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ABSTRACT. In this paper we study some relations between the power and quotient power graph of a
finite group. These interesting relations motivate us to find some graph theoretical properties of the
quotient power graph and the proper quotient power graph of a finite group G. In addition, we classify

those groups whose quotient (proper quotient) power graphs are isomorphic to trees or paths.

1. Introduction

There is a large literature which is devoted to studying the ways of associating a graph to a group
for the purpose of investigating the algebraic structure using properties of the associated graph (see for
example [2, B, [0, 6, [5, T7]). The investigation of graphs related to groups as well as other algebraic
structures is very important, because such graphs have valuable applications (see [I8]) and are related
to automata theory (see [12, [3]). Kelarev and Quinn [14] defined the (directed) power graph <(S)
of a semigroup S as a (directed) graph in which the set of vertices is S and for z,y € S, there is an
arc from z to y if and only if x # y and y = 2™, for some positive integer m. The power graph 4(S)
of a semigroup S was defined by Chakrabarty et al. [§] as a graph with vertex set S and two distinct
vertices x and y joined if one is a power of the other. They proved that for a finite group G, the power
graph ¢(G) is complete if and only if G is a cyclic group of order 1 or p™, for some prime number p
and some positive integer m. In [B, 7], Cameron and Ghosh obtained interesting results about power
graphs of finite groups. In addition, Mirzargar et al. [[9], considered some graph theoretical properties
of the power graph ¢(G) that can be related to the group theoretical properties of G, such as clique
number, independence number and chromatic number. A recent survey [I], has collected the main and
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beautiful results of the theory of power graphs, which seems to be a very interesting idea for future
research.

If G is a finite group, then it can be easily shown that the power graph ¢(G) is connected of
diameter 2, because the identity element 1 is adjacent to every element of G. Hence in [@, §], it
is focused on the 2-connectivity of 4(G). The 2-connectivity of ¢(G) can be studied by the proper
power graph 4*(G), that is the 1-cut subgraph of ¢(G), which is obtained by omitting the vertex 1¢
and all its incident edges. Actually, it is easy to check that 4(G) is 2-connected if and only if 4*(G)
is connected. In [@], we calculated the number of connected components of S, and showed that ¢(.S,,)
is 2-connected if and only if n = 2 or both n,n — 1 are not prime.

The complexity of a graph is reduced considerably when its quotient graph is considered instead.
The possible equivalence relations imply very different levels of simplification and, as a consequence,
have different impact on the properties of the graph. In [d], the quotient power graph, q (G), and proper
quotient power graph, @G *(G), as quotient graphs of 4(G) and ¥*(G) respectively, are considered. Here,
the elements of G which generate the same cyclic subgroup are identified in a unique vertex.

In this paper, we focus on the investigation of (proper) quotient power graphs of finite groups. We
study some graph theoretical properties of the (proper) quotient power graphs of a finite group G. In
addition, groups whose (proper) quotient power graphs are isomorphic to trees or paths are classified.

The following three theorems are the main theorems of this paper.

Theorem A. Let G be a finite group and F(G) be the Fitting subgroup of G. Then 9 (G) is isomorphic
to a tree if and only if G is one of the following groups:
Case 1) G is a p-group of exponent p, p is a prime.
Case 2) G is a group of order pq as follows; where p and q are primes.
(i) |G| = p™q, where 3 < p < q,m > 3,|F(Q)| = p™ ! and |G : G'| = p.

(i1) |G| = p™q, where 3< q<p,m >1 and |F(G)| = |G| =p™.

(1ii) |G| = 2™p, where p > 3,m > 2 and |F(G)| = |G| =2".

(i) |G| =2p™, where p > 3,m > 1,|F(G)| = |G| = p™ and F(G) is elementary abelian.
Case 3) G = As.

Theorem B. Let G be a finite group. Then g*(G) is a path if and only if G is isomorphic to one of

the groups Zy, Zy2 and Zypg, where p,q are prime numbers.

Theorem C. Let G be a finite group. Then fg*(G) s a bipartite graph if and only if g*(G) is
connected and the order of each non-trivial element of G is a prime or a product of two primes (not

necessary distinct).
2. Definitions and preliminaries
All groups and graphs in this paper are assumed to be finite. Throughout the paper by a graph we

mean a simple graphs which has no multiple edges or loops. We follow the terminology and notation

of [21], for groups and [1], for (quotient) power graphs. All other notations for graphs are from [22].



Int. J. Group Theory, 5 no. 3 (2016) 49-60 S. M. Shaker and M. A. Iranmanesh 51

Let I' = (V, E) be a graph and a,b € V. The distance dr(a,b), between a and b in I' is defined as
the length of the shortest path connecting them. The girth of T', g(I"), is the length of shortest cycle
within the graph. Let x € V be a fixed vertex in the graph I'. The x-cut subgraph of I' is given by
I'—z=(V\{z},E;), where E, = E\ {e € E : e is incident to z}. A graph is called 2-connected if,
for each = € V, the graph I' — z is connected. Suppose that ? is a directed graph. The outdegree of
a vertex a is the number of arcs which get out from a and is denoted by d*(a). Also, the indegree of

a is the number of arcs entering to a denoted by d~(a). We use a — b, to show an arc from a to b.

2.1. The power graphs. Let G be a finite group, with identity element 1 and put Gy = G\ {1¢}.
The power graph ¢4(G) = (V, E), of G is a graph with V = G and for z,y € G, with x # y, {z,y} € E
if there exists m € N such that z = 3" or y = ™. Since the cut graphs ¥4(G) — z, for z € G, are
trivially connected, then ¢(G) is 2-connected if and only if the proper power graph, defined as the
cut graph ¥*(G) = 9(G) — 1¢ is connected.

2.2. The quotient graphs. Let I' = (V| F) be a graph. Assume that an equivalence relation, say ~,
is defined on the set V. Consider the quotient set [V] = V/ ~ and denote its elements with [z], for
x € V. We say that there is an edge {[z], [y]} € [E] between [z] € [V] and [y] € [V] if [z] # [y] and there
exist 2’y € V such that 2/ ~ 2,y ~ y and {2/,y'} € E. This defines the graph I'/ ~= ([V],[E]),
called the quotient graph of I' with respect to ~ .

2.3. The quotient power graphs. To deal with the graphs ¢(G) and ¥*(G) and simplify their

complexity, we consider two quotient graphs in which the elements of G, generating the same cyclic
subgroup, are identified in a unique vertex.

Define the relation ~ on G as follows: if z,y € G, then x ~ y if and only if (x) = (y). It is immediate

,o(z)) = 1} is of size

¢(o(x)), where ¢ denotes the Euler’s totient function. We define the order of [z] € [G] as the order of

x : this definition is well posed because if (x) = (y), then o(z) = o(y). The quotient graph ¥(G)/ ~

to check that ~ is an equivalence relation and that [x] = {z™ : 1 < m < o(z), (m

will be denoted by ¢4(G) and is called the quotient power graph. Its vertex set is [G] = G/ ~ and its
edge set [E]. By the definition of quotient graph, there is an edge between two distinct vertices [z]
and [y] if and only if there exists 2’ € [z] and 3’ € [y| such that {a’,y'} € E, that is, 2/, ¢ are, in a

suitable order, one the positive power of the other.

Remark 2.1. [@, Remark 1] For each x,y € G, such that [x] # [y], {[z],[y]} € [E] if and only if
{z,y} € E.

Since [z] = [1¢] if and only if x = 1g, Go is a union of equivalence classes. Thus it is possible to
define the quotient graph ¥*(G)/ ~, called the proper quotient power graph and denoted by % Q).
Note that ¥*(G) may be viewed also as the cut graph ¥(G) — [lg]. In particular its edge set is
[Elo = [Elj14)- N N

In this paper we set 9(G) = (V, E),9(G) = ([V], [E]),9*(G) = (Wb, Ev) and 4*(G) = ([V]o, [E]o)-

We use the following lemma in the next sections.
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Lemma 2.2. [4, Lemma 4.1] Let ¢o(G), & (G), be the number of connected components of 4*(G), 9*(G)
respectively. Then co(G) = ¢o(G).
3. Relations between %(G) and ¢(G)
In this section we present some relations between %(G) and 4(G). These relations motivate us to
investigate the quotient power graphs and the proper quotient power graphs of finite groups. Also we

discuss the quotient power graphs of finite groups.

Definition 3.1. Let I' = (V, E) be a graph and ~ be an equivalence relation on V. We say that
~ is strong-tame if for each z,y € V, with x # y, if x ~ y then {x,y} € E. Moreover we say that
[[' =T/ ~ is a strong-tame quotient of I', with respect to ~, if ~ is strong-tame. By Remark 21,
9G(G) is strong-tame quotient of 4(G).

Theorem 3.2. Let [I'] be a strong-tame quotient of T".
(i) Let 2,y € V and [a] £ [y]. Then (], b)) = dr(z, ).
(i) Let d be the length of a longest path in I'. Then d = =1+ 3, 1c1p o(la]), where [P] is a longest
path in [['].
(7i1) Let [I'] be a Hamiltonian graph. Then I' is also Hamiltonian.

Proof. Suppose dgq)(z,y) = t and P : z = vg,v1,...,v-1,v; = y is a shortest path between z
and y in I". Consider the sequence [P] : [z] = [vo],[v1],...,[vi—1],[vt] = [y] in [[']. Suppose that
[vj] = [vg), where 0 < j < k < t. Then {v;,v;} € E. If j # k — 1 then the path Py : z =
V0, U1y vy Uy Uk, -, Vi1,V = ¥y iS a path between x and y which is shorter than P, a contradiction.

Now suppose that j = k — 1. If j = 0 then there exists an edge between v; and vj4;. Thus the path
Pz =vj,V41,...,0-1,v = ¥y is a shorter path between x and y, which is another contradiction.
If j > 0 then it is easy to see that there exist an edges between v;_; and v;. So we may consider the
path P : x = vg,v1,...,0j-1,Vk, ..., 01,V = ¥y, of smaller length between z and y, a contradiction.
Hence for every 0 < j # k < t, [v;] # [vg] and so the sequence [P] : [z], [v1],. .., [ve—1], [y] is a shortest
path between [z] and [y] in [I']. Therefore djp([z], [y]) = t.

Conversely suppose dirj([z], [y]) =t and [Q] : [«], [v1], ..., [vi-1],[y] is a path of minimum length in
[[']. By a similar argument as in the previous paragraph we may find the path @ : x,v1,...,v-1,y
between z and y in I' of minimum length. Therefore dr(z,y) = t. This proves (7).

For proving (i7), suppose that [P] : [vo], [v1],...,[va], [ver]. For every integer 0 < i < d’, [v;] contain
o([v;]) vertices of I'. Since [I'] is strong-tame then these vertices form a subgraph of I' isomorphic to
iy 1 ©f length o([vs]) —1
which is a longest path in this subgraph. Now by adding these paths to the path [P], we obtain a longest
path in T'. Hence d = d' + >3, c(p(0([a]) = 1) = d' — (d' + 1) + 3 ep 0([a]) = =1+ 3 4¢1p o([al)-

Finally for item (ii7), let [I'] be Hamiltonian. Since [I'] is Hamiltonian, we can find a Hamiltonian

Ko([y))- For every integer 0 < i < d', we consider the path v;, = v, v;,, ...

cycle, say [C] : [vo], [v1],- .., [va], [var]s [vo]. Let [P] = [wol,[v1],- .., [va], [ver]. By a similar method
used in (i7), we obtain the corresponding path to [P] in I', say P. Suppose that the length of P is d.
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By (ii), d = =1+ > yep o([a]) = [V[ = 1. This implies that P is a Hamiltonian path in I'. Now since
{[var], [vo]} € [E] and [I'] is strong-tame, then we have {Uio([vd/])—l’UO} € E. By adding this edge to P,

we obtain a Hamiltonian cycle in I'. So I' is a Hamiltonian graph. |

Corollary 3.3. (i) Let z,y € V and [z] # [y]. Then

dg ([, W]) = dg () (2, y)-

(13) Let d be the length of a longest path in 4(G). Then

d=—-14 Y ¢(o(a)),
[a]€[P]
where [P is a longest path in 9(G). (iii) Let 9(G) be a Hamiltonian graph. Then %(G) is also
Hamiltonian.

Proof. These are immediate consequence of the fact that ¢(G) is strong-tame quotient of ¢(G) and
for every [a] € [G], o([a]) = ¢(o(a)). O

In [8], authors showed that the number of edges e of 4 (G) is given by 2e = > . +{20(a)—¢(0o(a))—1}.

Now we calculate, [e], the number of edges in ¥(G).

Theorem 3.4. Suppose ¢ is the Fuler’s totient function. Then:
. 1
(0) [V] = Z[a]E[V] ¢(o(a)) and |[V]| = X .ev o

¢(o(a))’
1) le] = ;— ?(a); wereoai:M
U1 = Laea Gray 1 2t gy e ) = Gy,

Proof. (i) Let [a] be the class of a under relation “ ~ ”. Then o([a]) = ¢(o(a)). Hence |V| =

. 1 1
Z[a]E[V} QS@) Slnce O([CL]) = QZS(O(CL))7 we haVe Zbé[a] W =1. Hence |[V” = Z(IEV m
(ii) In 4(G), if there exist two arcs [a] — [b] and [b] — [a], then @ = b™ and b = a™, for some posi_tiv)e

integers n and m, respectively. This implies that [a] = [b]. Thus there are no bidirected arcs in 4(G).

, for every element a € G.

~ —
So the number of edges in 4(G) is equal to the number of arcs in ¢4(G). Hence instead of calculating

the number of edges in 4(G), we calculate the number of arcs in 4(G). Suppose [€] is the number

of arcs in 4(G). Since [¢] = > aje(c) @ ([a]), then for obtaining [€], it is enough to calculate the
L

outdegree d* ([a]), for every [a] € [G]. For this purpose, we construct the graph ¢(G) from the graph
4(G) by considering the equivalence relation “ ~ ”. Let t, = d*(a) — d*([a]). Since d*(a) = o(a) — 1,

for calculating d*([a]), it is enough to obtain t,. Suppose that S = {a,a?,d?,...,a*@} and [a"] =
[a], [a®2], ..., [a®*] be distinct classes of relation “ ~ ” on the set S. For every integer 1 < j < k, all

vertices of the set [a%i] are coincide with one vertex [a%] in ¢(G) and ¢(o(a%))—1 arcs are omitted from

= )
%(G) to obtain 4(G). (Note that for [a*t] = [a], there exist ¢p(o(a))—1 arcs from a to all vertices in [a],

which are omitted in 4(G).) Thust, = Z?zl #(0(a%))—1. Since o([a’]) = ¢(o(a®)) and for every a’ €

als o(a?)) = o(abi en = k . M ence — o(a) M _
[a%], 6(0(a")) = $(o(a)), then ta = 351 Vorerais) — giorgy) - Henee ta = ik =2
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ola)q _ 1 = o(a) — O(G)#. ince dt(a) = o(a) — en dt([a]) = dt(a) — t, =
Zt:l (1 qﬁ(o(%t))) ( ) Zt:l ¢(0(at)) S d ( ) ( ) 17 th d ([1]) d ( ) la
-1+ Z:ial) m. Therefore [?] = E[a]e[G] d*([a]) = Z[a]E[G] (-1 + Z?ial) ¢(0(at)))' By the fact
that o([a]) = ¢(o(a)), we have [¢] = [@] = Xy gb(ol(a))(l + 0 ¢(Ogat))). 0

In[20], authors showed that for a finite group G,¥(G) is a tree if and only if G is an elementary
abelian 2-group. In the following, we characterize finite groups G, which 9| (G) are isomorphic to trees.
Let P be the class of the finite groups having all (nontrivial) elements of prime order. Deaconescu

in [4], proved the following theorem.

Theorem 3.5. [9, Main Theorem] Let G be a P-group. Then one the following cases occurs:
1. G is a p-group of exponent p, p is a prime.
II. G is a group of order p™q as follows; where p and q are primes.
(i) |G| = p™q, where 3 < p < q,m > 3,|F(Q)| =p™ ! and |G : G'| = p.

(i1) |G| = p™q, where 3 < q<p,m >1 and |F(G)| =|G"| =p™.

(7ii) |G| = 2™p, where p > 3,m > 2 and |F(G)| = |G| =2™.

(iv) |G| =2p™, where p > 3,m > 1,|F(G)| = |G| = p™ and F(G) is elementary abelian.
II1. G = As.

Now we prove the following theorem.

Theorem 3.6. Let G be a finite group. Then 4 (G) is isomorphic to a tree if and only if G is one of
the following groups:
Case 1) G is a p-group of exponent p, p is a prime.
Case 2) G is a group of order pq as follows; where p and q are primes.
(i) |G| =p™q, where 3<p < q,m > 3,|F(G)|=p™ " and |G : G'| = p.

(i1) |G| = p™q, where 3 < q<p,m >1 and |F(G)| = |G| =p™.

(i1i) |G| = 2™p, where p > 3,m > 2 and |F(G)| = |G| =2™.

(i) |G| =2p™, where p > 3,m > 1,|F(G)| = |G| = p™ and F(G) is elementary abelian.
Case 3) G = As.

Proof. Let 9(G) be a tree. Suppose that there exists an element a € G such that pg divides o(a), where

p and ¢ are prime numbers (not necessarily distinct). Then there exists the cycle: [1¢], [a], [a?], [1G]

in 9(G). Thus g(¥4(G)) = 3 and so 4(G) is not a tree, which is a contradiction. Hence all non-trivial

elements of G must be of prime order.

Conversely suppose that all non-trivial elements of G are of prime order. If 4(G) is not a tree then

there exists a cycle in 4(G) say [1¢], [a1], [az], - . ., [ax],
[1g]. Since {[ai],[a2]} € [E] we may assume, without loss of generality, that ag = a;™ for some
positive integer m > 1. Since o(ap) is a prime number, then [a;] = [az2], which is a contradiction.

Hence ¢4(G) is a tree.
Now by using Theorem B3, the proof is complete. O
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Corollary 3.7. Let G be a finite group. Then 9 (G) is a tree if and only if 9(G) is a (|[V]| —1)-star.

Proof. Let 4(G) be a tree. In the proof of Theorem B, we show that all non-trivial elements of G
are of prime order. Now since [1g] is adjacent with all other elements of [G], then the assertion is
established.

The converse is straightforward. OJ

Suppose I' = (V, E) is a graph. A non-empty subset X C V is called a clique if the induced
subgraph on X is a complete graph. The maximum size of a clique in I' is called clique number of '
and denoted by w(I'). The chromatic number of I' is the smallest number of colors needed to color the
vertices of I so that no two adjacent vertices share the same color. This number is denoted by x(I).

A graph I is perfect if for every induced subgraph A of I', the chromatic number of A is equal to
the size of the largest clique of A.

Theorem 3.8. [I0, Theorem 3.1] The power graph of a group is perfect.

By a similar argument to [10, Theorem 3.1], we immediately conclude the following theorem.

Theorem 3.9. Suppose G is a finite group. Then the power graph 4 (QG) is perfect and so w(9(G)) =
X(9(G)).

In [R], Chakrabarty et al. proved that for a finite group G, the power graph ¢(G) is complete if
and only if G is a cyclic group of order 1 or p™, for some prime number p and some positive integer
m. There exist a similar result for quotient power graphs.

Theorem 3.10. Let G be a finite group. Then 9(G) is complete if and only if G is of order 1 or p™

for some positive integer m.

Proof. Since for every element x € GG, the induced subgraph of the set [z] of P(G) is complete, then

P(Q) is complete if and only if ¢4 (G) is complete. By [R, Theorem 2.12], the proof is complete. O

Mirzargar et al. [19], considered some graph theoretical properties of the power graph ¢(G) that

can be related to the group theoretical properties of G, such as clique number, independence number

and chromatic number. Now we consider the quotient power graph ¢(G) and obtain similar results

for 9(G).
Suppose D(n) denotes the set of all positive divisors of n. It is well-known that (D(n),|) is a

distributive lattice. In the following we apply the structure of this lattice to compute the clique and

chromatic number of ¥(Z,,).

Lemma 3.11. Suppose G is a group and A C [G]. The vertices of A constitute a complete subgraph

in 9(G) if and only if {< x > |z € A} is a chain.

Proof. By Theorem B0, C'is a clique in P(G) if and only if [C] is a clique in 4(G), where [C] is the

corresponding subgraph to C' in 4(G). Now by a similar argument to [T9, Lemma 1], the sentence is
established. O
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Theorem 3.12. Suppose n = p1™' p2®2 -+ - p. %", where p1 < pa < --- < pr are prime numbers. Then
W& (Zn)) = x(9(Zn)) = 1+ iy .

Proof. The proof is similar to [T9, Theorem 2]. O

The exponent of a finite group G is defined as the least common multiple of all elements of G,
denoted by Ezp(G). If G has an element a such that o(a) = Exp(G), then G is called full exponent.

It is easy to see that the nilpotent groups are full exponent.

Theorem 3.13. Let G be a full exponent group and n = Exp(G) = p1P1ps?2 - p,Pr, where py < pa <

-« < pp are prime numbers. If x be an element of order n then
w(Y(Zn)) = X(9(Zn)) = 1+ Zj_1 s

Proof. The proof is similar to the proof of [I9, Theorem 3]. O

Corollary 3.14. Let G be a finite group. Then the quotient power graph 4 (G) is planar if and only
if T.(G) C {1,p,p?, p3, pq, p*q}, where p,q are distinct prime numbers.

Proof. Suppose that (@) is planar and [z] € V. Then ¢(G) does not have the complete graph K
as its induced subgraph and so by Theorem B3, o(x) € {1,p,p? p*, pq, p*q, pgr}, where p,q,r are

distinct prime numbers. Suppose that o(z) = pgr and 4(< =z >) = ([V],[E]). Then |[V]| = 8 and

I[E]] = 19. By [22, 6.1.23.Theorem], 4 (< x >) is not planar and so ¢(G) is not planar. But it is easy

to check that in other cases ¢(G) is planar. O

4. The proper quotient power graphs of finite groups

By considering ¥*(G), we can obtain some information about ¢(G). So in this section we discuss
the proper quotient power graphs of finite groups. We classify all groups G where % *(@) is isomorphic

to one of trees, paths or bipartite graphs.

Lemma 4.1. Let G be a finite group and g*(G) be a path. Then all non-trivial elements of G are of

order p,p* or pq, for distinct prime numbers p and q.

Proof. Let 9*(G) be a path and [1g] # [] GﬂSuppose that d*([z]) > 1 and d([z]) > 1. Then
there exist two arcs [y] — [z] and [z] — [2] in 9*(G), where [y], [z] € [G]\[L¢]. So z = y™ and z = 2™,
for some positive integers m and n. Thus z = ™" and so we have an arc from [y] to [z]. Hence 4*(G)
has a cycle of length three which is a contradiction. Therefore we may distinguish the following cases:
Case 1) d*([z]) = 0 and d~([z]) = 0,1 or 2. Since d*([z]) = 0, then the order of x must be a prime
number.

Case 2) d*([z]) = 1 and d~([x]) = 0. Since d*([z]) = 1, we have o(z) = p?, for some prime number p.
Case 3) d*([z]) = 2 and d ([z]) = 0. Since d*([z]) = 2, then we conclude that o(xz) = pg, where p and
q are prime numbers. Hence the order of each element of G is a prime number or the product of two

prime numbers. Suppose that there exist three elements 2/, 3/, 2’ € G such that o(2’) = p,0(y’) = ¢ and
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o(2") = r, where p, g and r are distinct prime numbers. Then we have o(z'y'2’) = pqr, a contradiction.

Also if there exist two elements g, h € G such that o(g) = p? and o(h) = ¢?, where p and ¢ are distinct
prime numbers, then we have o(gh) = p?q?, a contradiction. Hence all non-trivial elements of G are

of order p, p? or pq. O

Theorem 4.2. Let G be a finite group. Then 547*(6’) 1s a path if and only if G is isomorphic to one

of the groups Zy, Z,2» and Zyq, where p,q are prime numbers.

Proof. Let g*(G) be a path. Then by Lemma B, all elements of G has order p,p? or pq, for some
prime numbers p and g. Suppose that the vertices [a1] and [ay] are the ends of this path. If [a;] = [ak]
then o(a1) = p and so G = Z,. Suppose that [a1] # [ax]. We consider the following cases:

Case 1) d*([a1]) = 0,d™ ([a1]) = 1,d"([ax]) = 1 and d~([ax]) = 0. So ?(G) is the following path: If

—e——Ppod————¢ ———Pod———0 - . . *——odt———»

] as] fas] Jad] [as] [as] lak-o] [ar1] [ax)]

k = 2, then o(a1) = p,o0(az) = p? and a1 = ag?. Thus G =< ap >= Z,» and so G*(G) = K,. Suppose
that k = 3. Since d~([a1]) = d*([ax]) = 1 then we have two arcs az — a1 and ag — as. So there exist
an arc from az to a; and we may consider a cycle [a1], [as], [as], [a1] in ¥*(G), which contradicts the
assumption that g*(G) is a path. Suppose that k > 4. Then o(a2) = pq and o(ax) = p* or ¢*>. Thus
p?q divides o(azay) or ¢*p divides o(azax). By Lemma BT, this is a contradiction.

Case 2) d*([a1]) = 1,d™ ([a1]) = 0,d™ ([ag]) = 0 and d~([ax]) = 1. So %(G) is the following path: By

ot Pod———— 90— P .

(1] [as] [as] [ad] [as] [ae] ak-2] [ar1] [ag]

rearranging the indices, we obtain the Case 1). N
Case 3) d™([a1]) = 1,d ([a1]) = 0,d"(Jax]) = 1 and d~([ax]) = 0. So ¥*(G) is the following path:
Suppose that k = 2. Then d*([a1]) = d* ([az]) = 1 implies that [a;] = [as], a contradiction. If k = 3,

@] [ao) [as) [od loo) lao]  [ang] (2] [a]

then o(a1) = o(as) = p* and o(az) = p. Then < a; > and < a3 > are the only Sylow p-subgroups
of G. So the number of Sylow p-subgroups is not of the form 1 + ¢p, for some integer ¢t. This is a
contradiction. Suppose that k& = 4. Since d*([a1]) = d([a4]) = 1 then we have two arcs a1 — ag
and a4 — a3. On the other hand there exists an arc from as to ag or an arc from az to as. In first

case we have the cycle [a1], [a2], [as], [a1] and in second case we have the cycle [a4], [as], [a2], [a4] in
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fg*(G) Since fg*(G) is a path, this is a contradiction. Now suppose that k¥ > 5, then o(a;) = p? and
o(ag_2) = pq. Thus p?q divides o(ajax_2), which is, by Lemma B, a contradiction.

Case 4) d*([a1]) = 0,d™([a1]) = 1,d*(Jax]) = 0 and d~([ax]) = 1. So ﬁ(G) is the following path:
Suppose that k = 2. Then d~([a1]) = d”(Jaz]) = 1 implies that [a1] = [ag], a contradiction. If & = 3,

@] las) fasl lad las) [eo]  [ans] [at) [ad

then o(a1) = p,0(az) = pq and o(as) = q. Also we have a1 = ad and a3 = ab. Thus G =< ay > Z,,.
In this case ¥*(G) is a path of length two. Suppose that k = 4. Since d~([a1]) = d™([as]) = 1, we
have two arcs as — a1 and ag — a4. On the other hand there exists either an arc from ag to a3 or an
arc from ag to ag. In the first case we have the cycle [ag], [as], [a4], [a2] and in the second case we have
the cycle [a1], [az], [as], [a1] in 9*(G). Since 9*(G) is a path, this is a contradiction. Now suppose that
k > 5. Then o(a;) = p and o(ax_1) = pq. Since < a; > N < ap_1 >= lg, we have o(ajar_1) = p*q.
This contradicts to Lemma BT

Conversely it is easy to check that the graphs ¢ *(Zp)7€!7 *(Z,2) and {?*(qu), where p and ¢ are

prime numbers, are paths of length 0,1 and 2, respectively. O

Theorem 4.3. Let G be a finite group. Then g;"(G) is a bipartite graph if and only if 5!7*(6*) is
connected and the order of each non-trivial element of G is a prime or a product of two primes (not

necessary distinct).

Proof. M*(G) be a bipartite graph with two part I'; and I's>. We consider the directed power
graph &*(G). If there exist arcs [b] — [a] and [a] — [c], then there exist the arc [b] — [¢]. This implies
that {[b], [c]} € [Ep], which is a contradiction. Hence we may assume that all arcs are from I'; to I's.
Hence all elements in I'y are of prime order. Let [a] € T';. If o(a) = pgm, where m # 1 is a positive
number and p and ¢ are prime numbers (not necessary distinct), then we have {[al, [a?]} € [Fy] and
{la], [aP?]} € [Ey]. Thus [aP], [aP?] € T'y. But {[aP], [a??]} € [Ep], a contradiction. Hence all elements
of I'1 must be of order p or pq, for some prime numbers p and ¢, which are not necessary distinct.
Conversely Suppose that ﬁg(G) is connected and all elements of G are of order p, p?> and pq, for
some prime numbers p and ¢q. Then all elements of prime order are in one part of G *(@) and the other

are in the other part. O

Theorem 4.4. (i) Suppose G is a p-group. Then g*(G) is bipartite if and only if G is a cyclic or a
generalized quaternion group.

(13) Suppose G is a nilpotent group which is satisfy in the Case 2) of Theorem B@. Then G*(G) is
bipartite.

Proof. (i) Suppose that G is a p-group. By [20, Theorem 7|, ¥*(G) is connected if and only if G

is cyclic or a generalized quaternion group. By Lemma 27, the number of connected components
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of ¥*(G) is equal to the number of connected components of g*(G) Thus by Theorem E=3, the
conclusion is established.

(7i) Suppose G is a nilpotent group which is satisfy in Case 2) of Theorem B&. Then by [20, Theorem
10], 9*(G) is connected and so by Lemma B2, 9*(@) is connected. Also by [d], all non-trivial elements
of G are of prime order. Hence by Theorem E=3, G *(G) is bipartite. OJ

Theorem 4.5. Let G be a finite group. Then g(E/i*(G)) = 3 if and only if there exist an element

a € G such that pqr divides o(a), where p,q and r are prime numbers (not necessary distinct).

Proof. Let g(4*(G)) = 3. Then there exists a cycle of length three in 9*(G), say [a], [b], [c], [a]. We
can assume that b = a™ and ¢ = b", for some positive integers m and n. Thus we have ¢ = a™".
Hence this cycle is a subgraph of 9*(< a >) and |V(4*(< a >))| > 3. If o(a) = p or o(a) = p?, for
a prime number p, then V(4*(< a >)) = {[a]} or V(¥*(< a >)) = {[a], [a"]}, respectively. This is a
contradiction to |V (4*(< a >))| > 3. If o(a) = pg, for some prime numbers p and ¢, then ¥*(< a >)
is a path of length two, a contradiction. Hence pgr divides o(a), where p, ¢ and r are prime numbers.

Conversely let a € G. Suppose that pgr divides o(a), where p,q and r are prime numbers. Then
there exists the cycle [a], [a?], [aP9], [a] in 9*(G). Therefore g(4*(G)) = 3. O

Suppose that ¢(G) is a Hamiltonian graph, with the Hamiltonian cycle C. Obviously the path
P =C\ {[1¢]} is a Hamiltonian path in 9*(G). Suppose P is a Hamiltonian path in 9*(G). Since

[1¢] is adjacent to other vertices in ¢4(G) then C = P U {[1¢|} is a Hamiltonian cycle in ¢(G). Thus

we have the following proposition.

Proposition 4.6. Let G be a finite group. Then Q(G) is a Hamiltonian graph if and only if g*(G)

has a Hamiltonian path.

Proposition 4.7. Let G be a finite group. Suppose that [eo] be the number of edges of ,‘!7*(6’) Then

ol — L o@ 1
0l = 2uac6 oy 2 Gotany) T

Proof. Tt follows immediately from Theorem B4. g

Proposition 4.8. Suppose G is a finite group. Then w(%*(G)) = w(9(G)) — 1¢ and w(Z*(G)) =
w(@(G)) —1g.

Proof. Since 1¢([1¢]) is adjacent to other vertices, the conclusion is established. O
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