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AUTOMORPHISMS OF A FINITE p-GROUP WITH CYCLIC FRATTINI
SUBGROUP
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ABSTRACT. Let G be a group and Aut®(G) denote the group of all automorphisms of G centralizing
G/®(G) elementwise. In this paper, we characterize the finite p-groups G with cyclic Frattini subgroup
for which |Aut®(G) : Inn(G)| = p.

1. Introduction

Let G be a finite group and N a characteristic subgroup of G. We let Aut’" (G) denote the centralizer
in Aut(G) of G/N. Clearly Aut’(G) is a normal subgroup of Aut(G), the automorphism group of
G, and a € Aut™(Q) if and only if z='2® € N for all z € G. Now let M be a normal subgroup
of G. We let Auty/(G) denote the group of all automorphisms of G centralizing M. Moreover,
Autd(G) = Aut™ (G) N Auty(G). Tt is well-known that if G is a finite p-group, then so is the group
Aut®?(G), where ® denotes the Frattini subgroup of G. Clearly Aut®(G) is a normal subgroup of
Aut(G) containing Inn(G), the group of inner automorphisms of G. Miiller in [10] proved, using
techniques from cohomology, that if G is a finite non-abelian p-group, then Aut%(G) = Inn(G) if and
only if ® < Z and @ is cyclic, where Z = Z(G). This turns out that Aut®(G)/Inn(G) is non-trivial
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if and only if G is neither elementary abelian nor extraspecial. Curran and McCaughan in [4] proved
that if G is a finite non-abelian p-group, with Inn(G) contained in Aut?(G), then

(1) Aut?(G) = Inn(Q) if and only if G’ = Z(G) and Z(G) is cyclic.

(ii) |[Aut?(G) : Inn(G)| = p if and only if Z(G) is cyclic and |Z(G) : G'| = p.

In this paper we characterize the finite p-groups G with cyclic Frattini subgroup for which \Autq) (G) :
Inn(G)| = p. In §2 we give some basic results that are needed for the main results of the paper. Finally
in §3 we prove the main results of the paper.

Throughout this paper all groups are assumed to be finite groups. Our notation is standard, and
can be found in [7], for example. A group G of order p™ is said to be of maximal class if m > 2 and the
nilpotency class of G is m — 1. Recall that a group G is called a central product of its subgroups A and
B if A and B commute elementwise and together generate G. In this situation, we write G = AxB. A
non-abelian group that has no non-trivial abelian direct factor is said to be purely non-abelian. For a
finite group G, exp(G), 2(G), o(z) and |G| respectively denote the exponent of G, the subgroup of G
generated by its elements of order dividing p, the order of 2 € G and the size of G. We use Hom(G, A)
to denote the group of homomorphisms of G into an abelian group A and Z,, for the cyclic group of
order n. If o is an automorphism of G and x is an element of G, we write z“ for the image of x under
a. For s > 1, we use the notation G** for the iterated central product defined by G** = G % G*(*~1
with G*! = G, where G is a finite p-group. We also make the convention G*® = 1. We denote by
Dan, Qan, Son and X3 for the dihedral, generalized quaternion, semidihedral group of order 2" and
non-abelian p-group of order p? and exponent p, where p is an odd prime; the group Mpn is defined
by

n—1

(a,b|a?" =W =1,a" = a1+pn72),

when p = 2, assume that n > 3, while if p is odd, assume n > 2. Throughout the paper, we write Z

and @ for Z(G) and ®(G), respectively.

2. Some basic results

In this section we give some basic results which will be used in the rest of the paper.

In [1], Adney and Yen proved the following result.

Theorem 2.1. [1, Theorem 1] For a finite purely non-abelian group G, there is a 1-1 correspondence
between Hom(G, Z(Q)) and Aut?(G), whence

Hom(G /G, Z(@))| = |Aut?(G)).

We now list two families of finite 2-groups of order 2"+3 introduced by Berger, Kovics and Newman

in [2] which will be used in the rest of the paper.
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n+1 _ n n
T op==1d"=a 2" 0¢ = a2 b, = 1),

D35 = (a,b,cla
Q;;H—B - <a7 b7 c\a

both with n > 1.

n+1 _ n n n
U= =1 =0 0 = a0 = b, = 1),

The following structure theorem plays an important role in our proofs.
Theorem 2.2. [2, Theorem 2| If G is a finite p-group with Z(®(G)) cyclic, then
G=FEx (Gyo*Gyx*--*xGy),

where E is an elementary abelian, G4, . ..,Gy are non-abelian of order p®, of exponent p for p odd and
dihedral for p = 2, while Go > 1 if E > 1, |Go| > 2 if s > 0, and G has one of the following types:
cyclic, non-abelian with a cyclic mazimal subgroup, Don+2 * Zyg, Son+2 * Zy, D;ws, Q;LH, D;CHS x Ly,

all with n > 1. Conversely, every such group has cyclic Frattini subgroup.

In [5], Fouladi, Jamali and Orfi proved the following result giving some information on a finite
non-abelian p-group with cyclic Frattini subgroup. We now give an alternative proof for their result

[5, Theorem 2.4].

Theorem 2.3. Let G be a finite non-abelian p-group with cyclic Frattini subgroup ®(G).
(i) If p>2, orp=2 and cl(G) =2, then ®(G) < Z(G).
(i) If cl(G) > 2, then G' = ®(G).

Proof. We will make use of the notation of Theorem 2.2 It is straightforward to observe that ®(G) =
®(Go). If Gy is cyclic, then (i) is obvious. Next, by [7, Theorems 5.4.3 and 5.4.4], G is one of the groups
Myn (n > 2,p > 2), Dg, Qs or Mon (n > 3). So |G'| = p. By [9, Lemma 0.4], exp(G/Z(G)) = exp(G’) =
p, which implies that ®(G) < Z(G). To prove (ii), we observe that cl(Go) > 2 and Go has one of the
following types: Dan, Qan or Son all with n > 4; and Dan+2 % Za, Sgn+2 * Zy, Dy, Qs Dys x Za,
all with n > 1. It is easy to see that in each cases ®(G) = ®(Gy) = Gf, = G', as required. O

Lemma 2.4. Let G be a finite group with ®(G) < Z(G). Then there is a bijection from Hom(G/G', ®(Q))
onto Aut®(G) associating to every homomorphism f : G — ®(G) the automorphism x +— xf(x) of G.
In particular, if G is a p-group and exp(®(G)) = p, then Aut®(G) = Hom(G /G, ®(Q)).

Proof. For any o € Aut®(G), define f,, : G — ®(G) by fa(z) = 2 '2®. Clearly f, is a homomorphism,
and o +— f, is an injective map from Aut®(G) to Hom(G, ®(G)). Conversely, if f € Hom(G, ®(G)),
then define & = af : G — G by 2® = zf(z). Since z712% € ®(G), for all x € G, we may write G as
the product of the image of a and the Frattini subgroup of G and so the image of o must be G itself.
Thus « is an automorphism of G. We have a = ay € Aut®?(G) and f, ; = f. Finally suppose that
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exp(®(G)) = p and a € Aut®(G). We observe that a fixes any element of ®(G). Consequently the

map « — f, is an isomorphism, which completes the proof. O

Lemma 2.5. Let G = E x F be a central product of subgroups E and F. If a € Autggg (E), then the

map & : xy — %y, where x € E and y € F, defines an automorphism of G lying in Autiggg(G).
Proof. It is straightforward. O

3. p-groups with a cyclic Frattini subgroup for which [Aut®(G) : Inn(G)| = p

It is well-known [8, Satz III. 3.17] that for a p-group G of order p”, the order of Aut®(G) divides
p" =7 where |G/®(G)| = p". In this section we study the finite p-groups G with cyclic Frattini
subgroup for which |[Aut®(G) : Inn(G)| = p. Let G be an abelian p-group. It is easy to see that
|Aut®(G)| = p if and only if G = Z,2. Thus we assume that G is a non-abelian p-group.

Lemma 3.1. Let G be a non-abelian p-group with cyclic Frattini subgroup. Assume that either p > 2,
orp=2 and cl(G) = 2. Then |Aut®(G)| = |G|/p and |Aut®(G) : Inn(G)| = |Z(G)|/p.

Proof. According to Theorem 2.3, ®(G) < Z(G). So G is of class 2 and |G| = p. Assume that
|®(G) : G| = p°. Then ®(G) = Zye+1. Since exp(G/G') < p*l, |[Awt®(G)| = |G|/p, by Lemma 2.4
and so |[Aut®(G) : Inn(G)| = |Z(G)|/p. O

In the following theorem we will characterize the finite non-abelian p-groups G with cyclic Frattini

subgroup when either p > 2, or p = 2 and cl(G) = 2.

Theorem 3.2. Let G be a finite non-abelian p-group with cyclic Frattini subgroup. Assume that either
p>2,0rp=2andcl(G)=2. Then |Aut®(G) : Inn(G)| = p if and only if G has one of the following
types: My, Zyx Dg®, Mg * Dg°, 7,2 *X;gs, M,y *X;§, Ly X Mys, Ly X (M3 *X;;;?), Zo x Dg, 7o X Qs,
Zo X Dg(sﬂ) or Zy x (Qg * D§®), for some s > 1.

Proof. By Lemma 3.1, |Z(G)| = p?. We use Theorem 2.2, and consider two cases:

CASE L. E=1.

If s = 0, then G = Gy where Gy is a non-abelian with a cyclic maximal subgroup. Thus by [7, Theorems
5.4.3 and 5.4.4], G = M. Let s > 0 and G = G * K, where |Gg| > 2 and K = G * --- x G. Since
GoN K # 1 then Z(K) < Z(Gy). Thus Z(G) = Z(Gy), because |Z(K)| = p, and so G be one of the
groups: Zy x Dg®, My * Dg®, Z,2 * X;§” or M * X;;’.

CASEIIL E # 1.

In this case Go > 1. If s = 0 then G = E x Gy, where Z(Gy) = Z, and so G is one of the groups:
Zyp x Mys, Zo x Dg or Zy x Qg. Next we assume that s > 0 and G = E x (Go * K), where |Go| > 2
and K = Gy x---xGs. We have 1 # Go(\K = Z(K) < Z(Gyp) and Z(G) = E x Z(Gp). It follows
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that Z(Go) = Zp and so G is isomorphic either to: Zy x (Mys « X73), Zy ¥ D;(SH) or Zs x (Qg * D§®).

The converse follows at once from Lemma 3.1. O

Lemma 3.3. Let G be one of the groups Don, QQon, both with n > 3 or Son, where n > 4. Then
|Aut®(G) : Inn(GQ)| = 2"73. In particular, if n > 5 then |AutS(G) : Inn(G)| > 2.

Proof. We set G = (a,b). Since |G| = 2", (n > 3), we can assume that o(a) = 2" !, then Z(G) =
(a"*) and G is of maximal class. Therefore G/ = ®(G) and |G/| = 2"~2. Now by [3, Theorem 3.2,
for any u,v € G’ the map sending a — au and b — bv is an automorphism lying in AutG/(G). Hence
|Aut®(G)| = 22** and so |[Aut®(G) : Inn(G)| = 2"3. Now, if G is either Dan or Qan, then there are
automorphisms « and 8 defined by a® = a, b* = a?b and a® = a1, b = b. Also if G = San, then
there are automorphisms « and 3 defined by a® = a, b* = a=2t2"p and of = a_1+2n72, b? =b. In
both cases, it is then easy to check that Inn(G) = («, ) = Dyn-1. Next we defined the non-inner
automorphism v by a? = @, b7 = b. This shows that (a®" *)? = a2"~ and so v € Aut2(G). Also
o(y) = 273, where n > 5. We claim that 72 is not in Inn(G). To see this, suppose to the contrary
72 = a’ﬂj, where 0 < i < 2" 2 and 0 < 7 <1. Nowb = b = o172 or (-1 =2} where
G = Dan,Qan or Syn respectively. So 2771 | 2i or 27! | (2772 —2). Then i = 0 and 72 = §3, a
contradiction. This implies that |Aut3(G) : Inn(G)| > 2. O

Lemma 3.4. Let G be one of the groups D;nH, Q;HS, Don2 * Zy, Sont2 * Ly or D;H * Ly, all with

n > 3. Then |AutZ(G) : Inn(G)| > 2.

Proof. By using GAP [6], we have |Aut%(G) : Inn(G)| > 2, where G stands for either D{,, Q¢ or
D¢, *Zy. First assume that G is either D, 5 or QF, .5, where n > 4. Then G = (a,b,c), Z(G) = (a*")
and there are automorphisms «, 8 and 7 defined by a® = a, b* = a®"72b, ¢* = "¢, a” = a®" 1, b% = b,
? =canda? = a®"*1, b7 = b, ¢ = c. Tt is then easy to check that Inn(G) = (a, ) X (7) = Dant1 X Zs.
By defining the automorphism a® = a®, o = b and ¢® = ¢, it follows that § € Aut%(G). We
show that 62 ¢ Inn(G). Let 62 = a'B/y*, where 0 < i < 2,0 < j < land 0 <k < 1. Now
b=0b" = a-Vi2"2)p and so 27t | §(2" — 2). Then i = 0, §2 = £77* and o(6) = 2"~! < 4. Thus
n < 3, a contradiction. If G = Dgn+2 % Z4, then

2n+1

G = (a,b, cla =t =la,d]=[b,d =1, = a® =at),

and Z(G) = (c¢). We define the automorphisms a, 8 by a® = a, b* = a7 2b, ¢® = ¢, a® = a7},
b =b, # = c. Now Inn(G) = (, 8) = Dgns1 and by considering the automorphism § mentioned
for the previous case, it follows that 6 € Aut$(G) which implies that |[Aut%(G) : Inn(G)| > 2. If
G = Son+2 * Z4, then

2n+1

G = (a,b,cla — 2 =[a,d =[b,d =1,a2" =2, a® = a~1+2"),
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and Z(G) = (c). Using the automorphisms a, 3 defined by a® = a, b* = a®"~2b, ¢ = ¢, a® = a1,
b2 =b, ¢ = ¢, we have Inn(G) = (a, B) = Dyni1. Next by defining the automorphism ¢ mentioned
carlier, it follows that § € Aut(G) and 6 € Inn(G), by a similar argument. Also if G = D;; 13 x Ly,
where n > 4, then

n

G={abedb®=c=d =a,d=bd=][cd=bcd=1ad=a""1a =a¥ " =d?.

We define the automorphisms «, 3, v and 6 by a® = a, b* = a?"2b, ¢® = a®"¢, d* = d, a® = a*" 1,
W=b P =cdl=da =t 0=0bc"=cd =dand a® =a®, b’ =b, ¢ =¢, d® = d.
We observe that Inn(G) = (a,8) X () = Dgyni1 X Zs and || = 2"~!, where n > 4. Finally since
Z(G) = (d), it follows that § € Aut%(G) which implies that |[Aut3(G) : Inn(G)| > 2. O

From now on we shall consider the case that G is a finite non-abelian 2-group whose Frattini

subgroup is cyclic and cl(G) > 2.

Lemma 3.5. Let G be a non-abelian 2-group with cyclic Frattini subgroup and cl(G) > 2 such that
|Aut®(G) : Inn(GQ)| = 2. Then Z(G) < ®(G) and so G is purely non-abelian group.

Proof. Since cl(G) > 2, by [10, Proposition 3.1], Inn(G) £ Aut%(G), so Aut®(G) = AutZ(G). Assume
that Z(G) £ ®(G). Then G = M (z) for some maximal subgroup M of G and for some z in Z(G)\M.
We choose an element u in Q1(®(G) () Z(G)). The map « : hz® + h(zu)!, where h € M and 0 < i < 2,
is in Aut®(G) from which we conclude that u = 1, a contradiction. So that Z(G) < ®(G) and G is

purely non-abelian group. O

For the rest of the paper, we will make use of the notation of Theorem 2.2 without further mention.

Lemma 3.6. If G has one of the following types: Di¢ * Zy x Dg®, Si6 * Z4 x Dg° or D;Q * Ly x DG, for
some s > 0, then |Aut®(G) : Inn(G)| > 2.

Proof. Assume that [Aut®(G) : Inn(G)| = 2. Then by Lemma 3.5, Z(G) < ®(G). We observe that
G' = ®(G) = Z(G) = Zy. Therefore Aut®(G) = Inn(G), a contradiction. O

Theorem 3.7. Let G be a finite non-abelian 2-group with cyclic Frattini subgroup. If |Aut®(G) :
Inn(G)| = 2 and cl(G) > 2, then G has one of the following types: Dig* D§*, Q16% D3, S16% DE®, D *

*S + *S
Dg® or Q35 x Dg°.

Proof. If s = 0, this is straightforward by using GAP [6], Theorem 2.2 and Lemmas 3.3, 3.4, 3.5, 3.6.
Let s > 0. By our assumption, G = H*Dg®, where H has one of the following types quoted in Theorem
2.2. Now by Lemma 3.3 and lemma 3.4, for H = Dan,Qan,Son(n > 5) or D;‘n+3,Q;n+3,D2n+2 *
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;Z%(H) such that 02 ¢ Inn(H). By Lemma 2.5, o

can be extended to an automorphism ¢* of G defined by (hx)?" = h®z for h € H and = € D*. Now

Zy, Sont2 * Z4,D;+3 * Zg(n > 3), we let o € Aut

since o* € Autq’(G), it follows that o*2 = ig, where i, is the inner automorphism of G' induced by

g € G. Writing g = h1x1, where hy € H and x; € Dg*, gives
W' =0 = g Yhg = 27 by ' hhywy = By hin,

for all h € H. We conclude that o? € Inn(H), a contradiction. So by Lemma 3.6, H = Dig, Q16,
S16, D;Q or Q?B, completing the proof. O

The following theorem completes the proof of our main result when G is a finite non-abelian 2-group

whose Frattini subgroup is cyclic and cl(G) > 2.

Theorem 3.8. If G is one of the groups D1g, Q16, S16, D;‘z, Q;Q, Di6xDg®, QiexDg®, S16+Dg°, D?‘E*Dgs
or Qy * D§*, where s > 0, then |[Aut®(G) : Inn(G)| = 2.

Proof. By Lemma 3.3 and using GAP [6], we have |Aut®(G) : Inn(G)| = 2, where G stands for either
D1g, Q16 Slﬁ,Dgrz or Q;{Q. So we give a proof for the group G = D16 * Dg®, where s > 0; the other

groups are treated similarly. We have

G={a,bci,dila® =0 =ds = =d* = [a,¢)] = [b,¢i] = [a,d;] = [b,d;] = (ab)* = (¢;d;)? = a'*c? = 1),

s

where 1 < i < s. It is easily seen that Z(G) = Zg and therefore Z(G) < G'. So by Theorem 2.1,
|Aut? (G)| = 22°*2. Now we observe that Aut?(G)Inn(G) is a subgroup of Aut®(G) and so the order
of Aut®(G) is greater than 224, We claim that [Aut®(G)| < 22574, To see this, since ®(G) = (a?), it
follows that for o € Aut®(G), a” € {a,a?,a® a”} and b7 € {b, ba?, ba*, ba®}. If ¢ = c;a? or ¢ = ¢;a’
(1 <i < s), we find that a* = 1, which is impossible. Hence, ¢7 = ¢; or ¢ = c;a* (1 < i < s).
By the above argument, df = d; or d7 = d;a* (1 < i < s). Therefore, |[Aut®(G)| = 2257 and
|Aut®(G) : Inn(GQ)| = 2. O
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