2 is an even integer and S = TUT~, where T C {cb/a’|0 <i < p—1} is
an orbit of Aut(Gg,S), 1 <j<q-—1.

Proof. The proof is similar to Proposition 29, and so it is omitted. (Il

Acknowledgements

We are very thankful from professor Ali Iranmanesh from Tarbiat Modares University for his com-
ments on this paper. The research of the authors is partially supported by the University of Kashan
under grant number 159020/27.

REFERENCES

[1] N. Biggs, Algeraic Graph Theory, Cambridge University Press, Cambridge, 1974.

[2] M. R. Darafsheh and A. Assari, Normal edge-transitive Cayley graphs on non-abelian groups of order 4p, where p is
a prime number, Sci. China Math., 56 (2013) 213-219.

[3] X. G. Fang, C. H. Li and M. Y. Xu, On edge-transitive Cayley graphs of valency four, Furopean J. Combin., 25
(2004) 1107-1116.

[4] C. D. Godsil, On the full automorphism group of a graph, Combinatorica, 1 (1981) 243-256.

[5] P. C. Houlis, Quotients of normal edge-transitive Cayley graphs, MSc Thesis, University of Western Australia, 1998.

6] C. H. Li, Z. P. Lu and H. Zhang, Tetravalent edge-transitive Cayley graphs with odd number of vertices, J. Combin.
Theory Ser. B, 96 (2006) 164-181.
[7] C. E. Praeger, Finite normal edge-transitive Cayley graphs, Bull. Austral. Math. Soc., 60 (1999) 207-220.
[8] A. A. Talebi, Some normal edge-transitive Cayley graphs on dihedral groups, J. Math. Comput. Sci., 2 (2011) 448-452.
9] C. Q. Wang, D. J. Wang and M. Y. Xu, On normal Cayley graphs of finite groups, Sci. China Ser. A, 28 (1998)
131-139.
[10] M. Y. Xu, Automorphism groups and isomorphisms of Cayley digraphs, Discrete Math., 182 (1998) 309-319.
[11] C. Zhang, J.-X. Zhou and Y.-Q. Feng, Automoprphisms of cubic Cayley graphs of order 2pq, Discrete Math., 309
(2009) 2687-2695.

Ali Reza Ashrafi
Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Kashan, Kashan 87317-51167, Iran

Email: ashrafi@kashanu.ac.ir

Bijan Soleimani
Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Kashan, Kashan 87317-51167, Iran
Email: bijans59@yahoo.com



	1. Introduction
	2. Main Results
	Acknowledgements
	References

