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BIPARTITE DIVISOR GRAPH FOR THE SET OF IRREDUCIBLE CHARACTER
DEGREES

ROGHAYEH HAFEZIEH

Communicated by Gunnar Traustason

ABSTRACT. Let G be a finite group. We consider the set of the irreducible complex characters of G,
namely Irr(G), and the related degree set cd(G) = {x(1) : x € Irr(G)}. Let p(G) be the set of all
primes which divide some character degree of G. In this paper we introduce the bipartite divisor graph
for cd(G) as an undirected bipartite graph with vertex set p(G) U (cd(G) \ {1}), such that an element
p of p(G) is adjacent to an element m of cd(G) \ {1} if and only if p divides m. We denote this graph
simply by B(G). Then by means of combinatorial properties of this graph, we discuss the structure of

the group G. In particular, we consider the cases where B(G) is a path or a cycle.

1. Introduction

Let G be a finite group. It is well known that the set of irreducible characters of G, denoted by
Irr(G), can be used to obtain information about the structure of the group G. The value of each
character at the identity is the degree of the character and by c¢d(G) we mean the set of all irreducible
character degrees of G. Let p(G) be the set of all primes which divide some character degree of G.
When studying problems on character degrees, it is useful to attach the following graphs which have
been widely studied to the sets p(G) and cd(G) \ {1}, respectively.

(i) Prime degree graph, namely A(G), which is an undirected graph whose set of vertices is p(G);
there is an edge between two different vertices p and ¢ if pg divides some degree in cd(G).

(ii) Common divisor degree graph, namely I'(G), which is an undirected graph whose set of vertices
is ¢d(G) \ {1}; there is an edge between two different vertices m and k if (m, k) # 1.
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The notion of the bipartite divisor graph was first introduced by Iranmanesh and Praeger in [4] for
a finite set of positive integers. As an application of this graph in group theory, in [2], the writers
considered this graph for the set of conjugacy class sizes of a finite group and studied various properties
of it. In particular they proved that the diameter of this graph is at most six, and classified those groups
for which the bipartite divisor graphs of conjugacy class sizes have diameter exactly 6. Moreover, they
showed that if the graph is acyclic, then the diameter is at most five and they classified the groups for
which the graph is a path of length five. Similarly, Taeri in [20] considered the case that the bipartite
divisor graph of the set of conjugacy class sizes is a cycle and (by using the structure of F-groups and
the classification of finite simple groups) proved that for a finite nonabelian group G, the bipartite
divisor graph of the conjugacy class sizes is a cycle if and only if it is a cycle of length 6, and for an
abelian group A and ¢q € {4,8}, G ~ A x SLy(q). Inspired by these papers, in this work we consider
the bipartite divisor graph for the set of irreducible character degrees of a finite group and define it

as follows:

Definition 1. Let G be a finite group. The bipartite divisor graph for the set of irreducible character
degrees of G, is an undirected bipartite graph with vertezx set p(G)U(cd(G)\{1}), such that an element
p of p(G) is adjacent to an element m of cd(G) \ {1} if and only if p divides m.

Since classifying groups whose associated graphs have prescribed isomorphism types is an important
topic in this area, in this paper, we will discuss the cases where B(G) is a path or a cycle for a group
G.

In the second section, after finding the best upper bound for the diameter of B(G), we consider the
case where B(G) is a path of length n. We prove G is solvable, n < 6 and in Theorem 3, which is the
main theorem of this section, we give some group theoretical properties of such a group.

In the third section, we consider the case that G is nonsolvable and B(G) is a union of paths where
by union of paths we mean that each connected component of B(G) is a path. Theorem 6 is the main
theorem of this section.

Finally in section four, we consider the case where B(G) is a cycle. We prove that B(G) is a cycle
if and only if G is solvable and B(G) is a cycle of length four or six. By using these properties, we
prove if B(G) is a cycle of length four, then there exists a normal abelian Hall subgroup of G which
explains the structure of the irreducible character degrees of G. Theorem 11 is the main theorem of

this section.

Notation 1. For positive integers m and n, we denote the greatest common divisor of m and n by
(m,n); if p is a prime, then by n, and ny we mean the p-part and the p -part (the part which is
relatively prime to p) of n, respectively; the number of connected components of a graph G by n(G);
the diameter of a graph G by diam(G) (where by the diameter we mean the mazimum distance between
vertices in the same connected component of the graph). If « is a vertex of the graph G, then degg(«) is
the number of vertices adjacent to o in G. If the graph is well-understood, then we denote it by deg(«).
By length of a path or a cycle, we mean the number of edges in the path or in the cycle. Also, by P,
and C,, we mean a path of length n and a cycle of length n, respectively. Let G be a finite solvable
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group. We denote the first and second Fitting subgroups of G by F(G) and F5(G), respectively. As
usual, we write dI(G) and h(G) to denote the derived length and Fitting height of G, respectively. Also
in a finite group G, c¢d(G)* denotes cd(G) \ {1}. Other notation throughout the paper is standard.

2. Groups whose bipartite divisor graphs are paths

We begin by giving the best upper bound for diam(B(G)) which is also mentioned in [16, Theorem
3.1].

Theorem 1. For a finite group G, diam(B(G)) <7 and this bound is best possible.

Proof. By [10, Corollary 4.2, Theorem 6.5, Theorem 7.2] we know that diam(A(G)) and diam(I'(G))
are both less than or equal to three. Now by [4, Lemma 1] we have one of the following cases:
(i) diam(B(G)) = 2max{diam(A(G)),diam(I'(G))} <2x3 =6 or
(ii) diam(B(Q)) = 2diam(A(G)) + 1 = 2diam(I'(G)) +1 < (2x3)+1=7T7.
So in general, diam(B(G)) < 7. Now let G be the group as in [7], then
cd(G) = {1,3,5,3 x 5,7 x 31 x 151,27 x 7 x 31 x 151,2'% x 31 x 151,2!2 x 3 x 31 x 151,

212 % 7 x 31 x 151,21 x 7 x 31 x 151,2% x 3 x 31 x 151}

It is easy to see that for 7 € p(G) and 5 € cd(G)*, we have dp(g)(5,7) =7, so diam(B(G)) =7. O

Proposition 2. Let G be a finite group. Assume that B(G) is a path of length n. Then n <6, G is
solvable and dI(G) < 5. In particular, if B(G) is isomorphic to Ps or Ps, then h(G) is less than or

equal 3 or 4, respectively.

Proof. Since B(G) ~ P,, we can see that both A(G) and I'(G) are paths, (see [4, Theorem 3]). By [10,
Corollary 4.2, Theorem 6.5], we conclude that A(G) ~ P,, where m < 3. Furthermore by [10, Theorem
4.5] and [13, Theorem B] we deduce that a path of length three cannot be the prime degree graph of
a finite group, so m < 2. On the other hand we know that |diam(A(G)) — diam(I'(G))| < 1, thus
n < 6.

We claim G is solvable: Since a finite group with at most three distinct irreducible character degrees
is solvable, we may assume that n > 3 and if n = 4, then I'(G) ~ P». Now [14, Theorem A, Theorem
3.1] implies that G is solvable. As n < 6, we have |cd(G)| < 5. Now by [9], we have dI(G) < 5.
In the case that B(G) is isomorphic to Ps or Ps, since |cd(G)| > 4, [19, Theorem 1.2] verifies that
hG) < |ed(G)| — 1. Thus h(G) <3 if B(G) ~ P5 and h(G) <4 if B(G) ~ Fs. O

Example 1. Let G be a finite group with cd(G) = {1, p%, ¢°, p®q®}, where p and q are distinct primes
and a,b > 1 are positive integers. It is clear that B(G) is a path of length 4. It should be mentioned
that such a group exists. We can see that for G = Ss x A4 which is a solvable group we have
cd(G) ={1,2,3,6}.

Theorem 3. Let G be a finite group. Assume that B(G) is a path of length n. Then we have one of

the following cases:
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(i) G has an abelian normal subgroup N such that cd(G) = {1,[G : N} and % is abelian. Fur-

thermore, n € {1,2}.

(ii) There exist normal subgroups N and K of G and a prime number p with the following prop-
erties:

(a) & is abelian.

(b) 7(G/K) C p(G).

(c) FEither p divides all the nontrivial irreducible character degrees of N which implies that N
has a normal p-complement, or cd(N) = {1,1, k, %}, where cd(G) = {1,m,h,l, k}.

Furthermore, n € {4,5,6}.

(iii) cd(G) = {1,p%, ¢%,p*¢°}, where p and q are distinct primes. Thus n = 4.
(iv) There exists a prime s such that G has a normal s-complement H. Either H is abelian and

n € {1,2} or it is nonabelian and we have one of the following cases:

(1) cd(G) = {1, h,hl}, for some positive integers h and | and we have n = 3.

(i) n = 4 and % is abelian. In the sense of [8], either H is a group of type one and {[H :
F(H)|} Ucd(F(H)) = cd(H) or H is a group of type four and cd(H) = {1,[F2(H) :
F(H)|,[H : F(H)]}. Also [G : F(G)] € cd(G) and cd(F(G)) = {1,hy}, where [G :
F(G)] # h € cd(G).

(ili) n =3, & is abelian, h == [G : F(G)] € cd(G), F(G) = P x A, where P is a p-group for a
prime p, A < Z(G), cd(G) = cd(%), and cd(P) = {1,my} for h #m € cd(G).

Proof. Since B(G) is a path of length n, Proposition 2 implies that n < 6 and G is solvable.

First suppose that n > 4. This implies that nonlinear irreducible character degrees of the solvable
group G are not all equal. We claim that there exists a normal subgroup K > 1 of G such that % is
nonabelian. If G’ is not a minimal normal subgroup of G, then G has a nontrivial normal subgroup
N such that % is nonabelian. Otherwise, if G’ is a minimal normal subgroup of G, then it cannot
be unique since nonlinear irreducible character degrees of the solvable group G are not all equal, [5,
Lemma 12.3]. So we can see that G has a nontrivial normal subgroup N such that % is nonabelian.
Let K be maximal with respect to the property that % is nonabelian. It is clear that (%)’ is the
unique minimal normal subgroup of % Thus % satisfies the hypothesis of [5, Lemma 12.3]. So all

nonlinear irreducible characters of % have equal degree f and we have the following cases:
Case 1. B(G) ~ Bs.

By [10, Theorem 4.5], A(G) cannot be a path of length 3, so we may assume that B(G) : m —p —
h—q—1—r—k, where p, ¢, and r are distinct prime numbers. If % is an s-group for a prime s, then
by symmetry we may assume that s = p and f = m. Let x € Irr(G) with x(1) = k. Since p does
not divide x(1), we have xx € Irr(K). Now by Gallagher’s theorem [5, Corollary 6.17], we conclude
that mk € cd(G)*, which is impossible since p — r is not an edge in A(G). Now [5, Lemma 12.3]
implies that % is a Frobenius group with abelian Frobenius complement of order f and Frobenius

G

kernel % = (%)’ which is an elementary abelian s-group for some prime s. Thus % is abelian and by

Ito’s theorem [5, Theorem 6.15] it is clear that N is not abelian.
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First suppose that f = m. It is obvious that [, k € cd(N). Let x be a nonlinear irreducible character
of G with x(1) = k. If s ¢ p(G), then (x(1),[G : K]) = 1. This verifies that xx € Irr(K) and by
Gallagher’s theorem [5] we have km € c¢d(G) which is impossible. Therefore 7(G/K) C p(G). Let
0 be a nonlinear irreducible character of N such that s does not divide 6(1). By [5, Theorem 12.4]
we conclude that [G : N]0(1) € cd(G), so q divides 0(1), s = r, [G : N]#(1) = h which implies that
(1) = L. Since B(G) is a path, it is obvious that (1) € cd(N) is unique with this property that
s10(1). Let ¢ be a nonlinear irreducible character of N such that ¥ (1) # 6(1). Let u be an irreducible
constituent of 1), so s divides u(1) and we have u(1) € {I,k}. Thus (u(1),[G : N]) = 1. This implies
that u(1) =(1). All together N has one of the following properties:

(a) s divides every nonlinear irreducible character of N, which implies that N has a normal s-
complement; or
(b) cd(N) = {1,1,k, L}.
Hence case (ii) occurs. The case f = k is similar. Now assume f = h. Suppose that 6 € Irr(N) with
0(1) # 1. It is easy to see that [G : N]§(1) ¢ cd(G). Now by [5, Theorem 12.4], we conclude that
s]0(1). This implies that 71'(%) C p(G). The case f =1 is similar.

Case 2. B(G) ~ Ps.

We may assume that B(G) : p—m — q— [ —r — h, where p, ¢, and r are distinct prime numbers.
As mh ¢ cd(G), similar to the previous case, we can see that % is a Frobenius group with abelian
Frobenius complement of order f and Frobenius kernel % = (%)’ which is an elementary abelian
s-group for some prime s. Thus % is abelian.

First suppose f = h. As mh ¢ c¢d(G), we conclude that s € p(G). If there exists 6 € Irr(N) such
that s 16(1), then by [5, Theorem 12.4] we have [G : N]0(1) € cd(G), so ¢ divides (1) and s = p. Let
Y € Irr(N) be nonlinear and (1) # 6(1). Then s divides ¥(1). Let x be an irreducible constituent
of %, then s divides x(1). Therefore x(1) = m. Since (x(1),[G : N]) = 1, we have x(1) = ¥(1) = m.
Thus ¢ divides 9(1). Hence g divides each nonlinear character degree of N. This implies that N has
a normal g-complement. Therefore, case (i7) occurs. Now suppose that f = m. As hm ¢ cd(G), we
have s € p(G), so s = r. Let § € Irr(N) be nonlinear. As [G : N]0(1) ¢ cd(G), [5, Theorem 12.4]
implies that s|0(1). Thus N has a normal s-complement, so case (ii) occurs. Finally suppose f = I.
Let 6 € Irr(N) be nonlinear. As [G : N]6(1) ¢ cd(G), [5, Theorem 12.4] implies that s|0(1), so N has

a normal s-complement and case (i7) occurs.
Case 3. B(G) ~ Py.

First suppose that B(G) : p—m — q — h —r, where p, ¢, and r are distinct prime numbers. Since ¢
divides every nonlinear character degree, G has a normal g-complement, ( [5, Corollary 12.2]). Hence
G = HQ, where @ is a sylow g¢-subgroup of G and H is its normal complement in G. As cd(G)
contains no powers of g, we conclude that % ~ () is abelian. By the structure of B(G) we can see
that cd(H) = {1,a := p*,b := rP}, for some positive integers o and 3. As ab ¢ cd(H), H is not
nilpotent, therefore 2 < h(H) < 3. Now [6, Lemma 3.1] and [17, Theorem 3.5] imply that di(H) = 3,
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either h(H) = 2, [H : F(H)] = a and cd(F(H)) = {1,b} or h(H) = 3 and cd(H) = {1,[F2(H) :
F(H)),[H : F(H)|}. As A(H) has two connected components, we can see that H is either a group
of type one or four in the sense of [8]. Also by [17, Lemma 5.1] we deduce that m = [G : F(G)] and
cd(F(G)) = {1,h,}. Thus case (iv) occurs with s = ¢g. Now suppose B(G) : m —q—1—p—h,

where p and ¢ are distinct prime numbers. Suppose % is a Frobenius group with abelian Frobenius

complement of order f and Frobenius kernel % = (%)’ which is an elementary abelian s-group for
some prime s. Thus % is abelian. If f = m and s ¢ p(G), then by Gallagher’s theorem [5] we conclude
that cd(G) = {1, p%, ¢%, p“¢®}, so case (iii) occurs. If f = m and s € p(G), then s = p. Let 6 € Irr(N)
be nonlinear. If s does not divide #(1), then [G : N]0(1) € cd(G). Thus | = mé(1). As (s, f) =1,
s divides 6(1) which is a contradiction. Thus s divides each nonlinear irreducible character degree of
N, so N has a normal s-complement. Hence we have case (ii). Let f = 1. As (s,f) =1, s ¢ p(G).
On the other hand, for ¢» € Irr(N) with (1) # 1, [G : N]¢(1) ¢ cd(G). [5, Theorem 12.4] implies
that s|i(1) and s € p(G) which is a contradiction. So f # [. Finally, suppose % is an s-group for a
prime s. By symmetry we may assume that s = p and f = p® = h. Let x € Irr(G) with x(1) = m.
By Gallagher’s theorem [5], we conclude that mh € cd(G)*, so | = mh, cd(G) = {1,p%, ¢°,p*¢°} and
case (7i7) holds.

Now suppose that B(G) is a path of length n where n < 3. We have the following cases:
Case 4. B(G) ~ Ps.

Assume B(G) : p —m — q — h, where p and ¢ are distinct prime numbers. Since ¢ divides every
nonlinear character degree of G, we conclude that G = H(@), where @ is a sylow ¢-subgroup of G
and H is its normal complement in G, ( [5, Corollary 12.2]). If h|m then cd(G) = {1, h, hl}, where
[ is a positive integer. Suppose h 1 m. We claim that @ is abelian. It is clear that cd(H) = {1,p“}
for a positive integer . If @ is not abelian, then cd(%) = cd(Q) = {1,h}. Let 0 € Irr(H) such
that 6(1) = p*. As (|H|,|G : H]) = 1, 6 is extendible to ¥ € Irr(Ip(G)) so that [G : Io(G)] = my.
Since cd(§) = {1,h} and h {m, IGI({G) is not abelian by Ito’s theorem, so there exists ¢ € Irr(%)
with (1) > 1. By Gallagher’s theorem [5], ¥ € Irr(Io(G)), which implies that ()¢ € Irr(G).
Hence m < J9(1)yY(1)[G : Ip(G)] € cd(G), a contradiction. Hence @ is abelian. As h { m and
w(h) C w(m) # w(h), [17, Lemma 5.2] implies that [G : F(G)] = h, F(G) = P x A, where P is a
p-group, A < Z(G), cd(G) = cd(%), and cd(P) = {1,m}. Thus case (iv) occurs with s = q.

Case 5. B(G) ~ P;.

Assume first that cd(G) = {1, m} where m is not a prime power. Then m = p®¢® for some primes
p # ¢ and integers «, 8 > 1. Now by [5, Theorem 12.5], G has an abelian normal subgroup N
such that [G : N] = m. By the structure of G we can see that % is abelian, so case (¢) holds. If
cd(G) = {1, m, h}, then both 1 < m < h are powers of a prime s and so G has a normal s-complement,
say H. As p(G) = {s}, we conclude that H is abelian and case (iv) holds.
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Case 6. B(G) ~ P;.

Thus we have c¢d(G) = {1,p} for some prime p and integer a > 1. Now [5, Theorem 12.5] implies
that either G ~ P x A, where P is a p-group, A is abelian and case (iv) holds, or G has an abelian

normal subgroup of index p® and case (i) occurs. O

It should be mentioned that we were unable to construct groups G with B(G) ~ P,, where n € {5,6},

so we may ask the following question:

Question 1. Is there any finite group G whose B(G) ~ P,, for n € {5,6}¢

3. Nonsolvable groups whose bipartite divisor graphs are union of paths

Let G be a finite nonsolvable group. By [10, Theorem 6.4], we know that A(G) has at most three
connected components. Since [4] implies that n(B(G)) = n(I'(G)) = n(A(G)), we conclude that
n(B(G)) < 3. In the rest of this section, we consider the case where each connected component of

B(G) is a path and we start by looking at simple groups.

Lemma 4. For a nonabelian simple group S, B(S) is disconnected and all the connected components
are paths if and only if S is isomorphic to one of the following groups:

(i) PSL(2,2") where |[7(2" £ 1)| < 2;

(i) PSL(2,p™) where p is an odd prime and |7(p™ £1)| < 2.

Proof. By [4] we know that n(B(S)) = n(I'(S)) = n(A(S)). Since all connected components of B(.S)
are paths, so are the connected components of A(S). This implies that A(S) has no triangles. Thus
by [21, Lemma 3.1], one of the following cases holds:

(i) S ~ PSL(2,2") where |7(2" £1)| < 2 and so |7(S5)| < 5;

(ii) S ~ PSL(2,p") where p is an odd prime and |7(p™ £ 1)| < 2 and so |7(5)| < 4.
Since ed(PSL(2,2™)) = {1,2",2" +1,2" — 1}, by [10, Theorem 6.4], we conclude that B(S) has three
connected components in case (i) while B(S) has two connected components in the case (i7). Also it

is clear that in both cases all the connected components are paths. O

Lemma 5. Let G be a finite group. Assume that B(G) is a union of paths. If |p(G)| = 5, then
G ~ PSL(2,2") x A, where A is an abelian group and |w(2" £1)| = 2.

Proof. Since each connected component of B(G) is a path, we can see that A(G) is triangle-free. We
claim that B(G) is disconnected. If B(G) is connected, then Proposition 2 implies that G is solvable
and n < 6. This contradicts our hypothesis that |p(G)| = 5. Thus n(A(G)) = n(B(G)) > 1. By [21,
Theorem BJ, we have G ~ PSL(2,2") x A, where A is an abelian group and |7(2" +1)| = 2. So B(G)
is a graph with three connected components, one of them is a path of length one and the other two
components are paths of length two. O
Theorem 6. Let G be a finite nonsolvable group and let N be the solvable radical of G. Assume
that B(G) is a union of paths. Then B(G) is disconnected and there exists a normal subgroup M of
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G such that G/N is an almost simple group with socle M /N. Furthermore p(M) = p(G) and we have

one of the following cases:

(1) If n(B(G)) = 2, then |cd(G)| = 5 or |cd(G)| = 4, G/N € {PGL(2,q), Mo}, for ¢ > 3 odd,
and either cd(G) = {1,q—1,q,q+ 1} or cd(G) = {1,9,10,16}. Let C; and Cy be the connected
components of B(G). Then Cy is a path of length one and Cy is isomorphic to P,, where

n € {lp(G)], [p(G)] + 1}
(2) If n(B(G)) =3, then G ~ PSL(2,2") x A, where A is an abelian group and n > 2.

Proof. As G is nonsolvable, Proposition 2 implies that B(G) is disconnected. Since B(G) is a union of
paths, we deduce that A(G) is triangle-free. Now [21, Theorem A] implies that |p(G)| < 5. Also [21,
Lemma 4.1] verifies that there exists a normal subgroup M of G such that G/N is an almost simple
group with socle M/N. Furthermore p(M) = p(G). Now it follows from Ito-Michler and Burnside’s
p?q® theorems that |p(M/N)| > 3, so |p(G)| > |p(M/N)| > 3. Hence 3 < |p(G)| < 5. In Lemma 5 we
observe that if |p(G)| = 5, then G ~ PSL(2,2") x A, where A is an abelian group and |7 (2" £1)| = 2.
This implies that n(B(G)) = 3. On the other hand, since G is a nonsolvable group, by [10, Theorem
6.4] we conclude that n(B(G)) = 3 if and only if G ~ PSL(2,2") x A, where A is an abelian group
and n > 2. So we may assume that |p(G)| < 4 and n(B(G)) = 2. As n(I'(G)) = n(B(G)) = 2, [10,
Theorem 7.1] implies that one of the connected components of I'(G) is an isolated vertex and the other
one has diameter at most two. Therefore |cd(G)| € {4,5}.

Suppose that |ed(G)| = 4. Tt is clear that |cd(G/N)| > 4. As cd(G/N) C cd(G), we have cd(G/N) =
cd(G). Since n(B(G)) = 2 and G/N is an almost simple group with |cd(G)| = |cd(G/N)| = 4,
by [15, Theorem 1, Corollary B|] we conclude that G/N € {PGL(2,q), M1}, and either cd(G) =
{1,q—1,q,q+ 1} for ¢ > 3 odd or ¢d(G) = {1,9,10,16}. Suppose cd(G) ={1,q—1,q,q+1} for ¢ > 3
odd. Since B(G) is a union of paths and 2 divides ¢ — 1 and q + 1, it is clear that 2 < |7(¢? —1)| < 3.
If one of ¢ — 1 or ¢ + 1 is a power of 2, then |7(¢> — 1)| = 2, otherwise |7(¢?> — 1)| = 3 and by [13,

Lemma 2.5] we conclude that one of the following cases occurs for ¢:
(i) q € {3%,5%, 7%}
(ii) ¢ = 3/, where f is an odd prime;
(iii) ¢ = p, where p > 11 is a prime.

On the other hand, it is clear that the isolated vertex of I'(G) generates a connected component in
B(G) which is a path of length one. We denote this component by C;. Let Cy be the other component
of B(G). Since G is nonsolvable, we can easily see that Cs is either a path of length 3 or 4 if |p(G)| = 3
and Cy is either a path of length 4 or 5 if |p(G)| = 4.

O

Example 2. Let Gy = Myp and Go = PSL(2,25). Since cd(Myo) = {1,9,10,16} and cd(PSL(2,25)) =
{1,13,24,25,26}, it is easy to see that B(G;) has two connected components C;1 and C; 2, fori € {1,2}.
Ci1 1s a path of length one for each i, C12 is a path of length 3 and Ca2 is a path of length 5.
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4. Groups whose bipartite divisor graphs are cycles

Lemma 7. Let G be a finite group whose B(G) is a cycle of length n > 6. Then both A(G) and T'(G)

are cycles.

Proof. Suppose that B(G) ~ C), and n > 6. Let ® € {A(G),I'(G)}. By graph theory we know that
® is a cycle if and only if it is a connected graph such that every vertex in ® has degree two. Since
n(B(G)) =1, [4, Lemma 3.1] implies that ® is a connected graph. Let o be a vertex of ®. It is clear
that degp(q)(a) = 2. Since n > 6, one can see that dege(a) = 2. Thus @ is a cycle. O

Theorem 8. Let G be a finite group whose B(G) is a cycle of length n. Then n € {4,6}.

Proof. Since B(G) is a cycle of length n, it is clear that n > 4. Furthermore, by [4, Theorem 3] both
A(G) and T'(G) are acyclic if and only if B(G) ~ Cjy. In this case A(G) ~ I'(G) ~ P,. On the other
hand, if n > 6, then Lemma 7 implies that both A(G) and I'(G) are cycles. So A(G) is either a cycle
or a path (which is a tree). Now [21, Theorem C] implies that A(G) has at most four vertices. Thus
B(G) can be isomorphic to Cy, Cg or Cs. We claim that B(G) cannot be a cycle of length eight.
Otherwise, if B(G) ~ Cg, then A(G) ~ I'(G) ~ C4. First suppose that G is solvable. By the main
theorem of [11], we have G ~ H x K, where p(H) = {p,q}, p(K) = {r, s} and both A(H) and A(K)
are disconnected graphs. This implies that there exists m,n € c¢d(H)* and [,k € cd(K)* such that
m=p* n=q? | =r"and k = s, for some positive integers a, 3, v and §. By the structure of G
it is clear that {1, m,n,l, k,ml,mk,nl,nk} C cd(G), which contradicts the form of B(G). So in the
solvable case, B(G) is not a cycle of length eight. On the other hand, [13, Theorem B] implies that
a square (i.e. C4) cannot be the prime degree graph of a nonsolvable group. Thus also when G is

nonsolvable B(G) is not isomorphic to Cs. O
Corollary 9. Let G be a finite group and B(G) be a cycle. Then G is solvable and dI(G) < |cd(G)| < 4.

Proof. Let B(G) ~ C,. By Theorem 8, we deduce that n € {4,6} and I'(G) is a complete graph.
Since I'(G) is complete, [1] implies that G is solvable. As |cd(G)| < 4 in the solvable group G, we
conclude that dI(G) < |ed(G)| < 4 by [3]. O
Example 3. From [12, Section 6] we know that for every pair of odd primes p and q such that p is
congruent to 1 modula 3 and q is a prime divisor of p + 1, there exists a solvable group G such that
cd(G) = {1,3q,p?q,3p>}. This gives an example of a solvable group G whose bipartite divisor graph
related to the set of character degrees, is a cycle of length 6.

Example 4. There are exactly 66 groups of order 588. Among these groups, there are exactly two
nonabelian groups whose bipartite divisor graphs are cycles of length four. These groups have {1,6,12}

as their irreducible character degrees set.

Example 5. Let G be a nonabelian finite group, P € Syl,(G) such that |P| = p*, wherep > 7, p # 11
and |G : P] = 12. Since P is abelian and normal and |G : P] = 12, by Ito’s theorem, every degree
in cd(G) divides 12. Since B(G) is a cycle, no prime power can occur in B(G), so the only possible
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degrees in cd(G) are 6 and 12, and both must occur for B(G) to be a cycle. Thus B(G) is a cycle if
and only if cd(G) = {1,6,12}.

Remark 10. Let G be a finite group with B(G) ~ Cy. Let p(G) = {p,q}. We claim that ©(G) #
p(G) = {p,q}. Since p divides every nonlinear irreducible character degree of G, [5, Corollary 12.2]
implies that G has a normal p-complement Q. If 7(G) = p(G) = {p, q}, then Q is the normal Sylow
q-subgroup of G. Let P be a Sylow p-subgroup of G. Similarly, we can see that P is normal in G.
Thus all the Sylow subgroups of G are normal which implies that G is nilpotent. Therefore G is the
direct product of its Sylow subgroups which contradicts the structure of B(G). So if B(G) ~ C,, and
n = 4, then we have p(G) C w(G). But this is not always the case if B(G) ~ Cg, because as we can
see in Bxample 3, G is a group generated by P, o and 7, where P is a Camina p-group of nilpotent
class three and o, T are two commuting automorphisms of P with orders q and 3, respectively. As it

is explained in [12], we have |G| = p"3q. So in this case 7(G) = p(G).

Suppose that G is a finite group. The following theorem shows that if B(G) is a cycle of length

four, then G has a normal abelian Hall subgroup which explains the structure of cd(G).

Theorem 11. Let G be a finite group. Assume that B(G) is a cycle of length 4. There exists a normal
abelian Hall subgroup N of G such that cd(G) = {[G : I¢(\)] : X € Irr(N)}.

ai, a2 ag

Proof. Suppose that G is a finite group of order pi'py*---p;'. Without loss of generality, we may
assume that p; = p, po = ¢ and B(G) : p—m — g —n — p. Thus for each p; € 7(G) \ {p, ¢}, the Sylow
pi-subgroup of G is a normal abelian subgroup of G. Let N = P3 x ... x P,. Since B(G) is a cycle,
we deduce from Remark 10 that G is not a {p, ¢}-group. Thus N is a nontrivial normal abelian Hall
subgroup of G. Now % is a {p, ¢}-group, so its bipartite divisor graph is not a cycle of length four.
As cd(§) C cd(G), there exists no element of cd($) which is a prime power. So for each nonlinear
X € IT‘T(%), x(1) = p*¢”, for some positive integers o and 3. This implies that % is the direct
product of its Sylow subgroups which are nonabelian. But this contradicts the form of cd(%). Thus
% is abelian and G = N x H, where H is the hall {p, ¢}-subgroup of G. Now by [18, Lemma 2.3|, we
have cd(G) = {B(1)[G : Ig(A\)] : A € Irr(N), € I?"T’(IGT(A))}. Since % is abelian, we conclude that
IGT()‘) is abelian and cd(G) = {[G : Ig(N)] : A € Irr(N)}. O

Example 6. Consider G = S3 x N, where N is a cyclic group of order 5. It is clear that B(G) is
not a cycle and N is a normal abelian Hall subgroup of G. Let x be the generator of N and let € be
a primitive fifth root of unity. This implies that Irr(N) = {A1,..., A5} such that for each 1 <i <5
and each 0 < a < 4, we have
)\i(l,a) _ 6a(i—l)

Now we have:

Ic\)={9€G: N =X\N}={g€G: N9 zg) = Ni(2)} =G
Hence |G : Ig(\;)] =1 for each 1 < i <5 which implies that

{1,2} = cd(G) #{[G : Ia(N)] : 1 <i <5} ={1}.
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