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TORSION UNITS FOR SOME PROJECTED SPECIAL LINEAR GROUPS
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ABSTRACT. In this paper, we investigate the Zassenhaus conjecture for PSL(4,3) and PSL(5,2).

Consequently, we prove that the Prime graph question is true for both groups.

1. Introduction

Let ZG be the integral group ring of a finite group G and U(ZG) be the unit group ZG. It is well

known that
U(ZG) = {£1} x V(ZG),

where V(ZG) is the group of units of augmentation one. Throughout this article, G is always a
finite group and torsion units will always represent torsion units in V(ZG) \ {1}. A very important

conjecture in the theory of integral group rings is:

Conjecture 1. If G is a finite group, then for each torsion unit u € V(ZQ) there exists g € G, such

that |u| = |g| where |u| and |g| is the order of u and g respectively.
Hans Zassenhaus formulated a stronger version of this conjecture in [37], which states that:

Conjecture 2. A torsion unit in V(ZQG) is rationally conjugate to a group element if it is conjugate

to an element of G by a unit of the rational group algebra QG.
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This conjecture was confirmed for some classes nilpotent groups in [36, 32| and cyclic-by-abelian
groups in [18]. The Luthar-Passi Method (which was introduced in [27]) is the main investigative
tool for simple groups G in relation to the Zassenhaus conjecture for ZG. It was confirmed true
for all groups up to order 71, As, Ss, central extensions of S; and other simple finite groups in
[23, 27, 28, 4, 5]. Partial results were given for Ag in [33] and the remaining cases were dealt with in
[21]. It was also proved for PSL(2,p) when p = {7,11,13} in [22] and PSL(2,p) where p = {8,17}
in [19] and PSL(2,p) when p = {19,23} in [2].

Let H be a group with a torsion part ¢(H) (i.e. the set of elements of H of finite order) of finite
exponent and #H be the set of primes dividing the order of elements from the set ¢(H). The prime
graph of H (denoted by 7(H)) is a graph with vertices labeled by primes from #H, such that vertices
p and q are adjacent if and only if there is an element of order pg in the group H. The following,

was composed as a problem in [30] (Problem 37):
Question 1. (Prime Graph Question) If G is a finite group, then n(G) = n(V(ZGQG)).

This question was upheld for Frobenius and Solvable groups in [25] and was also confirmed for
some Sporadic Simple groups in [16, 7, 6, 13, 15, 10, 9, 3, 8, 12, 14, 11] and some alternating groups
in [34, 35]. Additionally, it was confirmed for the sympletic simple group S4(4) in [31]. We use the

Luthar-Passi Method to obtain our results. Our results are the following:

Theorem 1.1. Let G = PSL(4,3) and u be a torsion unit of V(ZG). Subsequently, the following

conditions hold:

(1) If |u| € {5}, then u is rationally conjugate to some g € G.
(13) There are no elements of order 15, 26, 39 or 65 in V(ZG).
(791) If lu| =2, then vpy =0V 1z ¢ {v2g, v2p} and

(V2a7 VZb) € {(27 _1)7 (17 0)7 (07 1)7 (_17 2)}

() If |u| = 3, then vy = OV 1z & {V34, V3, Vse, 34} and the possible values for (Vsq, Vsy, V3e, V34)
are listed in Table 1.
(v) If |u] =13, then vy = OV ra ¢ {v3q,v3} and
(V13a7 V13by V13c; V13d) S {(17 _17 07 1)7 (17 _17 17 0)7 (17 07 _17 1)7 (17 07 07 0)7 (07 07 07 1)7 (17 07 17 _1)7
(07 07 17 0)7 (07 17 _17 1)7 (Oa 17 07 0)7 (_17 17 07 1)7 (07 17 17 _1)7 (_17 17 17 O)}
Theorem 1.2. Let G = PSL(5,2) and u be a torsion unit of V(ZG). Subsequently, the following
conditions hold:

(1) If |u| € {5,7,31}, then u is rationally conjugate to some g € G.
(ii) There are no elements of order 10, 35, 62, 93 155 or 217 in V(ZG).
(7i1) If lu| =2, then vy = 0V 1z & {v2g, vop} and

(1/2(17 VQb) € {(37 _2)7 (2a _1)a (17 0)7 (07 1)7 (_1a 2)a (_2a 3)7 (_37 4)7 (_4’ 5)}
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() If |u| = 3, then vpy = 0Vra ¢ {v3q,v3} and
(v3a,v3) € {(2,—1),(1,0),(0,1)}.
Consequently, we obtain the following result:

Corollary 1.3. The Prime Graph question is true for the integral group ring of the groups PSL(4,3)
and PSL(5,2).

Let u = ) agg be a torsion unit of V(ZG). Then, the sum }° vc ag € Z which is the partial
augmentation (denoted by ec(u)) of u with respect to its conjugacy classes X in G. Let v; = e, (u)
be the i-th partial augmentation of u. It was proved that 1 = 0 and v; = 0 if the conjugacy class
Cj consists of a central element by G. Higman and S. D. Berman [1]. Therefore vo +v3+---41; =1

where [ denotes the number of non-central conjugacy classes of G.

Proposition 1.4. ([17]) Let u be a torsion unit of V(ZG). The order of u divides the exponent of
G.

The following propositions provide relationships between the partial augmentations and the order

of a torsion unit.

Proposition 1.5. [20, Proposition 3.1] Let u be a torsion unit of V(ZG). Let C' be a conjugacy
class of G. If p is a prime dividing the order of a representative of C' but not the order of u then the

partial augmentation ec(u) = 0.

Proposition 1.6. [22, Proposition 2.2] Let G be a finite group and let u be a torsion unit in V(ZG).

(7) If w has order p™, then €,(u) = 0 for every x of G whose p-part is of order strictly greater
than p™.

(ii) If x is an element of G whose p-part, for some prime, has order strictly greater than the order

of the p-part of u, then e, (u) = 0.

Proposition 1.7. [27] and [29, Theorem 2.5] Let u be a torsion unit of V(ZG) of order k. Then
u is conjugate in QG to an element g € G iff for each d dividing k there is precisely one conjugacy

class Ci, with partial augmentation ec; (u?) # 0.

For any character y of G and any torsion unit u of V(ZG), clearly x(u) = Zé:z vix(h;) where h;

is a representative of a non-central conjugacy class C;.

Proposition 1.8. [27, Theorem 1] and [22] Let p be equal to zero or a prime divisor of |G|. Suppose
that u is an element of V(ZG) of order k. Let z be a primitive k-th root of unity. Then for every
integer | and any character x of G, the number
1 _
pa(us xop) = + > Trgiaofx(ut)z"}
dk

1S a non-negative integer.
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We will use the notation u;(u, x,*) when p = 0. The LAGUNA package [26] for the GAP system
[24] is a very useful tool when calculating p;(u, X, p).

2. Proof of Theorem 1.1

Let G = PSL(4,3). Clearly |G| = 6065280 = 27 - 35 .5 .13 and exp(G) = 4680 = 2332 .5 13.
Initially, for any torsion unit of V(ZG) of order k:

Voq + Vop + V3q + V3p + V3c + V3d + Vi + Vap + Vac + Vsa + Vea + Vep + Vec + Vod + VeeT

Vga + V9q + Vob + V10a + V124 + V12b + V12¢ + V13a + V13b + V13e + V134 + V204 + Voop = 1.

In order to prove that the Zassenhaus Conjecture holds, we need to consider torsion units of V(ZG)
of order 2, 3, 4, 5, 6, 8, 9, 10, 12, 13, 20, 15, 18, 24, 26, 39, 40 and 65 (by Proposition 1.4). For
the purpose of this paper and due to the complexity of certain orders, we shall consider elements of

order 2, 3, 5, 13, 15, 26, 39 and 65. We shall now consider each case separately.

Case (7). Let u € V(ZG) where |u| = 2. Case (i). Let u € V(ZG) where |u| = 2. Using
Propositions 1.5 & 1.6,

Vo + vop = 1.
Applying Proposition 1.8, we obtain the following system of inequalities:
(271 +26) > 05 pua(u, X2, %) = 3(=271 + 26) > 0;
(292 4+6) > 0; 1 (u,x2,3) = 3(~272 +6) > 0

/'LO(ua X2, *) =
po(u, x2,3) =

where v; = 39, + vop and 2 = vo — vgp,. It follows the only possible integer solutions for (va4, vop)

are listed in Theorem 1.1.

Case (i7). Let u € V(ZG) where |u| = 3. Using Propositions 1.5 & 1.6,
V3q + V3p + V3c + 3¢ = 1.

Applying Proposition 1.8, we obtain the following system of inequalities:

fo(u, X2, %) = £(=2y1 +26) > 0;  p1(u, X2, %) = 5(71 + 26) > 0;
po(u, X3, %) = 2(—=292 +26) > 0;  p1(u, x3,%) = 5(72 + 26) > 0;
po(u, Xa, %) = (673 +39) > 0; 1 (u, x4, %) = 3(—=3y3 +39) >0

where 1 = v34 + V3 — 8v3. + 134, Y2 = V3q — 83 + V3 + 3¢ and 3 = 4v3, + v3p + 13- + 34. Clearly
1 E€{l1+3k|-9<k<4}, ye{1+3k|—-9<k<4}andy3 € {k|—-6 <k <13}. It follows the

only possible integer solutions for (v34, vy, V3¢, V34) are listed in Table 1.
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Case (i77). Let u € V(ZG) where |u| = 5. By Proposition 1.5, v, = 0 for all
kl‘ E{l/Qaa V2by V3a, V3bs V3cy V3dy Vdas Vab, Vicy V6ay V6bs Vées V6dy Vées V8a s

Y9ay V9b; V10ay V12a5s V12by V12¢5 Y13a, V13by Y13¢, V13d5 V20a, V20b}-

Therefore, u is rationally conjugated to some element g € G by Proposition 1.7.

Case (iv). Let u € V(ZG) where |u| = 13. Using Propositions 1.5 & 1.6,
Via + Vigp + V13c + Vi3 = 1.

Applying Proposition 1.8, we obtain the following system of inequalities:

p1(u, 23, %) = g5(n +640) > 0;  pr(u, x3,3) = f5(=m +10) > 0;
p1(u, x3,3) = 7572 +10) > 05 pa(u, x23, %) = 75(—72 + 640) > 0;
pa(u, x3,3) = 15(y3 +10) > 05 pua(u, xa3,%) = 75(—73 + 640) > 0;
(1 (u, x2,3) = 35(74 +6) > 05 pa(u, x2,3) = £5(75+6) > 0

where 1 = 100134 — 3V13p — 3V13¢ — 3V134d, V2 = 3V134 +3V13p — 10v13. + 31134 and 3 = 3v134 — 10013, +
3v13c + 3134, Y4 = TV13q + Tvigp — 6v13c — 6v139 and 75 = —6v13, — 613 + Tvi3e + Tvisq. Clearly
v €{10+13k | =50 <k <0}, 2 € {3+ 13k | -1 <k <49} and y3 € {3+ 13k | -1 < k < 49}. Tt

follows the only possible integer solutions for (v34, V3p, V3, V34) are listed in Theorem 1.2.

Case (v). Let u € V(ZG) where |u| = 15. There is only one partial augmentation for units of order
5 and 175 partial augmentations for units of order 3. Therefore we need to consider 175 -1 = 175
cases for units of order 15. With the aid of LAGUNA ([26]) for the GAP system ([24]), we solved

each case and it transpired that there are no solutions in each case.
Case (vi). Let u € V(ZG) where |u| = 26. Using Propositions 1.5 & 1.6,
Voa + Vab + V13a + V13b + Vi3c + Viza = L.
Let v1 = 4vaq — 4vap — V130 — V13b — V13e — V13d, V2 = 3V2q + Vap and 3 = 100134 — 3v13p — 3v13c — 3v134-

We shall now separately consider the following cases involving x(u") for n € {2,5}:

o x(u?) = k1x(2a) + ka2x(2b) and x(u?) = m1x(13a) + max(13b) + m3x(13c) + max(13d) where
(kl, k‘g) S {(1, 0), (0, 1)} and (ml, mg,mg,m4) S {(1, —1,0, 1), (1, -1, 1,0), (1, 0,—1, 1), (1, 0,0, 0),
(0,0,0,1),(1,0,1,-1),(0,0,1,0),(0,1,-1,1),(0,1,0,0),(—1,1,0,1),(0,1,1,—-1),(—1,1,1,0)}. Apply-

ing Proposition 1.8, we obtain:
po(u, x2,3) = 5:(3y1 — 1) = 0; pus(u, x2,3) = 55(—3v1 +1) > 0.

It follows that there are no possible integer solutions for (v24, Vap, Y134, V13b, V13cs V13d)-
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o x(u?) = 2x(2a) — x(2b) and x(u?) = mix(13a) + max(13b) + m3x(13c) + max(13d) where
(m17m27m3>m4) € {(17 —1,0, 1)) (1a -1, 170)7 (]—> 0,—1, 1)7 (17 0,0, 0)7 (Oa 0,0, 1)) (L 0,1, _1)7 (0707 170)7
(0,1,-1,1),(0,1,0,0),(-1,1,0,1),(0,1,1,-1),(-1,1,1,0)}. Applying Proposition 1.8, we obtain:

fo(u, X2, %) = 55(2472 4+ 36) > 0;  p13(u, x2, %) = 55(—2472 + 16) > 0.

It follows that there are no possible integer solutions for (vo4, Vap, V134, V13b, V13cs V13d)-

o x(u'3) = —x(2a) + 2x(2b) and x(u?) = mix(13a) + max(13b) + m3x(13c) + myx(13d) where
(m1,m2,m3,mq) € {(1,0,0,0),(0,0,0,1),(0,0,1,0),(0,1,0,0)}. Applying Proposition 1.8, we ob-

tain:
po(u, X2, %) = 55(2472 +24) > 05 pas(u, x2, %) = 55(—2472 + 28) > 0;
po(u, X23, %) = 55(y3 +637) > 0;  p5(u, x23, %) = 55(—73 + 637) > 0.

It follows that there are no possible integer solutions for (v24, Vap, V134, V13b, V13cs V13d)-

o x(u?) = —x(2a) + 2x(2b) and x(u?) = mix(13a) + max(13b) + m3x(13c) + myx(13d) where
(m17m27m37m4) S {(17 _17 07 1)7 (17 _17 170)7 (17 07 _17 1)7 (17 07 17 _1>7 (07 17 _17 1)7 (_17 17 07 1)7
(0,1,1,-1),(—-1,1,1,0)}. Applying Proposition 1.8, we obtain:

pro(u, x2,%) = 55 (2472 +24) > 05 pas(u, X2, %) = 55 (—2472 + 28) > 0.
It follows that there are no possible integer solutions for (v24, Vap, Y134, V13b, V13cs V13d)-
Case (vii). Let u € V(ZG) where |u| = 39. There are 175 partial augmentation for units of order
3 and 12 partial augmentations for units of order 13. Therefore we need to consider 175 - 12 = 2100
cases for units of order 39. With the aid of LAGUNA ([26]) for the GAP system ([24]), we solved
each case and it transpired that there are no solutions in each case.
Case (vii). Let u € V(ZG) where |u| = 65. Using Propositions 1.5 & 1.6,
Vsa + Vi3a + V13b + V13c + V134 = 1.

Consider the cases y(u'?) = x(5a) and x(u®) = m1x(13a) + max(13b) +m3x(13¢c) +m4x(13d) where
(m17m27m3>m4) € {(17 _17 07 1)) (1a _17 170)7 (1> 07 _17 1)7 (17 07 07 0)7 (Oa 07 07 1)) (L Oa 17 _1)7 (0707 170)7
(0,1,-1,1),(0,1,0,0),(-1,1,0,1),(0,1,1,-1),(-1,1,1,0)}. Applying Proposition 1.8, we obtain:

1o (u, X2, %) = 55 (4854 +30) > 05 pro(u, x4, %) = g5 (—48vs4 + 35) > 0.

It follows that there are no possible integer solutions for (Vsq, V134, Y136, V13c, Y13d)-

We shall now consider the prime graph of G = PSL(4,3). G contains elements of order 6 and
10. Therefore [2,3]and [2,5] are adjacent in 7(G) and consequently adjacent in 7(V(ZG)). Clearly
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m(G) = w(V(ZG)), since there are no torsion units of order 15, 26, 39 and 65 in V(ZG). This

completes the proof.

3. Proof of Theorem 1.2

Let G = PSL(5,2). Clearly |G| = 9999360 = 219.32.5.7.31 and exp(G) = 26040 = 23-.3.5.7-31.
Initially, for any torsion unit of V(ZG) of order k:

Voq + Vop + V3q + V3p + Viag + Vap + Vae + Vsa + Vea + Veb + V7o + Vib + V8a + V124 +

Vida + V14b + Visa + Vish + V21a + V216 + V31a + V316 + V31c + V314 + V31e + V317 = 1.

In order to prove that the Zassenhaus Conjecture holds, we need to consider torsion units of V(ZG)
of order 2, 3,4, 5, 6, 7, 8, 12, 14, 15, 21, 31, 10, 24, 28, 35, 42, 62, 93, 155 and 217 (by Proposition
1.4). For the purpose of this paper and due to the complexity of certain orders, we shall consider
elements of order 2, 3, 5, 7, 10, 31, 35, 62, 93, 155 and 217. We shall now consider each case separately.

Case (7). Let u € V(ZG) where |u| = 2. Using Propositions 1.5 & 1.6,
Voq + 1oy = 1.
Applying Proposition 1.8, we obtain the following system of inequalities:
po(u, x2,%) = $(2y+30) > 0; pa(u, x2,%) = 5(—27+30) >0
where v = Tvo, + 3vgp. It follows that v € {k | —15 < k < 15} and the only possible integer solutions
for (va4,v9p) are listed in Theorem 1.2.
Case (i7). Let u € V(ZG) where |u| = 3. Using Propositions 1.5 & 1.6,

V3, + g = 1.
Applying Proposition 1.8, we obtain the following system of inequalities:
po(u, x2,%) = %(1271 +30)>0; pi(u,x2,*) = %(—671 + 30) > 0;
po(u, x2,2) = $(272 +5) > 0 pa(u, x2,2) = 3(—12+5) > 0

where 71 = v3, and vo = 2v3, — vap. It follows that 4 € {k | —2 < k < 5} and the only possible

integer solutions for (va4, 9p) are listed in Theorem 1.2.

Case (i77). Let u € V(ZG) where |u| = 5. By Proposition 1.5, v, = 0 for all
kx €{2a,2b,3a,3b,4a,4b, 4c, 6a, 6b, Ta, 7b, 8a, 12a, 14a, 14b, 15a, 15b, 21a, 21b, 31a, 31b, 31¢, 31d, 31e, 31 f}.

Therefore, u is rationally conjugated to some element g € G by Proposition 1.7.
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Case (iv). Let v € V(ZG) where |u| = 7. Using Propositions 1.5 & 1.6,
Via + v = 1.

Applying Proposition 1.8, we obtain the following system of inequalities:
p3(u, x14,2) = (771 4+ 280) > 0 pua(u, x14,2) = #(=771 + 280) > 0;
p1(u, x2,2) = 2(2+5) > 0;  pa(u,x2,2) = (13 +5) >0
where 1 = v7q — Vb, Y2 = 2074 — Sz and y3 = —bur, + 2v7. It follows that v1 € {k | —40 < k < 40}
and the only possible integer solutions for (v74,v7) are (0,1) and (1,0). Therefore, u is rationally

conjugated to some element g € G by Proposition 1.7.

Case (v). Let u € V(ZG) where |u| = 10. Using Propositions 1.5 & 1.6,
Voa + Vop + Vsq = 1.

Let v1 = Tvog + 3oy, 2 = 2810, 4+ 1219 — 5, and v3 = 2Tve, — bvg,. We shall now separately

consider the following cases involving x(u") for n € {2,5}:

e x(u®) = mix(2a) + max(2b) and x(u?) = x(5a) where (m1,mz) € {(1,0),(0,1)}. Applying
Proposition 1.8, we obtain:
po(u, x2,%) = 7581 + k1) > 05 pi5(u, X2, %) = 15(—8m1 + k2) > 0;
po(u, x3,%) = 15 (472 + k3) = 05 p1(u, x3,%) = 15(v2 + ka) > 0;
f15(u, X3, %) = 15(—4v2 + ks) > 0;  po(u, x4, %) = 15(4y3 + kg) > 0;
pa(u, X4, %) = 75(—=3 + k7) 2 0

where the values for k;’s and corresponding (mq,mg) values are as follows:

[(myma) | (ki ko, ks, ka ks, ke, kr) |
(1,0) (44,16, 148,97, 92,182, 182)
(0,1) || (36,24,132,113,108, 150, 150)

It follows that there are no possible integer solutions for (vaq, Vap, Vs4)-

o x(u?) = mix(2a) + ma2x(2b) and x(u?) = x(5a) where (m1,mz) € {(3,-2),(2,—1)}. Applying
Proposition 1.8, we obtain:
1, X2, %) = 15(271) = 0; ps(u, X2, %) = 15(—871) > 0;
po(u, X3, %) = 15(4y2 + 180) > 0; 11 (u, x3, %) = 15(72 + 65) > 0;
25 (—4y2 +60) > 0;  puo(u, xa, %) = 75(473 + 246) > 0;
s (U, X4, %) = %(—473 +64) >0

M5(’LL, X3, *) =
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where the values for k;’s and corresponding (mq,ms) values are as follows:

’ (m1, mo) H (K1, k2, k3, ka, ks, kg, kr) ‘

(37 _2)

(0,0, 180, 65, 60, 246, 64)

(27 _1)

(8,8,164,81, 76,214, 96)

It follows that there are no possible integer solutions for (vaq, Vap, V54)-

J. Gildea
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e x(u®) = mix(2a) + max(2b) and x(u?) = x(5a) where (m1,ms) € {(—1,2),(-2,3)}. Applying

Proposition 1.8, we obtain:

.UO(U7X27 *) = %(871 + 28) > 07
po(u, x3,%) = 15(4y2 + 116) > 0;
ps(u, X3, %) = 75(—4y2 +124) > 05 po(u, xa, %) = 15(4y3 + 118) > 0;

p2(u, x4, %) = %(_’73 +118) > 0

where the values for k;’s and corresponding (mq,mg) values are as follows:

115 (u, X2, %) = 75(—87v1 +32) > 0;
g (u, x3, %) = 15 (72 + 129) > 0;

(m1,my) |

(kla k?) k3a k47 k57 kﬁa k7)

|

(_L 2)

(28,32,116,129,124, 118, 118)

(_2a 3)

(20, 40, 100, 145, 140, 86, 86)

It follows that there are no possible integer solutions for (vaq, Vap, Vs4)-

e x(u®) = mix(2a) + max(2b) and x(u?) = x(5a) where (m1,ma) € {(—3,4),(—4,5)}. Applying

Proposition 1.8, we obtain:

po(u, x2,%) = 15(8y1 +4) > 0;  pa(u, xa,%) = 15(—2m +4) > 0;
fo(u, X3, %) = 15(4v2 + 68) > 0;
0

1
1

1
1

ps(u, X3, %) = 75(—4y2 +172) > 0;

/’LQ(Ua X4, *) = %(_73 + 22) >0

where the values for k;’s and corresponding (mq,mg) values are as follows:

’(mbmz) H (K1, ko, ks, ka, ks, ke, k7) ‘

(_374)

(12,12, 84,161, 156, 54, 54)

(_4a 5)

(4,4,68,177,172, 22, 22)

It follows that there are no possible integer solutions for (vaq, Vap, Vs4)-

p1(u, X3, %) = 15(72 + 177) > 0;
po(u, X4, %) = 15(4y3 +22) > 0;
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Case (vi). Let u € V(ZG) where |u| = 31. Using Propositions 1.5 & 1.6,
v3ta + V316 + V31c + V314 + V31e + 131 = L.

Applying Proposition 1.8, we obtain the following system of inequalities:

p1(u, X7, %) = 37 (91 +315) > 0;  pg(u, x7,%) = 37(72 + 315) > 0;
pi5(u, X7, %) = 35 (y3 + 315) > 0;  pur(u, x7, %) = 57 (74 + 315) > 0;
a1 (u, x7,%) = 57 (95 +315) > 0; pas(u, x7, %) = 35 (76 + 315) > 0;
p1(u, x4, 2) = 35 (y7 +10) > 05 ps(u, x4,2) = (78 + 10) > 0;
115 (u, X4, 2) = 35 (79 +10) > 05 p7(u, x4, 2) = 55 (y10 + 10) > 0;
pa1(u, x4,2) = 37 (11 + 10) > 05 pas(u, x4, 2) = 37 (712 + 10) > 0;
pa(u,x6,2) = g7 (713 +24) 2 0 pa(u, X6, 2) = gy(y1a +24) 2 0;
15 (u, x6,2) = 37(715 +24) > 05 1w, x7,2) = 37 (716 + 40) > 0;
ps(u, x7,2) = 31 (117 +40) > 05 ps(u, x7,2) = 35 (718 + 40) > 0;
pr(u, x7,2) = 37(710 +40) > 03 paa(u, x7,2) = 35 (720 + 40) > 0;
p15(u, x7,2) = 37 (21 +40) > 05 pa(u, x9,2) = 5 (22 + 40) > 0;
13(u, x0.2) = 37(723 +40) > 07 p5(u, x9,2) = 37 (724 + 40) > 0;
p7(u, x9,2) = 37 (25 +40) > 0;  p11(u, X9, 2) = 37 (726 + 40) >
115(u, x9,2) = 35 (ver +40) > 05 p1(u, x11,2) = 35 (Y28 + 74) >
p3(u, X11,2) = o (20 + 74) > 05 ps(u, x11,2) = 35 (v30 + 74) > 0;
p1(u, x12,2) = 37 (y31 +160) > 05 ps(u, x12,2) = 37 (732 + 160) > 0
pis(u, X125 2) = 37 (33 +160) > 05 pr(u, x12,2) = 37 (734 + 160) > 0;
p11(u, X12,2) = 35 (35 +160) > 05 s (u, x12,2) = 57 (736 + 160) > 0;
pa(u, x14,2) = g (a7 +280) > 05 pa(u, x4, 2) = gy(73s + 280) > 0;
pi5(u, X145 2) = 37 (30 +280) > 05 pur(u, x14,2) = 37 (740 + 280) > 0;
g1 (u, x14,2) = 5 (a1 + 280) > 05 pas(u, x14,2) = 57 (742 +280) >0
where 1 = 261314 — 5V31p — HV31c — HV/314 — HV31e — OV31f, V2 = —DV314 — DV31p — OV31c — OV31g — OV31e +
26v31f, ¥3 = —9V31a— V316 +26V31c—DV314—DV31e —OV31f, Y4 = —OV314— V316 — V31— V314 1+ 26131 —
SU31f, V5 = —DV31qa —OV31p — V31 + 260310 —OV31e —OV31 1, Y6 = —DV314 + 26131, — V31— 5314 — V31 —

ov31f, 7 = — 100314 — 10031, — 10031+ 210319+ 21v31 — 10031 £, v8 = 211314 — 10031 — 10031+ 211319 —
10v31e — 10v31 ¢, v9 = 21v314 — 100315 — 10031 — 100319 — 10031 + 21317, Y10 = — 100314 + 21315 +
21v31c — 100319 — 10031 — 10031 ¢, y11 = —10v314 + 21v31, — 10031 — 100314 + 21031 — 100314, Y12 =
—10v314 — 100315 +21v31.— 100314 — 100316 + 21031 £, Y13 = V310 + TV316+ TV31c+ TV319 — 24131 — 24131 7,
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Y14 = TV310+Tv31p—24v31— 240314+ Tv31e+TV31f, Y15 = —24V310 — 240315+ TV31c+TV314+ TV31 +TV31 7,
76 = =310 — 400315 + 22031 — 314 + 220316 + 220317, Y17 = —310 + 220315 + 220310 + 220314 —
40v31c — 317, V18 = 220314 + 22031 — 31 — 400319 + 220310 — 31 7, Y19 = 220314 — 31y + 220310 +
22v314 — Yv31e — 40v31f, Y20 = 220314 + 22031, — 40v31c — Y319 — 31e + 220317, Y21 = —40v31, —
Iv31p — 31c + 220314 + 220310 + 220317, Yoo = —I310 + 220315 — W31 — I31q — Iv31e + 22031 f, Vo3 =
=310 — 316 + 220310 — 314 + 22031 — 31 ¢, You = =310 + 220315 — I31c + 220314 — V31 — Y1317,
Vo5 = =316 — V315 — 31+ 220310 — 310 +22031 f, Y26 = 220310 — V315122031 — V310 — V31— 31 7,
Yor = 22v314 — 31y — W31 — W31q + 220310 — 315, Yo = —12v31, — 12031 + 19031 + 190319 —
12v31e — 12v317, Y209 = 190314 + 19031, — 12v31c — 120319 — 12031 — 12v31f, Y30 = —12v314 —
12v31p — 12v31c — 120319 + 19031 + 190317, Y31 = —5V314 — 36V31p — S31c + 261319 + 26031 — S31 4,
V32 = 26V314—9V31p—0V31c+260314—36V31e —DV31 5, Y33 = 260314 —5V316— V31— 361314 — 53126131 ¢,
Y34 = —51314 + 2631y + 26031 — 51314 — SV31e — 3631, Y35 = —HV314 + 260315 — 36131 — r3ig +
26v31e — drsif, v36 = —36v314 — Sr31p + 26v31c — Dr31q — Sv31e + 260315, Y37 = 300314 + 30031, —

V3le — 32V314 — 32V31e — V31f, Y38 = —32U314 — V316 — V31c — 320314 + 30v31c + 30v317, Y39 =
—32v314 — V316 + 3031 + 300319 — V31 — 32131, Y40 = —V31a — 3231p — 32031 — V314 + 30v/31¢ + 30v31 7,
Y41 = —V31a—320315+ 30031+ 300310 — 32031 — V31 £, Va2 = 300314 +300315 — 320310 — V314 —V31e — 3231 ¢

It follows that the only possible integer solutions for (vsq,vsp, Vse, Vsa, Vse, vsf) are (1,0,0,0,0,0),
(0,0,0,0,0,1), (0,0,0,0,1,0), (0,0,0,1,0,0), (0,0,1,0,0,0), (0,1,0,0,0,0). Therefore, u is ratio-
nally conjugated to some element g € G by Proposition 1.7.

Case (vii). Let u € V(ZG) where |u| = 35. Using Propositions 1.5 & 1.6,
Vsa + Via + v7p = 1.

Consider the cases x(u”) = x(5a) and x(u®) = m1x(7a) + max(7b) where (mq,mz) € {(0,1),(1,0)}.
Applying Proposition 1.8, we obtain:

po(u, x2,2) = 3=(36y +14) > 0;  po(u, x4,2) = 3:(—12y+7) >0
where v = v7, + v7p. It follows that there are no possible integer solutions for (vsq, V7a, V7p)-
Case (viii). Let u € V(ZG) where |u| = 62. Using Propositions 1.5 & 1.6,

Voq + Vap + Vsq = 1.

Let Y1 = 7V2a + 3V2b and Y2 = 14V2a + 61/2(, — 51/31a - 5V31b — 57/310 - 51/31,1 - 5V3le - 5V31f. ‘We shall

now separately consider the following cases involving x(u") for n € {2,31}:

o x(u3h) = 3x(2a) —2x(2b) and x(u?) = m1x(31a)+max(31b)+mzx(31c)+max(31d)+msx(31e)+
mex(31f) where (m1,me, ms, mg, ms, mg) € {(1,0,0,0,0,0),(0,1,0,0,0,0), (0,0,1,0,0,0),
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(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}. Applying Proposition 1.8, we obtain:
po(u, X3, %) = 55 (12071 +184) > 05 pua1 (u, x3,%) = g5(—12071 + 64) > 0.
It follows that there are no possible integer solutions for (vaq, Vb, V314, V318, V31¢, V31d, V31e, V31f)-
o x(u?l) = k1x(2a) 4 kox(2b) and x(u®) = mix(31a) + max(31b) + max(31c) + max(31d) +
msx(31le) + mgx(31f). Applying Proposition 1.8, we obtain:
po(u, x2.%) = g5 (liy2 +12) > 05 ps1(u, x2,%) = g5(—ly2 —12) >0

where the values for [;’s, k;’s and corresponding (m1, ma, ms3, ma, ms, mg) values are as follows:

’ (K1, k2) H (M1, ma, m3, ma, ms5, me) H (I1,12) H‘ (K1, k2) H (M1, ma, m3, ma, ms5, me) H (I, 12) ‘
(1,0) (1,0,0,0,0,0) 157 I (1,0 (0,1,0,0,0,0) (15,7)
(1,0) (0,0, 1,0,0,0) (15.7) || (1,0) (0,0,0,1,0,0) (15,7)
(1,0) (0,0,0,0,1,0) 157 || (1,0) (0,0,0,0,0,1) (15,7)
0,1) (1,0,0,0,0,0) (5,1) 0,1) (0,1,0,0,0,0) (5,1)
0,1) (0,0,1,0,0,0) 5,1 || (0,1) (0,0,0,1,0,0) (5,1)
0,1) (0,0,0,0,1,0) 5,1) || (0,1) (0,0,0,0,0,1) (5,1)
2,-1) (1,0,0,0,0,0) (15,11) || 2,-1) (0,1,0,0,0,0) (15, 11)
(2,-1) (0,0, 1,0,0,0) (15,11) || (2, -1) (0,0,0,1,0,0) (15,11)
2,-1) (0,0,0,0,1,0) (15,11) || (2,-1) (0,0,0,0,0,1) (15, 11)
(—1,2) (1,0,0,0,0,0) (15,—1) |[ (=1,2) (0,1,0,0,0,0) (15, 1)
(—1,2) (0,0,1,0,0,0) (15,—1) |[ (-1,2) (0,0,0,1,0,0) (15, 1)
(—1,2) (0,0,0,0,1,0) (15, -1 || (=1,2) (0,0,0,0,0,1) (15, —1)
(—2,3) (1,0,0,0,0,0) 3,-1) |l (—2,3) (0,1,0,0,0,0) (3,-1)
(—2,3) (0,0, 1,0,0,0) 3,-1) || (-2,3) (0,0,0,1,0,0) (3,-1)
(—2,3) (0,0,0,0,1,0) 3,-1) | (-2,3) (0,0,0,0,0,1) (3,-1)
(—3,4) (1,0,0,0,0,0) (5,-3) || (—3,4) (0,1,0,0,0,0) (5,-3)
(—3,4) (0,0,1,0,0,0) (5,-3) | (=3,4) (0,0,0,1,0,0) (5,—3)
(—3,4) (0,0,0,0,1,0) (5,-3) |l (=3,4) (0,0,0,0,0,1) (5,—3)
(—4,5) (1,0,0,0,0,0) (15,-13) ||| (~4,5) (0,1,0,0,0,0) (15, —13)
(—4,5) (0,0, 1,0,0,0) (15,-13) ||| (~4,5) (0,0,0,1,0,0) (15, —13)
(—4,5) (0,0,0,0,1,0) (15, -13) || (—4,5) (0,0,0,0,0,1) (15, —13)

It follows that there are no possible integer solutions for (vaa, Vb, V314, V318, V31c, V31d, V31e, V31f)-

Case (iz). Let u € V(ZQG) where |u| = 93. Using Propositions 1.5 & 1.6,

V3q + V3p + V31 + V31p + V31 + V314 + V31e + V317 = 1.
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Let v = 6v3q — 314 — V316 — V31c — V314 — V31e — V31f. We shall now separately consider the following

cases involving x(u") for n € {3,31}:
o x(u?!) = x(3a) and x(u?) = m1x(31a)+max(31b)+msx(31c)+max(31d)+msx(3le)+mex(31f)

where (mq,ma, ms, mqg, ms, mg) € {(1,0,0,0,0,0),(0,1,0,0,0,0),(0,0,1,0,0,0),
(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}. Applying Proposition 1.8, we obtain:

It follows that there are no possible integer solutions for (34, V3s, V314, V318, V31c, V31d, V31e, V31f)-

o x(u*) = x(36) and (1) = m1x(31a)+max (316) +max (31¢) +max (31d)+msx(31e) +mex(311)
where (mq, ma, m3, mg, ms, mg) € {(1,0,0,0,0,0),(0,1,0,0,0,0),(0,0,1,0,0,0),
(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}. Applying Proposition 1.8, we obtain:

NO(uv X25 *) = 9713(607) >0;  p31 (U, X2, *) = 9713(_307) > 0.

It follows that there are no possible integer solutions for (34, V3p, V314, V310, V31¢, V31d, V31e, V31 f)-

o x(u3l) = 2x(3a) —x(3b) and x(u?) = mix(31la)+max(31b)+msx(31c) +max(31d) +msx(3le) +
mGX(Blf) where (m17 ma,ms, maq,ms, mﬁ) S {(17 07 07 07 07 0)) (07 17 07 07 07 0)7 (07 07 17 07 07 O)a
(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}. Applying Proposition 1.8, we obtain:

po(u; X2, %) = o5 (60 +24) > 0;  ps1(u, x2, %) = g5(—30y — 12) > 0.

It follows that there are no possible integer solutions for (34, V3p, V314, V318, V31¢, V31d, V31e, V31f)-

Case (z). Let u € V(ZG) where |u| = 155. Using Propositions 1.5 & 1.6,
Vsa + V31a + V316 + V31c + V31d + V31e + V315 = 1.

Consider the cases x(u'?) = x(5a) and x(u®) = mix(31a) + max(31b) + msx(31c) + max(31d) +
msx(3le)+mex(31f) where (mq, ma, mg, mqg, ms, mg) € {(1,0,0,0,0,0),(0,1,0,0,0,0), (0,0,1,0,0,0),
(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}. Let v1 = 5314 + 51315 + SV31c + Hr314 — 260310 + dU31 ¢,
Y2 = V314 + OV31p + OV31c — 26U/314 + HV31e + 031 £, V3 = 26314 — OV316 — DV31c — OV314 — DV31e — OV31f,
V4 = V314 + OV31p — 26V31c + OV314 + HV31e + OV31f, V5 = SV31a — 26V315 + HU31c + SV314 + OV31e + D317
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and 6 = V314 + V31p + V31 + V314 + V31e + v31f. Applying Proposition 1.8, we obtain:

(s x2,2) = 1o (11 + k1) > 05 pss(u, x2,2) = a5 (=471 + k2) > 0;
p3(u, x2,2) = i (2 + k3) =05 pss(u, x2,2) = 1hs(—4v2 + ka) > 0;
ps(u, x2,2) = 12 (43 + ks) > 05 pio(u, x2,2) = 15 (=73 + ke) > 0;
pr(u, x2,2) = i (a + k7) > 05 pos(u, x2,2) = 135 (—4v4 + ks) > 0;
pan(u, x2,2) = 122 (95 + ko) > 05 pzs(u, x2,2) = 15 (=474 + k1) > 0;

pi1(u, X2, %) = 155 (=76 +31) >0

where the values for k;’s and corresponding (mq,mg, ms, my, ms, mg) values are as follows:

’ (M1, ma, m3, ma, ms, me) H (K1, ko, ks, ka, ks, ke, k7, ks, ko, k10) ‘
(1,0,0,0,0,0) (31,31,0,0,0,0,0,0,0,0)
(0,1,0,0,0,0) (0,0,0,0,0,0,0,0,0,0)

(0,0,1,0,0,0) (0,0,0,0,31,31,0,0,0,)
(0,0,0,1,0,0) (0,0,0,0,0,0,0,0,31,31)
( )
( )

0,0,0,0,1,0 (0,0,0,0,0,0,31,31,0,)
0,0,0,0,0,1 (0,0,31,31,0,0,0,0,0,0)

It follows that there are no possible integer solutions for (vsq, V314, V316, V31c; V31d> V3165 V31 £)-

Case (z1). Let u € V(ZG) where |u| = 217. Using Propositions 1.5 & 1.6,
Vsa + V31a + V316 + V31c + V314 + V31 + V317 = 1.

Consider the cases x(u?') = kix(7a) + kax(7b) and x(u®) = mix(31a) + max(31b) + m3x(31c) +
max(31d) + msx(3le) + mex(31f) where (ki,k2) € {(1,0),(0,1)} and (mq, ma2, mg, ma, ms, mg) €
{(1,0,0,0,0,0),(0,1,0,0,0,0),(0,0,1,0,0,0), (0,0,0,1,0,0), (0,0,0,0,1,0),(0,0,0,0,0,1)}. Applying

Proposition 1.8, we obtain:
/,LO('LL, X2, *) = T17(180Fy + 12) > 07 M31(u7X27 *) = %17(_30’7 + 301/31f - 2) > 0

where v = 2u7 + 2v7, — V314 — V315 — V31e — V31d — V31e — V315. 1t follows that there are no possible

integer solutions for (v74, V74, V314, V316, V31cs V31d, V31e, V311)-

We shall now consider the prime graph of G = PSL(5,2). G contains elements of order 6, 14,
15, 21. Therefore [2,3], [2,7], [3,5] and [3,7] are adjacent in m(G) and consequently adjacent in
m(V(ZG)). Clearly n(G) = 7(V(ZQ)), since there are no torsion units of order 10, 35, 62, 93, 155
and 217 in V(ZG). This completes the proof.
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TABLE 1.

’ Possible solutions for (v34, v3p, Ve, V34) when |u] = 3 ‘
(4,-1,-1,-1),(3,-1,-1,0),(2,-1,-1,1),(1,-1,-1,2),(0,-1,-1,3),(-1,-1,-1,4),(-2,-1,-1,5),,(4,-1,0,-2),(3,-1,0,-1),
(2,-1,0,0),(1,-1,0,1),(0,-1,0,2),(-1,-1,0,3),(-2,-1,0,4),(4,-1,1,-3),(3,-1,1,-2),(2,-1,1,-1),(1,-1,1,0),
(0,-1,1,1),(-1,-1,1,2),(-2,-1,1,3),(4,-1,2,-4),(3,-1,2,-3),(2,-1,2,-2),(1,-1,2,-1),(0,-1,2,0),(-1,-1,2,1),
(-2,-1,2,2),(4,-1,3,-5),(3,-1,3,-4),(2,-1,3,-3),(1,-1,3,-2),(0,-1,3,-1),(-1,-1,3,0),(-2,-1,3,1),(4,0,-1,-2),
(3,0,-1,-1),(2,0,-1,0),(1,0,-1,1),(0,0,-1,2),(-1,0,-1,3),(-2,0,-1,4),(4,0,0,-3),(3,0,0,-2),(2,0,0,-1),
(1,0,0,0),(0,0,0,1),(-1,0,0,2),(-2,0,0,3),(4,0,1,-4),(3,0,1,-3),(2,0,1,-2),(1,0,1,-1),(0,0,1,0),
(-1,0,1,1),(-2,0,1,2),(4,0,2,-5),(3,0,2,-4),(2,0,2,-3),(1,0,2,-2),(0,0,2,-1),(-1,0,2,0),(-2,0,2,1),
(4,0,3,-6),(3,0,3,-5),(2.0,3,-4),(1,0,3,-3),(0,0,3,-2),(-1,0,3,-1),(-2,0,3,0),(4,1,-1,-3),(3,1,-1,-2),
(2,1,-1,-1),(1,1,-1,0),(0,1,-1,1),(-1,1,-1,2),(-2,1,-1,3),(4,1,0,-4),(3,1,0,-3),(2,1,0,-2),(1,1,0,-1),
(0,1,0,0),(-1,1,0,1),(-2,1,0,2),(4,1,1,-5),(3,1,1,-4),(2,1,1,-3),(1,1,1,-2),(0,1,1,-1),(-1,1,1,0),
(-2,1,1,1),(4,1,2,-6), (3,1,2, 5),(2,1,2,-4),(1,1,2,-3),(0,1,2,-2),(-1,1,2,-1),(-2,1,2,0),(4,1,3,-7),
(3,1,3,-6),(2,1,3,-5),(1,1,3,-4),(0,1,3,-3),(-1,1,3,-2),(-2,1,3,-1),(4,2,-1,-4),(3,2,-1,-3),(2,2,-1,-2),
(1,2,-1,-1),(0,2,-1,0),(- ,2, 1,1),(-2,2,-1,2),(4,2,0,-5),(3,2,0,-4),(2,2,0,-3),(1,2,0,-2),(0,2,0,-1),
(-1,2,0,0),(-2,2,0,1),(4,2,1,-6),(3,2,1,-5),(2,2,1,-4),(1,2,1,-3),(0,2,1,-2),(-1,2,1,-1),(-2,2,1,0),
(4,2,2,-7),(3,2,2,-6),(2,2,2,-5),(1,2,2,-4),(0,2,2,-3),(-1,2,2,-2),(-2,2,2,-1),(4,2,3,-8),(3,2,3,-7),
(2,2,3,-6),(1,2,3,-5),(0,2,3,-4),(-1,2,3,-3),(-2,2,3,-2),(4,3,-1,-5),(3,3,-1,-4),(2,3,-1,-3),(1,3,-1,-2),
(0,3,-1,-1),(-1 3 1,0),(-2,3,-1,1),(4,3,0,-6),(3,3,0,-5),(2,3,0,-4),(1,3,0,-3),(0,3,0,-2),,(-1,3,0,-1),
(-2,3,0,0),(4,3,1,-7),(3,3,1,-6),(2,3,1,-5),(1,3,1,-4),(0,3,1,-3),(-1,3,1,-2),(-2,3,1,-1),(4,3,2,-8),
(3,3,2,-7),(2,3,2,-6) (- ), 2,3,3,-7),

),
)

—~~

,(1,3,2,-5),(0,3,2,-4),(-1,3,2,-3),(-2,3,2,-2),(4,3,3,-9),(3,3,3,-8),
(173737'6)7(073737'5>1('173737'4)7('27373a'3)
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