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ABSTRACT. In this paper, we give a necessary and sufficient condition for the equality of two sym-
metrized decomposable polynomials. Then, we study some algebraic and geometric properties of the

induced operators over symmetry classes of polynomials in the case of linear characters.

1. Introduction

Symmetry classes of polynomials are introduced in [12], by Shahryari. In [11], Rodtes studied sym-
metry classes of polynomials associated with the irreducible characters of the semidihedral group.
In [1], Babaei and Zamani studied symmetry classes of polynomials with respect to irreducible char-
acters of the direct product of permutation groups. In [2, 13, 14], they computed the dimensions
of symmetry classes of polynomials with respect to irreducible characters of dihedral, dicyclic and
cyclic groups, respectively. Also, they discussed the existence of o-basis for these classes. In [3],
Babaei, Zamani and Shahryari investigated an embedding of the symmetry classes of polynomials
into the symmetry classes of tensors and used it to obtain some results concerning non-vanishing of
the symmetry classes of polynomials. They also computed the dimensions of the symmetry classes of
polynomials with respect to the irreducible characters of the symmetric group S, and the alternating
group A,,. In this paper we first give a necessary and sufficient condition for the equality of two
symmetrized decomposable polynomials. Then, we study some properties of the induced operators

on symmetry classes of polynomials. We first give a review of symmetry classes of polynomials.
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Let Hy[z1, ..., zny) be the complex space of homogeneous polynomials of degree d with independent
commuting variables x1,...,Ty,. Let I’ ; 4 be the set of all m- tuples of non-negative integers a =
(o1, ..., 0u,), such that 31", a; = d. For any a € T’} let

X =a{twd? . agm.
Then the set {X% | a € F; 4} is a basis of Hglx1,...,2y]. An inner product on Hy[zy,...,2y) is
defined by
(1.1) < X% XP > =al 6,4,

where ol =[], a!.

Suppose G is a subgroup of the symmetric group Sy,. Then G acts on Hy[xy,...,zn] by

(1,5 Tm) = @ To-1(1)5 - s To=1(m));
and this action is extended linearly to the group algebra CG. Let x be an irreducible complex
character of G. Consider the idempotent (the symmetrizer corresponding to )
5, =25 3 Koo
oceG
in the group algebra CG. The image of Hy[z1,..., %) under the map S, is called the symmetry
class of polynomials of degree d with respect to G and x, and it is denoted by Hy(G,x). For any
q € Hy[zy,...,zm],
q" = Sx(q)

is called a symmetrized polynomial with respect to G and x. If x is a linear character of G, then
Hy(G,x) is the set of all ¢ € Hy[xy, ..., 2], such that for any o € G, we have ¢° = x(oc~1)q. If

a € F;u 4> then we denote the symmetrized monomial (X)* by X**. Clearly, we have
Hy(G,x) = (X*|a €T, ;).

The group G also acts on 1“:; 4 by

aoc = (ao(l),...,ac(m)).
Let A be a set of representatives of orbits of F;L 4 under the action of G. For any o € F;; 4 We have
g
1.2 X0 |2 = y(1)at o U6a
(12) X | = (Dl 2
where G,, is the stabilizer subgroup of a under the action of G and [, |¢ denotes the inner product

of characters (see [8]). Hence X** % 0 if and only if [x, 1]g, # 0. Let £ be the set of all o € F;,d
with [y, 1]g, # 0 and suppose A = ANQ. It is proved that if  is linear, then the set {X**| o € A}
is an orthogonal basis of Hy(G, x).

Let I'y , be the set of all & = (o, ..., o) such that for any 1 <i <d, 1 < ; <m. The group G

acts on I'g ,, by

oa=(o(a),...,0(aq)),
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where a = (a1,...,0q) € gy and 0 € G. Let Gy, be the subset of I'y,, consisting of all
nondecreasing sequences. We define the weight of o € G, by

d
w(a) = H:Ua(z)
i=1
Then, the set B = {w(a)|a € G4y} is a rearrangment of basis {X| a € 't |} of Hylx1,...,Tm).

For any a € Ggm, denote by my(a) = |a~1(t)|, the multiplicity of the integer ¢ in the sequence a. If
a € Gy, then

m(a) = (my(a),...,mp(a)) € F;,d
and it is called the multiplicity vector of . For any a € F;; 4 we define the sequence a € Gy, by

aitimes «astimes

amtimes
~ — —_—
a=(1,...,1,2,...,2,...,/mm,...,m).

Then, the map a +— « is a one to one correspondence between Gg,, and F; 4+ By lexicographic
ordering on F;; g and Ggp, it is easy to see that for any a, 8 € F;; 4 we have a < g3 iff B < a.
If a, 8 € Ggm, then a = g iff m(a) = m(B). Hence

(w(a),w(B)) = (X", X)) = 6,5 v(a),

where v(a) = [~ mi(a)l.
Since, the set {X%*| a € A} is a basis of Hyq(G,x) (if x is linear) and the map a +— & is a one to

one function from ij g onto Gg,, so
B* = {w(@)"| a € A}

is a rearrangment of basis { X%*| a € A}.

Let f; = Z;n:1 a;jrj, 1 <i<d. Clearly fifs...fq € Hg[x1,...,2m]. The polynomial

Sy(fifz... fa) € Hy(G, x)

is called symmetrized decomposable polynomial and is denoted by f1 * fo*...* fg. The study of sym-
metrized decomposable polynomials is an important topic in Multilinear Algebra since the knowledge
of their properties is necessary for the understanding of symmetry classes. In this paper, we give a

necessary and sufficient condition for the equality of two symmetrized decomposable polynomials.

Let V' be the complex vector space of homogeneous linear polynomials in the variables x1, ..., Zy,.
For any linear operator T € L(V'), there is a linear operator P(T) (see [15]) acting on Hg[x1, ..., Zm)
by

P(T)q(x1,...,om) = q(Tx1,...,Txy).
Here L(V) is the space of linear operators on V. It is easy to see that P(T)S, = S, P(T). So
Hy(G, x) is an invariant subspace of P(T'). Denote by K, (T') the restriction of P(T") to H4(G, ).
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Then K, (T) is called the induced operator associated with G' and x. The induced operator K, (T)

acts on symmetrized decomposable polynomials by

Kx<T)(f1*f2**fd):Tfl*Tf2**de

In particular, for any « € F; 4» we have
K (Tw(a)" = Trzay * Trgo) * - * Trgg).

The properties of the induced operator P(T') are studied in [15]. In this paper, we study some
algebraic and geometric properties of the induced operator K, (T"), when the symmetrizer is associated

with a linear character of G.

2. Equality of symmetrized decomposable polynomials

The vanishing and equality problems for symmetrized decomposable tensors are studied extensively
(see [6, 7, 10]). In this section, we study these problems for symmetrized decomposable polynomials.
Let M, (C) be the set of all m xm matrices over C, and define the permanent of A = (a;;) € M,,(C)

as follows:

perA = Z Haw(i).

oc€Sm 1=1

We first prove that the symmetrizer S, is a Hermitian linear operator on Hy[z1, ..., zp].

Lemma 2.1. If x is an irreducible character of a subgroup G' of Sy,, then the symmetrizer S, is a

Hermitian linear operator on Hg[x1,. .., Tp].

Proof. For any o € G, a, 8 € Gy, we have

(w(@),w(B)) = (w(o™ a),w(B))
= (w(o'_lon'),w(ﬁ)), (r € Sy, 0 tar e Gam)

= 50*1047',5 V(B)

The last expression is equal to zero or v(3), where in the second case we have at = . Thus

I
)
£
£
L
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So (w(a)?,w(f)) = (w(a),w(B)” ). Therefore

(Syw(a),w(B)) = T > x(0)(w(@),w(B))
‘G’ ceG
——X(l) ) w(a). w(B)°
G S X0

so the result holds. OJ

Theorem 2.2. Let x be an irreducible character of a subgroup G of Sy,. For any 1 <1 < d, suppose
fi = 2721 QijTj, Gi = ZTzl bl-jxj. Let f = f1 ce fd and g=4glr...9q- Then

(i) (f,g) = per(AB~),

(i) (F,9%) = ’jg‘) S e x(o)per(AP(0)BY),

(ili) f* =0 iff > opeq x(o)per(AP(c)A") = 0,

where A = (a;), B = (bij) are d x m matrices over C and P(0) = (0;q(j))mxm 15 the permutation

matriz corresponding to o.

Proof. (i) We have

f=fi... fa

m
= E : A1y Ljy - - - E : A1j4Tjq

Ji1=1 Ja=1

d
= > (] tiae))w(@)

ael“d,m i=1

d
= Y i X A eware)eto)

aEGdﬂn T€Sy i=1

(2.1) = > (V(la)perA[l,2, ..y dla])w(a).

Similarly,
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Then

(f,g) = Z ﬁpemﬁl[l, 2,...,d|a] perBI[1,2,....d|Sl(w(a),w(s))
= Z lm.é)lyperA[l, 2,...,d|a] perB*[B|1,2,...,dv(B)daz

1 *
= Z mperA[l,Z...,d\a] perB*[al|l,2,...,d]

aGGdym

= per(ABY).

Note that, the last expression is obtained from Cauchy-Binet Theorem for permanents (see [9, 10]).
(ii) By Lemma 2.1, S, is Hermitian. Thus

( ) ( xf, xg)
— (£,5:5,9)
<f 29)
~(f, >
1 -
- ’Té,) SO 9%).

ceG

Let P(0) = (Jig(j))mxm be the permutation matrix corresponding to o € G. Then

97 = biTe1(jy = me §)Tj = Z P(0))ijz;.
j=1

7j=1

Applying part (i), we get

( |G| o;x per ( )) )
- jﬁf > x(o™"per(AP(c™")B")
ceG
= XD S ()per(AP(0) BY)
|G| oceG

(iii) By part (ii), it is clear.

By Theorem 2.2, we have
I£1I” = per(AA®), |lg|* = per(BB*),
172 = |g|> 3" X(o)per(AP(o)4°),

ceG

I9°1 =35 X x(@per(BP@) ),

oceG
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Therefore using Cauchy-Schwartz inequality, we obtain the following result. — Let A = (a;;) and

B = (bi;) be d x m complex matrices. Then
(i)

]Z x(o)per(AP(c)B™) < Z o)per(AP(0)A")
oeG oeG

> x(r)per(BP(r)B"),

TeG
(i)
|per(AB*)|? < per(AA*)per(BB*).
Notice that, part (ii) can be deduced from part (i) by replacing G = {1} and x = 1.

Now, we give a necessary and sufficient condition for the equality of two symmetrized decomposable

polynomials.

Theorem 2.3. Let x be a linear character of a subgroup G of Sp,. Let f; = Z;n:l aijTj, gi =
Z;-n:l bijri, 1 <i<d. Suppose f=fi...fa, 9=91..-94, A=(0ij)dxm and B = (bij)axm- Then
(i) f* =0 iff for every a € A,
Z x(o ™ HperA[l,2, ..., dlao] = 0.

oeG

(i) f*=g* iff for all a € A,
> x(eMperAll,2,... dlag] = > x(o”)perB(1,2,. .., dao].

oceG ceG

Proof. (i) Since x is a linear character, so for any o € A and o € G, w(ao)* = x(c Hw(a)*. By
(2.1), we have

1
= All,2,... *
Fe Y V<a>p€7“ 1.2,.... dlafu(a)
O‘GGd m
= Z Z peTA ..., d|ao]w(ao)*
aGA UGG
Z a"G | ZX perA .. dlaolw(a)”
a€A
Since B = {w(a)*| a € A} is a basis of Hy(G, x), so f* =0 iff for a € A,
Z x(o ™ YperA[l,2, ..., d|lae] = 0.
oeG

(ii) Applying the proof of part (1) we have

= Z a'\G ’ Z “NperA[l,2, ..., d|lao)w(@),

acA

g = Z a,|G | > x(e™HperB[1,2, ..., d|aolw(@)",

A ceG
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hence f* = g* iff for all o € A,

Z x(o ™ HperA[l, .dlao] = Z x(o™HperB[1 .., d|ac].
oceG oceG
O
3. The algebraic properties of the induced operator K, (T)
Let V' be the complex space of homogeneous linear polynomials with complex variables x1, ..., Zp,.

Suppose T € L(V). In [15], the authors studied many algebraic properties of P(T'). In this section,

we study some algebraic properties of the induced operator K, (7).

Theorem 3.1. Let x be a linear character of the subgroup G of S,,. Suppose T is a linear operator
on V. If A= (a;j) is the matriz representation of T with respect to ordered basis E = {x1,...,zpn},
then for any o, B € A, the (@, ,5) entry of the matriz representation of K, (T') with respect to ordered

basis
B* = {w(a)] a € A}
18
Al
a,‘G P Zx "per Alaa|B].

Proof. Since Y is linear, so for all « € A and o € G, we have

w(@o)" = X7 = x(o" )X = x(0" )w(@)".

Hence for any 8 € A,

KX(T)OJ(B) = Tar:ﬁ(l) ¥ Tagg x .o x Ty,
= ZCL le Zaidg(d)wid
'Ll 1 ’id=1
d d
= 2 ew a0 20
a€ly m i=1 i=1
1 d
= 2 @ZH (.57 (@)
a€Gqm TESy i=1
1
S S R 3] 1 (U
acA oeG TESG 1=1
1 —1 o~ ~\ %
=Y (G X xe >perA[aa\m)w<a> ,
acA Oc.‘ a‘ oeG

so the result holds. O
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Notice that if G = {1} and x = 1, the principal character of G, then Hy(G, x) = Hy[z1, ..., Tm],

and for any o, 5 € F; &

(K (D)) 5 = —=perAlalB] = (P(T)) 5

L

v(a) B %

hence K, (T') = P(T).

Definition 3.2. Let x be a linear character of the subgroup G of Sy,. Let A € M,,(C). Then the
induced matrix defined by A is the matriz whose the (62,5) entry is

a']G | Z “HperA aa!ﬁ} a,BeA.

This matriz is denoted by K, (A). If A is the matriz representation of T € L(V') with respect to the

orthonormal basis E of V', then K, (A) is the matriz representation of K, (T') with respect to basis
B*.

Proposition 3.3. Let x be a linear character of the subgroup G of Sp,. Suppose T € L(V). If

E = {x1,...,xm} is a triangular basis for T, then B* = {w(a)*| a € A} is a triangular basis for

K\ (T).
Proof. Suppose E is an upper triangular basis for 7. Then
Try = Mxy, Ta; = Nxg + gy w; € (1,22, .., Ti-1),1 < i < m.
Set u; = 0. Suppose « is an arbitrary element of A. Then
Ky (T)w(q)* = Tagay * Tage) * ... ¥ Traa)

= (AaZa) T va@)) * - - - * Aa(@)Ta(a) + va(a))
d
= ([ a@)w@" + > 5w,
i=1 5

where the sum is over those v € Q such that (i) < a(i), 1 <i < d with at least one strict inequality.
Fix v € Q such that (i) < a(i), 1 <i < d. Consider 7 € G such that y7 € A. Then

w(T)" = x(T"Hw(F)".

Therefore w(¥)* is a linear combination of symmetrized decomposable polynomials that come strictly

before w(a)* in the ordered basis B*. This completes the proof. O

Corollary 3.4. Let x be a linear character of the subgroup G of S,,. Let T be a linear operator on
V. Suppose T has eigenvalues A1, ..., Ay (multiplicities included). Then the eigenvalues of K, (T)

are

Ay = H)\a(i), a € A.
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It follows that from Corollary 3.4 , trK,(T) = " ca Hle Aa(i) and

m

d m _
det K(T) = [[ [T = [T TIA@ =1, eito) = 32 mu(@).

acA =1 acAi=1 i=1 a€A
Proposition 3.5. [9, p. 149] Let S : U — U be an idempotent Hermitian linear operator and sup-
pose T € L(V) such that T'S = ST. IfT is normal, Hermitian, positive definite, positive semidefinite,
unitary, skew Hermitian (d is odd), then Ty = T'|rmm s has the corresponding property.

Theorem 3.6. Suppose T' € L(V). If T has one of the properties normal, Hermitian, positive
definite, positive semidefinite, unitary, skew Hermitian (d is odd), then K, (T') has the corresponding
property.

Proof. Let P(T) be the induced operator on Hy[x1, ..., zy]. Suppose T has one of the properties nor-
mal, Hermitian, positive definite, positive semidefinite, unitary, skew Hermitian (d is odd), then P(7T)
has the corresponding property (see [15]). By Lemma 2.1, S, is Hermitian. But S, is idempotent
and K\ (T) = P(T)|1m s,, so the result is obtained from Proposition 3.5. O

Theorem 3.7. Let G < S, and x be an irreducible character of G. Suppose T,S € L(V). If
Hy(G,x) # 0 then
(i) Ex(ST) = K\ (S) Ky (T).
(i) T is nonsingular iff K, (T') is nonsingular.
(i) K(T)" = K(T*).
() If S, T >0, then K, (S+T) > K, (S) + K\ (T). In particular
K, (T) > K,(S), whenever T > S.

Proof. (i) Since H4(G, x) is an invariant subspace of P(T") and P(S5), furthermore P(ST) = P(S)P(T),
so the result is obtained by restricting of the both sides of the previous equality to Hy(G, ).

(ii) If T is invertible then by part (i), K,(T') is invertible.

Conversely, suppose K, (T') is invertible and Tz = 0. Since Hq(G, x) # 0, there is a € A such that
w(a@)* # 0. So w(a)* is an element of basis of Hy(G, x). Consider 1 € Im a, then

Ky (Tw(a)* = Tzgqy * ... * Tz =0,

a contradiction.

(iii) By [15], P(T)* = P(T*). So
K (1) = (P(T)lim 5,)" = P(T) i s, = P(T")|1m s, = Ky (T7).

(iv) By [15], P(T'+ S) > P(T) + P(S) and if T' > S, then P(T") > P(S). The result is obtained by
restricting of the both sides of the above inequality to Hy(G, x). U

Proposition 3.8. Let x be a linear character of G < Sy,. Suppose T € L(V) with rank(T) = r.
Then rank(Ky(T)) = ]F:d NA|. In particular, if G = Sy, and x = 1, then rank(K,(T)) = \G:d .
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Proof. Let {z1,...,%r,Tr41,-..,Tm} be a basis of V' so chosen that {Tx; = y;| i = 1,...,r} is a basis
of Im T and {@y41,...,2n} is a basis of Ker T. Let a € I'}" _ such that «(t) # 0, for some ¢ > r.
Then a(ay + -+ a1+ 1) > 7, 50 To5(a; 4 4a,_1+1) = 0. Thus

Ky (Tw(a)* = Tagay * ... x Tz = 0.
On the other hand, since {y1,...,y,} is a part of a basis of V, so, the polynomials

w(@ y1,..u)" = ([Jvaw)” #0, acTinA

are part of a basis of Hy(G,x). If G = S,, and x = 1, then A = A = G;;’d, so the result holds. [

Proposition 3.9. Let x be a linear character of the subgroup G of Sy,. If A € M,,,(C) is a diagonal

matriz, then the induced matriz K, (A) is diagonal.

Proof. Let A=diag(\1, ..., \m). Then, for any a, 3 € A, we have

K, (A) aF= a'|G |ZX Yper Alao| ]

Oé'|G |ZX _1 ZH aaz)BT'L

ook

a'|G |ZX o) %HABT“ &5 (6),37(0)
:a'yG |UGZ;X o) TGZS; HA 0@ 0).30)
_ ;leﬁ’ ZX -1 T;S; 0

Since

f=ac & m(ac)=m(f) & ac =0 & o€ G,,
and for any a € A, 0 € G,, x(0) = 1, so, we have

H?:1 )‘E(i) | (Sd)g\ _
Bz =16 z(;: K e
ocCGq

A
- )\EJéa’ﬂ

Hence K, (A) is diagonal. O
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4. The geometric properties of the induced operator K, (7')

Let X and Y be two complex inner product spaces. The norm of an element 7" of L(X) is defined

as
1T = sup{|[T| - =€ X, |lz[ = 1}.
The spectral radius of T is defined by
p(T) = max{|\| : X is an eigenvalue of T}.

It is proved that [4] if T" is normal, then ||T'|| = p(T).
Let f: L(X) — L(Y) be a map. The derivative of f at T' € L(X) is a linear map Df(T') from
L(X) into L(Y). Recall that

d

Df(T)(S) = pri P

F(T +185).

For brevity we say that T € L(X) is positive if it is positive semidefinite. A linear map ¢ :
L(X) — L(Y) is called positive if it maps positive elements of L(X) into positive elements of L(Y").
It is said to be unital if ¢(I) = I. Positive linear maps ¢ enjoy a very special property: ||¢| = ||¢(I)]].

This is a consequence of the well-known Russo-Dye Theorem [4].

Again let V be the complex space of homogeneous linear polynomials with complex variables
Zl,...,Tm. Suppose T' € L(V). In [15], the authors obtained the spectral radius and norm of the
induced operator P(T) in terms of p(7T') and ||T||, respectively. They also computed the norm of the
derivative of the map 7"+ P(T).

Let K, : L(V) — L(H4(G, x)) be the induced map. For brevity let DK, (A, B) = DK, (A)(B), the
image of B under the derivative DK, (A). In the following, we compute the spectral radius and norm
of the induced operator K, (T'). Also we obtain the norm of the derivative of the induced map K,.

The main idea have taken from [5].

Theorem 4.1. Let G be a subgroup of the symmetric group Sy, and x be a linear character of G.
Let T be a linear operator on V. Let \1,..., Ay, and vy, ..., Vy be the eigenvalues and singularvalues

of T, respectively. Then the spectral radius and the norm of the induced operator K, (T') are

p(K(T)) = max{|Aa| : o€ A,

| (D)]| = Ymax{lvs] : a € A}.
Proof. The assertion follows from definition of spectral radius, Theorem 3.6 and the relation

I (T)[* = [ K (T) Ex (T)]| = | K (T*T)|| = p(Ey (T*T)).



Int. J. Group Theory 6 no. 2 (2017) 21-35 M. Ranjbari and Y. Zamani 33

Theorem 4.2. Let x be a linear character of a subgroup G of Sp,. Let T be a positive linear operator
on V and suppose that the matriz representation of T with respect to the basis E = {x1,...,zmy} is
the diagonal matriz A = diag(vi,va, ..., vy) . Then DK, (T, 1) is diagonal with respect to the basis
B* = {w(@)*| a € A} and its (&, ) entry is

d
DKX(A, I)a’a = Z H Va(i) a, B € A.

=1 it
Proof. For brevity we set DP(T,1) = DP(T')(I). By [15], the operator DP (T, I) with respect to the
basis B = {w(a)| a € T’} ,} is diagonal and for any a € ')}, its (&, @) entry is
d
P(ADag =Y [[vaw-
i=1ij

Now, for any a € A, we have
DE(T, 1(@)" = o (T + (@)’
_ %\tZOP(T + 1) Syw(@)
= %\tzoSXP(T + tIw(a)

= (o P(T + )@)
= S, DP(T, )w(a)

d
=S (>_ [ vawm)«(@)

=1 i

d
= (Z H Va(iy) Sy (w(@))
=i
d

= (> ITvaw)«@,

=1 i

so the assertion holds. O

Theorem 4.3. Let x be a linear character of a subgroup G of Sy,. Let T — K, (T') be the map that
associates to each element T' of L(V'), the induced operator K,(T) of L(H4(G,x)). Then the norm
of the derivative of this map at T is given by

d d
IDE(T)|| = sup{>_ [ vaw! o € A},
i=1i#j

where vi,vs, ..., VUp are the singular values of T

Proof. Suppose that A is the matrix representation of T with respect to the ordered basis E =
{z1,...,zn}. Let K,(A) be the induced matrix of A. Let A = Uy ATU; be the singular value
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decomposition of A, where U; and U, are unitary matrices and AT is the diagonal matrix whose
diagonal entries are the singular values of A. By Theorem 3.6, R* = K, (Uy) and Q* = K, (U3) are
unitary and for any B € M,,(C), we have

IDE(AB)] = IR (DE(A)B)Q]
= K (UF) (DR (A)(B)) K (U5)]
= [ (UD) (oK (A + 1B) K (U5)|
= oo Ko (U B (A + £B) K (U5)|
= || o (UF AUS + U7 BUS)|
= | DK (AU BUS)|.
Thus
IDE ()] = sup{|DEL(AB)] = 18] =1}
= sup{IDE (A" (U BUS)| - U BUS | = 1B = 1)
= DK (A7),

So, we may replace A by the positive semidefinite diagonal matrix A™ and observers that DK, (A™)
is a positive linear map. By Russo-Dye Theorem, such a map attains its norm at the identity I,

therefore
IDE\(A)|| = [ DE(A*, D)
By Theorem 4.2, DK, (AT, 1) is diagonal and its (&, &) entry is

d
DE(A", Daa = [[vaw, acA.
=1 i

Therefore

d d
DK (T)|| = SUP{ZHVa(i) s ae A}

=1 i#j
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