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RIGHT AMENABLE LEFT GROUP SETS AND THE TARSKI-FOLNER
THEOREM
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ABSTRACT. We introduce right amenability, right Fglner nets, and right paradoxical decompositions
for left homogeneous spaces and prove the Tarski-Fglner theorem for left homogeneous spaces with finite
stabilisers. It states that right amenability, the existence of right Fglner nets, and the non-existence of

right paradoxical decompositions are equivalent.

1. Introduction

The notion of amenability for groups was introduced by John von Neumann in 1929, see the paper
‘Zur allgemeinen Theorie des Mas’[3|. It generalises the notion of finiteness. A group G is left or right
amenable if there is a finitely additive probability measure on P(G) that is invariant under left and
right multiplication respectively. Groups are left amenable if and only if they are right amenable. A
group is amenable if it is left or right amenable.

The definitions of left and right amenability generalise to left and right group sets respectively. A
left group set (M, G,>) is left amenable if there is a finitely additive probability measure on P (M)
that is invariant under >. There is in general no natural action on the right that is to a left group
action what right multiplication is to left group multiplication. Therefore, for a left group set there is
no natural notion of right amenability.

A transitive left group action > of G on M induces, for each element my € M and each family

{9mo,m}menr of elements in G such that, for each point m € M, we have g, m > mo = m, a right
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quotient set semi-action < of G/Gy on M with defect Gy given by m < ¢gGy = gmo,mgg;bé’m >m, where
G is the stabiliser of mg under >. Each of these right semi-actions is to the left group action what
right multiplication is to left group multiplication. They occur in the definition of global transition
functions of cellular automata over left homogeneous spaces as defined in [5]. A coordinate system is
a choice of mg and {gmg,m }menr-

A left homogeneous space is right amenable if there is a coordinate system such that there is a
finitely additive probability measure on P(M) that is semi-invariant under <. For example finite
left homogeneous spaces, abelian groups, and finitely right generated left homogeneous spaces of sub-
exponential growth are right amenable, in particular, quotients of finitely generated groups of sub-
exponential growth by finite subgroups acted on by left multiplication.

A net of non-empty and finite subsets of M is a right Falner net if, broadly speaking, these subsets
are asymptotically invariant under <. A finite subset E' of G/Gq and two partitions {Ac} cp and
{Be}ocp of M constitute a right paradoxical decomposition if the map _ < e is injective on A, and
B, and the family {(A. <e) W (Be <€)} cp is a partition of M. The Tarski-Fglner theorem states
that right amenability, the existence of right Fglner nets, and the non-existence of right paradoxical
decompositions are equivalent.

The Tarski alternative theorem and the theorem of Fglner, which constitute the Tarski-Fglner the-
orem, are famous theorems by Alfred Tarski and Erling Fglner from 1938 and 1955, see the papers
‘Algebraische Fassung des Mafproblems’[4] and ‘On groups with full Banach mean value’|2]. This
paper is greatly inspired by the monograph ‘Cellular Automata and Groups’[1] by Tullio Ceccherini-
Silberstein and Michel Coornaert.

For a right amenable left homogeneous space with finite stabilisers we may choose a right Falner net.
Using this net we show in [6] that the Garden of Eden theorem holds for such spaces. It states that a
cellular automaton with finite set of states and finite neighbourhood over such a space is surjective if
and only if it is pre-injective.

In Sect. 2 we introduce finitely additive probability measures and means, and kind of right semi-
actions on them. In Sect. 3 we introduce right amenability. In Sect. 4 we introduce right Fglner nets.
In Sect. 5 we introduce right paradoxical decompositions. In Sect. 6 we prove the Tarski alternative
theorem and the theorem of Fglner. And in Sect. 7 we show under which assumptions left implies right

amenability and give two examples of right amenable left homogeneous spaces.

Preliminary Notions. A left group set is a triple (M, G,>), where M is a set, G is a group, and >
is a map from G x M to M, called left group action of G on M, such that G — Sym(M), g — [g> ],
is a group homomorphism. The action > is transitive if M is non-empty and for each m € M the map
__>m is surjective; and free if for each m € M the map > m is injective. For each m € M, the set
G >m is the orbit of m, the set G,,, = (_ >m)~(m) is the stabiliser of m, and, for each m’ € M, the

set Gy = (_>m)~1(m) is the transporter of m to m'.
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A left homogeneous space is a left group set M = (M, G,>) such that > is transitive. A coordinate
system for M is a tuple K = (mo, {gmo,m}menr): Where mg € M and, for each m € M, we have
Gmg,m > mo = m. The stabiliser Gy, is denoted by Go. The tuple R = (M,K) is a cell space. The
set {gGo | g € G} of left cosets of G in G is denoted by G/Gy. The map <: M x G/Gy — M,
(m, 9Go) — Gmo,mg > Mo is a right semi-action of G/Go on M with defect Gy, which means that

Vme M :m<Gy =m,
VmeMVgeGIgy € Go:Vg € G/Gy:m<g-g =(m<gGy)<go-g.

It is transitive, which means that the set M is non-empty and for each m € M the map m < _ is
surjective; and free, which means that for each m € M the map m < _ is injective; and semi-commutes

with >, which means that
VmeMVgeGIgy € Go:Vg € G/Go: (gom)<g =g>(m<go-g).
For each A C M, let 14: M — {0,1} be the indicator function of A.
2. Finitely Additive Probability Measures and Means

In this section, let R = ((M, G,>), (Mo, {gmo,m }merr)) be a cell space.

Definition 2.1. Let p: P(M) — [0,1] be a map. It is called
(1) normalised if and only if u(M) = 1,
(2) finitely additive if and only if,

VACMVYBCM: (ANB=0 = u(AUB) = u(A)+ u(B));

(3) finitely additive probability measure on M if and only if it is normalised and finitely additive.
The set of all finitely additive probability measures on M is denoted by PM (M).

Definition 2.2. The group G acts on [0, 1]7™) on the left by
£ G x [0,1]PMD — (0, 1)PM),
(9:9) = [A= o(g™ b A)],
such that GE PM(M) C PM(M).
Definition 2.3. The quotient set G /Gy kind of semi-acts on [0,1]7(M) on the right by
4: 0,17 % G/Go — [0,1)PM)]
(#,9) = [A = p(A<g)].

Definition 2.4. Let ¢ be an element of [0, 1]PM). Tt is called 5-semi-invariant if and only if, for

each element g € G/G( and each subset A of M such that the map _ < g is injective on A, we have
(p=9)(A) = ¢(4).
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Remark 2.5. Let R be the cell space ((G,G,...),(ec: {9} ,e¢))- Then, Go = {e¢} and < = -. Hence,
4: (p,g9) — [A— @(A-g)]. Except for g not being inverted, this is the right group action of G on
PM(M) as defined in [1, Sect. 4.3, Paragraph 4]|. Moreover, for each element g € G, the map _<g is
injective. Hence, being =-semi-invariant is the same as being right-invariant as defined in [1, Sect. 4.4,

Paragraph 2|.

Definition 2.6. The vector space of bounded real-valued functions on M with pointwise addition
and scalar multiplication is denoted by ¢°°(M), the supremum norm on ¢*°(M) is denoted by | _ ||,
the topological dual space of £>°(M) is denoted by ¢°°(M)*, the pointwise partial order on ¢*°(M) is
denoted by <, and the constant function [m +— 0] is denoted by 0.

Definition 2.7. Let v: ¢*°(M) — R be a map. It is called
(1) normalised if and only if v(157) = 1;

(2) non-negativity preserving if and only if
Vel (M):(f=20 = v(f)=0);
(3) mean on M if and only if it is linear, normalised, and non-negativity preserving.

The set of all means on M is denoted by M(M).

Definition 2.8. Let ¥ be a map from ¢°°(M) to £°°(M). It is called non-negativity preserving if and
only if
Ve (M):(f>0 = W(f)>0).

Lemma 2.9. Let Gy be finite, let A be a finite subset of M, and let g be an element of G/Gy. Then,
(L <9) 1 (A)] < |Gol - |A].
Proof. Let a € A such that (_ < g)"!(a) # 0. There are m and m’ € M such that Gy, .,m = g and
m' <g = a. For each m” € M, we have m” < g = gy,,,.;m» >m and hence
m'<g=a <= m'<g=m'<g
= g;éym,gmo’mu >m=m
= g;zi,m,gmo,mu e Gn
< Gmo,m” € Gmo,m' Gm-
Moreover, for each m” and each m" € M with m” # m"”, we have gpgm” # Gmg,m. Thus,
(_ <) H(a)| = {m" € M | m" <g = a}]
= |{m" € M | gmgm” € Gmg,m' Gm}|
< |9mo,m’Gm|

= ’Gm‘
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= |Gol.
Therefore, because (_ <g) 1 (A) = Uyea(_ <9) (a), we have |(_ <g)~H(A4)| < |Gol - |A]. O
Definition 2.10. The group G acts on £°°(M) on the left by

F: G X L°(M) — £°(M),
(9. f) = [m = flg™ pm)].
Lemma 2.11. Let Gy be finite. The quotient set G/Gq kind of semi-acts on £>°(M) on the right by
H: °(M) x G/Go — £>°(M),
Goymlm— S )

m/€(_<g)~"(m)

such that, for each tuple (f,g) € £>°(M) x G /Gy, we have || f 419l <|Gol || flw-

Proof. Let g € G/Go. Furthermore, let f € ¢>°(M). Moreover, let m € M. Because Gy is finite,
according to Lemma 2.9, we have |(_ <g)~!(m)| < |Go| < co. Hence, the sum in the definition of - is

finite. Furthermore,

(Faeml< > [fm)

IN

> 1 llfl

m/€(_<g)~"(m)

=1 <o) M) Ifl
< |Gol - 1/l

Therefore, fHig € (M), | f 9|l < |Gol-||fllo, and i is well-defined. O

Remark 2.12. In the situation of Remark 2.5, we have -i: (f,g) = [m > f(m-g~!)]. Hence, -l is the
right group action of G on R® as defined in [1, Sect. 4.3, Paragraph 5|.

Lemma 2.13. Let Gy be finite and let g be an element of G/Gy. The map _-ig is linear, continuous,

and non-negativity preserving.

Proof. Linearity follows from linearity of summation, continuity follows from linearity and || _ g/, <
|Gol

and non-negativity preservation follows from non-negativity preservation of summation.

O

Lemma 2.14 ([1, Proposition 4.1.7]). Let v be a mean on M. Then, v € £>°(M)* and |[v|| oo (ppy- = 1.

In particular, v is continuous. O
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Definition 2.15. The group G acts on £°°(M)* on the left by
le: G X L°(M)* — (M),
(9,9) = [f = (g™ 1 £,

such that GIr M(M) C M(M).

Definition 2.16. Let Gg be finite. The quotient set G/Gy kind of semi-acts on ¢°°(M)* on the right
by

A L°(M)* x G/Goy — £°(M)*,
(1, 9) = [f =@ (f H19)].

Proof. Let 1) € £>°(M)* and let g € G/Gp. Then, palg =10 (_-g). Because ¢ and _ -l g are linear

and continuous, so is ¥ 4l g. O

Definition 2.17. Let Gg be finite and let ¢ be an element of ¢°°(M)*. It is called =l-invariant if and
only if, for each element g € G/Gy and each function f € ¢°°(M), we have (¢ 41 g)(f) = ¥(f).

Remark 2.18. In the situation of Remark 2.12, we have =: (¢, g) — [f — ¥(f 1 g]. Except for g not
being inverted, this is the right group action of G on £*°(G)* as defined in [1, Sect. 4.3, Paragraph 6].

Hence, being =-invariant is the same as being right-invariant as defined in [1, Sect. 4.4, Paragraph 3|.

Theorem 2.19 ([1, Theorem 4.1.8]). The map
o: M(M) — PM(M),
vi— [A—v(1a)],
is bijective. O

Theorem 2.20 (|1, Theorem 4.2.1]). The set M(M) is a convexr and compact subset of £>°(M)*
equipped with the weak-x topology. U

3. Right Amenability

In Definition 3.2 we introduce the notion of right amenability using finitely additive probability
measures. And in Theorem 3.7 we characterise right amenability of cell spaces with finite stabilisers

using means.

Definition 3.1. Let (M, G, >) be a left group set. It is called left amenable if and only if there is a

E-invariant finitely additive probability measure on M.

Definition 3.2. Let M = (M, G,>) be a left homogeneous space. It is called right amenable if and

only if there is a coordinate system K = (mo, {gmo,m }mear) for M such that there is a 4-semi-invariant
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finitely additive probability measure on M, in which case the cell space R = (M, K) is called right

amenable.

Remark 3.3. In the situation of Remark 2.5, being right amenable is the same as being amenable as

defined in [1, Definition 4.4.5|.

In the remainder of this section, let R = ((M, G,>), (Mo, {gmo,m }merr)) be a cell space such that

the stabiliser GGy of mg under > is finite.

Lemma 3.4. Let g be an element of G/Gy and let A be a subset of M such that the map < g is

injective on A. Then, 1aqg = 14 g.

Proof. For each m € M, because _ < g is injective on A,

1, itme Agy,

1A<lg(m) =
0, otherwise,
=|{m' e A|m' <g=m}|
= > 14(m)
m/€(_<g)~!(m)
= (Lag)(m).
In conclusion, 14y = 14 - g. (|

Lemma 3.5 (|1, Lemma 4.1.9]). The vector space
EM)={f: M —R| f(M) is finite} (=span{la | AC M})
is dense in the Banach space (£>°(M),]_|l-)- O

Lemma 3.6. Let v be an element of £>°(M)* such that, for each element g € G/Gy and each subset
A of M such that the map _ < g is injective on A, we have (¥ 41 g)(1a) = ¥(1a). The map ¥ is

dl-tnvariant.

Proof. Let g € G/Gy.
First, let A C M. Moreover, let m € M. According to Lemma 2.9, we have k,, = |(_ <g)~}(m)| <

dg)
|Go|. Hence, there are pairwise distinct mum 1, Mm2, ..Mk, € M such that (_ <g)~t(m) =

{Mm,1, Mm2, ..., Mk, }- For each i € {1,2,...,|Go|}, put
A ={mp; | me Mk, >i}NA.

Because, for each m € M and each m’ € M such that m # m’, we have (_<g)~'(m)N(_<g)~*(m’) = 0,

the sets A1, Ao, ..., Ag,| are pairwise disjoint and the map _ < g is injective on each of these sets.
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Moreover, because [J,,c5,(_<g) "' (m) = M, we have Uﬁo‘ A; = A. Therefore, 14 = ZlG(" 14,. Thus,

because 1 4l g and ¢ are linear,

|Gol |Gol |Gol
(¥=9)(1a) = (¥ -1g) ZlA = (®-g)(1a,) Zzb 1a,) = ¥(1a).
=1

Therefore, 1) 4l g = 1 on the set of indicator functions.
Thus, because the indicator functions span E(M), and 1 =l g and ¢ are linear, ¥ =g = ¢ on E(M).
Hence, because £(M) is dense in £>°(M), and ) 4l g and v are continuous, ¢ 4l g = ¢ on {>*°(M).

In conclusion, 1 is d-invariant. O
Theorem 3.7. The cell space R is right amenable if and only if there is a dl-invariant mean on M.

Proof. Let ® be the map in Theorem 2.19.
First, let R be right amenable. Then, there is d4-semi-invariant finitely additive probability measure
pon M. Put v =& (u). Then, for each g € G/Gp and each A C M such that _ < g is injective on

A, according to Lemma 3.4,

(vag)(1a) =v(lag) =v(lagg) = p(A<g) = u(A) =v(la).

Thus, according to Lemma 3.6, the mean v is 4-invariant.
Secondly, let there be a d-invariant mean v on M. Put u = ®(v).
Then, for each g € G/Gp and each A C M such that _<g is injective on A, according to Lemma 3.4,

(n=9)(A) = w(A<g) =v(lag) =v(la-g) =v(la) = pu(A).

Hence, p is =-semi-invariant. O

4. Right Fdlner Nets

In this section, let R = ((M, G,>), (Mo, {gmo,m }merr)) be a cell space.

Definition 4.1. Let {F;},.; be a net in {F C M | F # (), F finite} indexed by (I,<). It is called
right Folner net in R indexed by (I, <) if and only if

[Fi~ (_<g)"'(F)]

= 0.
| Eil

Vge G/GO : lim
iel

Remark 4.2. In the situation of Remark 2.5, for each element g € G and each index ¢ € I, we have
(_<g) Y (F;) = F; - g~'. Hence, right Fglner nets in R are exactly right Fglner nets for G as defined
in [1, First paragraph after Definition 4.7.2].

Lemma 4.3. Let V be a set, let W be a set, and let ¥ be a map from V x W to R. There is a net
{vitier in V indeved by (I, <) such that

(4.1) VweW: ljgrll U (v;,w) =0,
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if and only if, for each finite subset Q of W and each positive real number € € Ry, there is an element

v €V such that
(4.2) Vge@Q:¥(v,q) <e.

Proof. First, let there be a net {v;},.; in V indexed by (I, <) such that (4.1) holds. Furthermore, let
Q) C W be finite and let € € Rs(. Because (4.1) holds, for each ¢ € @, there is an i, € I such that,

Viel:(i>i;, = U(v,q) <e).
Because (I, <) is a directed set and @ is finite, there is an i € I such that, for each ¢ € @, we have
i > i4. Put v =wv;. Then, (4.2) holds.

Secondly, for each finite @ C W and each ¢ € Rxg, let there be a v € V such that (4.2) holds.

Furthermore, let

I={Q CW|Q is finite} x Rsg
and let < be the preorder on I given by

V(Q,e) € IV(Q',€) € 1:(Q.e) < (Qe)) &= QCQ he>¢.

For each (Q,e) € I and each (Q',€’) € I, the element (Q U @', min(e, ")) of I is an upper bound of

(Q,¢) and of (Q',€"). Hence, (I,<) is a directed set.
By precondition, for each i = (Q, ) € I, there is a v; € V such that

Vge@:¥(v,q) <e.

Let w € W and let g9 € Ryg. Put ig = ({w},&0). For each i = (Q,¢) € I with i > ip, we have w € Q
and € < gg. Hence,
Viel: (Z > 19 = \IJ(UZ',’UJ) < 60).

Therefore, {v;};c; is a net in V indexed by (I, <) such that (4.1) holds. O

Lemma 4.4. There is a right Folner net in R if and only if, for each finite subset E of G/Go and

each positive real number € € Ry, there is a non-empty and finite subset F' of M such that

-1
Vee I : ‘F\(—;T) (7)] <e

Proof. This is a direct consequence of Lemma 4.3 with

U:{FCM|F#0,F finite} x G/Gyp — R,

[F (<9~ ()|

O
|F|

(F,9) —

Lemma 4.5. Let m be an element of M, and let g be an element of G/Gy. There is an element g € g
such that

/ /

Vg € G/Gy: (m<g)<g =m<g-¢g.
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Proof. There is a g € G such that gGg = g. Moreover, because < is a semi-action with defect Gy, there
is a gg € Gg such that

-1

Because g- (g5 - ¢') = gg; " - ¢ and ggy ' € g, the statement holds. O

Lemma 4.6. Let A and A’ be two subsets of M, and let g and g’ be two elements of G/Gq. Then, for
each element m € (_ <g)71(A)~ (_<g)"H(4),

m 2y € Uyey (L 2(g) 1 a) " (A) N A"

Lemma 4.6. Let m € (_ <g) " (A)~(_<g) 1 (4). Then, m<g € Aand m<g ¢ A’. According
to Lemma 4.5, there is a ¢ € g and a ¢’ € g such that (m<g)<g™!-¢g = m<g ¢ A and
(m<g)<(¢)'-g=m<gec A Hence, m<g¢ (_ <gt-g) Y (A)and m<g € (_ <(¢)" ' -9 (A).
Therefore, m<g € A~ (_<gt-g) 1 (A)and m<g € (_<(¢)"! g) (A \ A" In conclusion,
mslgEUgegA\(_ngl-g’)*l(A’) and m<g’ € Uyey(_<(9) Log)~tA) A O

Lemma 4.7. Let Gy be finite, let F and F’ be two finite subsets of M, and let g and g' be two elements
of G/Gy. Then,

|Gol? rmax|F s (L gt g)THEL,
(C 2o ')~ (L) () <

Gol” - max|(_ < (¢) ™ 9) " (F) N F.

Proof. Put A= (_<g) Y (F)~(_<g¢) ' (F'). Foreachg € g, put B, =F~(_<g ' ¢) ' (F). For
each ¢’ € g/, put B), = (_ < (¢) g N F)\F.

According to Lemma 4.6, the restrictions (_ < )[4, and (_ < ¢ )[4y oy B!, are well-
g g’

EQBQ - g'€g

defined. Moreover, for each m € M, according to Lemma 2.9, we have |(_ < g)~'(m)| < |Go| and
|(_<2¢’)"Y(m)| < |Go|. Therefore, because |g| = |Go|,
Al < |Gol - [l Byl < IGol - Y _|By| < |Gl - max| By|
9cg g€y
and analogously

|A] < |Gol?- -max| By, |. O
/6 !/

Lemma 4.8. Let Gy be finite and let {F;},.; be a net in {F C M | F # 0, F finite} indexed by (I, <).
The net {F;},c; is a right Folner net in R if and only if

((_ <g) "' (F) \ Fi
| il

(4.3) Vg € G/Go: lim =0.
1€



Int. J. Group Theory 6 no. 3 (2017) 21-44 S. Wacker 31
Proof. Let g € G/Gy. Furthermore, let i € I. Because F; = (_ <Go)~'(F;), according to Lemma 4.7,
(L <) () N Fil < [Gof*- nax|Fy\ (L <97 Go) " (F)]

and
Fin (L 20) (R)] < [Gof? - maxl(_ @97 Go) ™ (F)  Fil.
Moreover, |g| = |Go| < co. Therefore, if {F;},.; is a right Fglner net in R, then

(<o) F) Bl _

li 0;
el |F] ’
and, if (4.3) holds, then
) -1
LIRS (20 B
i€l |F}|
In conclusion, {F;},.; is a right Folner net in R if and only if (4.3) holds. O

Lemma 4.9. Let Gy be finite. There is a right Folner net in R if and only if, for each finite subset £
of G/Gy and each positive real number € € R, there is a non-empty and finite subset F of M such

that

<e) HF)\F
veep 20N,

Proof. This is a direct consequence of Lemma 4.8 and Lemma 4.3 with

U: {FCM|F#0,F finite} x G/Gy — R,

(<o) ()~ F|

(F,9) — 7|

5. Right Paradoxical Decompositions

In this section, let R = ((M, G,>), (Mo, {gmo.m }merr)) be a cell space.

Definition 5.1. Let A and A’ be two sets. The set AU A’ is denoted by AW A’ if and only if the sets
A and A’ are disjoint.

Definition 5.2. Let E be a finite subset of G/Go, and let {Ac} cp and {B.}
subsets of M indexed by F such that, for each index e € F, the map _ < e is injective on A, and on
B, and

eCcE be two families of

M=) A = UBe:<UA€<Ie>U(UBe<Ie>.

eck eckE eck SIS
The triple (IV, {Ac}.cps {Be}ecp) is called right paradoxical decomposition of R.

Remark 5.3. In the situation of Remark 2.5, for each element g € G, the map < g is injective.
Hence, right paradoxical decompositions of R are the same as right paradoxical decompositions of G

as defined in [1, Definition 4.8.1].
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Lemma 5.4. Let Gy be finite and let (N,{Ac} cp{Be}ecr) be a right paradozical decomposition of

R. Then,
=) 14 =) 1p =) (laHe)+> (1p, e).
eceE ecl ecl ecE
Proof. This is a direct consequence of Definition 5.2 and Lemma 3.4. O

6. Tarski’s and Fglner’s Theorem

In this section, let R = ((M, G,>), (Mo, {Gmo,m }merr)) be a cell space such that the stabiliser G of

mg under > is finite.

Lemma 6.1. Let g be an element of G/Gy. The map _ 4l g is continuous, where £>°(M)* is equipped
with the weak-x topology.

Proof. For each f € (*°(M), let evy: (*°(M)* — R, — 9(f). Furthermore, let f € £>°(M). Then,
for each 1 € £°(M)*,

(evpo(_g)(¥) =evy(yaig) = (LaIg)(f) =0(f Hg) =evp().

Thus, evyo(_4lg) = evyyy. Hence, because evy4 is continuous, so is evyo(_4lg). Therefore, the map

__ 4l g is continuous. 0

Lemma 6.2. Let {v;},.; be a net in M(M) such that, for each element g € G/Gy, the net {(v;=g) —

el
*

Vitier converges to 0 in £5°(M)* equipped with the weak-* topology. The cell space R is right amenable.

Proof. Let g € G/Gy. According to Theorem 2.20, the set M (M) is compact in ¢>°(M)* equipped
with the weak-+ topology. Hence, there is a subnet {v;; },c; of {v;},., that converges to a v € M(M).
Because, according to Lemma 6.1, the map _ =l g is continuous, the net {(l/ij dg) — Vi, }jeJ converges
to (v4lg) — v in £>°(M)*. Because it is a subnet of {(v;41g) — v}, it also converges to 0 in £>°(M)*.
Because the space £*°(M)* is Hausdorff, we have (v=g) — v = 0 and hence v4lg = v. Altogether, v is

a d-invariant mean. In conclusion, according to Theorem 3.7, the cell space R is right amenable. [

Lemma 6.3. Let m be an element of M, and let E and E' be two subsets of G/Gy. There is a subset
E" of G/Gqy such that (m<E)<E' =m<E"; if Go € ENE', then Gy € E”; if E and E' are finite,
then |E"| < |E|-|FE'|; and if Go - E' C E', then

E'={g-¢|ecE e ecF gece}.

Proof. For each e € E, according to Lemma 4.5, there is a g. € e such that
Vge G/Gy: (m<e)<g=m<g.-g.

Put B = {g.- € | e € E,¢’ € E'}. Then, (m < E)<E = m<E". Moreover, if Gy € EN E’, then
Go = gg, - Go € E"; if E and E’ are finite, then |E”| < |E| - |E’|; and if Gy - E' C E’, then E” is as
stated. O
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Main Theorem 6.1. Let R = (M, G,>), (M0, {9mo,m }mens)) be a cell space such that the stabiliser

Go of mg under 1> is finite. The following statements are equivalent:

(1)
(2)
(3)

(4)

(®)

Proof.

The cell space R is not right amenable;

There is no right Folner net in R;

There is a finite subset E of G/Gq such that Gy € E and, for each finite subset F' of M, we
have |F Q E| > 2|F|;

There is a 2-to-1 surjective map ¢: M — M and there is a finite subset E of G/Gq such that

Vme MIdee E: ¢(m)<e=m;
There is a right paradoxical decomposition of R.
1 implies 2: Let there be a right Fglner net {F;},.; in R. Furthermore, let i € I. Put
vi: (M) = R,

f 1}1’\ Z.f(m).

Then, v; € M(M). Moreover, let g € G/Gp and let f € ¢>°(M). Then,

(vi=g)(f) = vi(fHlg)

Hence,
(vi g —vi)(f)

=1 Therefore,
EN(Sme_sor1mm, JM = Comer_say-10mp 1))

ag-m@i<g=( X Hmle Y Ifm)

me(_ﬂg)—l(Fi)\Fi mEFi\(_ﬂg)—l(Fi)
ﬁg_lFi\Fi F; ég_lFZ-
< <|( )}f )~ B (PT) ( )|> Ml
|Fil |Fil

According to Definition 4.1 and Lemma 4.8, the nets {|(_ <g)~'(F}) \ Fi|/|Fi|};c; and {|F; ~
(_<g) Y (F)|/|Fi|};e; converge to 0. Hence, so does {|(v; = g — 14)(f)|};c;- Thus, the net
{vidlg —vi};c; converges to 0 in £°°(M)* equipped with the weak-* topology. Hence, according
to Lemma 6.2, the cell space R is right amenable. In conclusion, by contraposition, if R is not

right amenable, then there is no right Falner net in R.



34

Int. J. Group Theory 6 no. 3 (2017) 21-44 S. Wacker

2 implies 3: Let there be no right Fglner net in R. According to Lemma 4.4, there is a finite

E; C G/Gp and an ¢ € Ry such that, for each non-empty and finite ' C M, there is an
er € Fy such that

-1
FNCaen) ' (B)]
|F|
Put Ey = {GO} U Eq.
Let ' C M be non-empty and finite. Then, FF C F U (F < Ey) = F < Ey. Thus,

|F < By| — |F| = |(F < Ey) ~ F|
= |(F <Ey) ~ F|
> |(F <ep) N F.

Moreover, according to Lemma 2.9, we have |(_ <er) '((F <ep)\ F)| < |Go|-[(F <er) N F).
Hence,
[(_<ep) H(F2ep) N F)
|Gol
Therefore, because F \ (_ <ep) Y (F) C(_<ep) Y ((F<er)\F),
[P~ (_<er)” ' (F)]
|Gol

F< Bl - |F| >

|F < Es| — |F| >
€
> —|F|.
B |Go|| |
Put £ =1+ ¢/|Go|. Then, |F < Ey| > £|F|. Because € does not depend on F, neither does &.
Therefore, for each non-empty and finite F' C M, we have |F' < Ey| > £|F)|.
Let I C M be non-empty and finite. Because & > 1, there is an n € N such that &" > 2.

Hence,

((F<Ey) <) S Ep) S Ep| 2 £[((F < Ep) <--+) < By

n times

> "|F|
> 9|F|.

Moreover, according to Lemma 6.3, there is an F C G/Gj such that E is finite, Gy € E, and
FQFE = (((F<L<E2)<---)<E3) < Ey. In conclusion, |F < E| > 2|F|.

3 implies 4 (see Fig. 1):
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M M

N(F")

1
{meM|(m<E)NF #}
F/

FIGURE 1. Schematic representation of the set-up of the proof of Theorem 6.1, Item 3 implies
Item 4: Each region enclosed by one of the two rectangles is M; the regions enclosed
by the smaller circles with solid borders are subsets ' and F’ of M respectively; the
regions enclosed by the circles with dashed borders are m<E and m/<FE respectively;
the region enclosed by the circle with dotted border is (J, cp(_ <€)~ (m'); the
regions enclosed by the larger circles are NV,.(F) and N;(F") respectively.

Let there be a finite £ C G/Gy such that, for each finite F' C M, we have |F < E| > 2|F|.
Furthermore, let G be the bipartite graph

(M,M,{(m,m)e M x M |Jec€ E:m<e=m'}).
Moreover, let F' C M be finite. The right neighbourhood of F' in G is

Ne(Fy={m'e M |3e€ F:F<ea>m'} =F<E
and the left neighbourhood of F'in G is

<e) HF).

N(F)={meM|Tec E:mecF}=J(
ecE

By precondition |N,.(F)| = |F < E| > 2|F|. Moreover, because Gy € E, we have F = (_ <
Go) Y(F) C N(F) and hence |[Nj(F)| > |F| > 27! F|. Therefore, according to the Hall harem
theorem, there is a perfect (1,2)-matching for G. In conclusion, there is a 2-to-1 surjective map
¢: M — M such that, for each m € M, we have (¢(m), m) € E, that is, there is an e € E such
that ¢(m) <e = m.

4 implies 5 (see Fig. 2):
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FIGURE 2. Schematic representation of the set-up of the proof of Theorem 6.1, Item 4 implies
Item 5: Each region enclosed by one of the three columns, two with solid and one
with dashed border, is M; the dot in the right column, called m, is an element of
M, and the two dots in the left column are its preimages under ¢, which are its
images under v and 1’; there are elements e and €’ of E such that m <e = ¢(m)
and m <€ = ¢'(m), in other words, m € A, and m € B.:; as depicted in the
right columns with solid and dashed borders, the families {A.},.p and {Be'}, cp
are partitions of M; as depicted in the left column, the set {)(M),¢'(M)} is a
partition of M, the family {1/(A¢)}.cp = {Ae < e} ¢ is a partition of (M), and
the family {¢/(Be/)}.cp = {Ber <€}, cp is a partition of ¢'(M).

Let there be a 2-to-1 surjective map ¢: M — M and a finite subset E of G/G( such that

VmeM3eec E: ¢p(m)<e=m.

By the axiom of choice, there are two injective maps 1 and 1': M — M such that, for each
m € M, we have ¢~ (m) = {1»(m),'(m)}. For each e € E, let

Ac={meM|m<e=1(m)} and B.={me M |m<e=1'(m)}.

Let m € M. There is an e € E such that ¢(i)(m)) <e = ¢(m). Because ¢(1p(m)) = m, we
have m € A.. And, because < is free, for each ¢’ € E \ {e}, we have m <€’ # m <e = ¢(m)

and thus m ¢ A.. Therefore,

M = U A, and analogously M = U B..
ecl eck
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Moreover, 1)(Ae) = Ae <e and ¢'(B.) = B, <e. Hence, because M = (M) W' (M), and ¢

and v’ are injective,

Mz(hMW@)U(U¢ﬂM>:(UA@@)UOJ&@%.

e€E e€E e€E c€E
Furthermore, because 1 and v’ are injective, for each e € E, the maps (_ <e)[4, = 1[4, and
(_<e)lp, = ¢'|p, are injective. In conclusion, (N, {Ac}, cp, {Be}ocp) is a right paradoxical
decomposition of R.

5 implies 1: Let there be a right paradoxical decomposition (N, {Ac}.cp, {Be}ecp) of R. Ac-

cording to Lemma 5.4,
1y = Z 14, = Z 1p, = Z(lAe al 6) + 2(136 %Ie).
eeE eeE ecE eckE

Suppose that R is right amenable. Then, according to Theorem 3.7, there is a d-invariant

mean v on M. Because v is linear and normalised,

1=v(1y)
=Y v(da He)+ Y v(lp He)
eeE eck
=Y (wHe)da)+ > (vHe)(1p,)
eclk eck
= Z v(la,)+ Z v(1g,)
ecE eclk

= v(1a) + v(1y)
—1+1

=92,
which contradicts that 1 # 2. In conclusion, R is not right amenable. U

Corollary 6.4 (Tarski alternative theorem; Alfred Tarski, 1938). Let M be a left homogeneous space
with finite stabilisers. It is Tight amenable if and only if there is a coordinate system K for M such

that there is no right paradozical decomposition of (M, K). O

Corollary 6.5 (Theorem of Fglner; Erling Folner, 1955). Let M be a left homogeneous space with
finite stabilisers. It is right amenable if and only if there is a coordinate system IC for M such that

there is a right Folner net in (M, K). O

Remark 6.6. In the situation of Remark 2.5, Corollaries 6.4 and 6.5 constitute |1, Theorem 4.9.1].
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7. From Left to Right Amenability

Lemma 7.1. Let R = (M, G,>), (M0, {gmo,m}menr)) be a cell space and let H be a subgroup of G
such that, for each element g € G/Gy, there is an element h € H such that the maps _<g and hi> _
are inverse to each other.

If (M, H,>[ 5 as) is left amenable, then R is right amenable.

Proof. Let p € PM(M). Furthermore, let g € G/Go. There is an h € H such that <gand h>
are inverse to each other. Moreover, let A C M. Because _<g = (h>_)~! = h™'> | we have

A<g=h"'p> A Therefore,
(n=9)(A) = n(A<g)
= p(h™'> A)
= (h=p)(A).
Thus, p=4g = hE=p. Hence, if p is #[HX[O,llp(M)—invariant, then p is 5-semi-invariant. In conclusion, if

(M, H,>[ i« as) 1s left amenable, then R is right amenable. O

Lemma 7.2. Let R = ((M,G,>), (Mo, {gmo.m fmenr)) be a cell space and let H be a subgroup of G
such that G = GoH, for each element g € G/Gy, the map _ < g is injective,

Vhe H: <hGog=hp> _,
and
VheHVgeG/GO:(_ﬁhGo)ﬁg:_éh-g.
If (M, H,>[gar) ts left amenable, then R is right amenable.

Proof. Let gGo € G/Gy. Because g~ € G = GoH, there is a gg € G and there is an h € H such that
g~ ' = goh. Thus, h = go_lgf1 € H. Hence, for each m € M,

((_29Go) o (he _))(m) = (h>m) 2 4Gy
= (m <hGp) < gGy
= m < hgGy
=m<gy g 'gGo
=m <Gy
=m.

Therefore, h > is right inverse to _ < gGp. Hence, < gGy is surjective and thus, because it is

injective by precondition, bijective. Therefore, < gGp and h > _ are inverse to each other. In

conclusion, according to Lemma 7.1, if (M, H,>[ . ,s) is left amenable, then R is right amenable. [
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Definition 7.3. Let G be a group. The set
Z(G)={2€G|VgeG:zg=gz}
is called centre of G.

Lemma 7.4. Let G be a group. The centre of G is a subgroup of G. U

Lemma 7.5. Let R = ((M,G,>), (Mo, {gmo.m fmenr)) be a cell space and let H be a subgroup of G
such that G is equal to GoH, >[ g is free, and {gmo,m}menr 95 included in Z(H). If (M, H,>[ gy )

is left amenable, then R is right amenable.
Proof. Let g € G. For each m € M,

m < gGO = Gmo,mg >mgo = 9mg,m P> (g > mO)-
Let m € M. For each m’ € M, because D[Z(H)XM is free and Gmg,m, Gmo.m’ € Z(H),
m' < gGO =ms gGO < Gmo,m’ = Gmo,m
— m' =m.
Therefore, < gGy is injective.
Let m € M and let h € H. Because ¢mym € Z(G),
m <hGo = gmemh >mo
= hgmo,m >myg

=hp>m.

Put m’ = m < hGy. Then,

Imo,mh >mgy = hgmg m > Mo
=hp>m

/
=m.

Hence, because g, m >mo = m’ also and >[ g,y 1S free, gmgm/ = Gmo,mh. Therefore,
(m <hGo) < gGo =m' < gGy
= Gmo,m'g > Mo

= gmo,mhg >my

=m < hgGy.

In conclusion, according to Lemma 7.2, if (M, H,>[ 7, 57) is left amenable, then R is right amenable. [
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Example 7.6. Let M = K be a field, let
G={f:M— M,x—ax+b|abe M,a#0}
be the group of affine functions with composition as group multiplication, and let
H={f:M—>Mz—x+b|lbe M}

be the group of translations also with composition as group multiplication. The group H is an abelian
subgroup of G, which in turn is a non-abelian subgroup of the symmetry group of M. Moreover,
according to [1, Example 4.6.2 and Theorem 4.6.3|, the group G is left amenable and hence, according
to [1, Proposition 4.5.1], so is its subgroup H. Furthermore, the group G acts transitively on M by
function application by > and so does H by >[ . s, €ven freely so. Because the groups G and H are
left amenable, so are the left group sets (M, G,>) and (M, H,>[ gy ). The stabiliser of mg = 0 is the
group of dilations
Go={f: M —> M,z ax|ac M-~{0}}.
We have G = GoH. For each m € M, let
Imo,m: M — M,
r = x+m,

be the translation by m. Then, {gmg,m } e is included in Z(H) = H. Hence, according to Lemma 7.5,
the cell space R = ((M, G,>), (Mo, {gmo,m }menr)) is right amenable.

Lemma 7.7. Let H and N be two groups, let ¢: H — Aut(N) be a group homomorphism, let G be
the Cartesian product H x N, and let

G xGE—=G,
((h,n), (K,n")) = (hh/,ng(R)(n)).

The tuple (G,-) is a group, called semi-direct product of H and N with respect to ¢, and denoted by
H x4 N. O

Lemma 7.8. Let G be a semi-direct product of H and N with respect to ¢. The neutral element of G
is (em,en) and, for each element (h,n) € G, the inverse of (h,n) is (h=1, ¢(h~1)(n)). O

Definition 7.9. Let (M,G,>) be a left homogeneous space. It is called principal if and only if the

action > is free.

Lemma 7.10. Let (M, H,>p) be a principal left homogeneous space. Furthermore, let Go be a group,
let ¢: Go — Aut(H) be a group homomorphism, let mg be an element of M, for each element m € M,

let hyngm be the unique element of H such that hpg m >mo = m, and let

DGy Go x M — M,
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(90,m) = &(g0) ("emg,m) >1 ™Mo.
Moreover, let G be the semi-direct product of Gy and H with respect to ¢, and let

>: G X M — M,
((g90,h),m) = h>w (g0 >c, m).
The triple (M, Go,>a,) is a left group set and the group Gy is the stabiliser of mo under >q,. Further-
more, the tuple R = ((M,G,>), (mo, {(eGq, hmo,m) Ymenr)) 5 a cell space and the group Go x {em} is

the stabiliser of mg under . Moreover, under the identification of Gy with Go x {eg} and of H with
{eg,} x H, the left group sets (M,Go,>q,) and (M, H,>p) are left group subsets of (M, G,>).

Proof. Because ¢(eg,) = idauy(sr), for each m € M,

€Go PGy M = ¢(€G0)(hm0,m) > mo
= hmo,m >H Mo
=m.

Let go and g, € Gy, and let m € M. Because > is free and hmo,qﬁ(g())(hmo,m)DHmoDHmo = &(95) (himg.m)>H
= ¢(96)(hm0,m). Therefore,

mo, We have hm07¢(96)(h'm0,'m)>Hm0

9090 >Go M = 0(9090) (Temo,m) &1 Mo
= (8(90) © #(90)) (hno,m) >1 Mo
= #(90)(#(90) (emo,m)) >1 Mo
= 0(90) Pung.é(gh) (hang ) 11m0) > H 100
= 90 >y (D(90) (hing,m) > & M0)
= 90 PGy (96 >Go m).
In conclusion, (M, Go,>q,) is a left group set.
Because hpy.m, = en, for each gy € Go,
90 >Go mo = ¢(go)(er) > mo
=€eg by mg
= my.
In conclusion, Gy is the stabiliser of mgy under g, .
For each m € M,

(eGy,em)>m =en b (g, >g, m) = m.
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Let go € Go, let h € H, and let m € M. Because hl,ym>mmo = h>gm, we have hhpyg m = Ry by

Hence,

?(g0)(h) > (g0 >o m) = é(g0)(R) >H (#(g90) (Rmg,m) >H ™M0)
h)(90) (hing,m) > Mo

(
(
(hhmo’m) > mo
(

(90)
(90)
(90)
(90)

Il
S S o

90) (Mg b gym) >H Mo

= 9o PGy (h > m)
Therefore, for each gy € Gy, each g, € Go, each h € H, each b/ € H, and each m € M,

(90, 7) (g0, h') &m = (gogo, he(go) (A)) >m

= ho(go) () >r (9090 PG ™)

hr (0(90)(R) >r (90 >y (90 >ao m)))

—

= hby <go >ao (W >H (90 >ao m)))
g0, 1) > (W' >w (9o >c, m))
)

In conclusion, (M, G,>) is a left group action.
Because >y is transitive and, for each h € H and each m € M, we have (eg,, h)>m = h>m, the left
group action b is transitive and hence M = (M, G, >) is a left homogeneous space. Moreover, because,

for each m € M,

(eGm hmo,m) >mg = hmo,m >H (eGO >Go mO)
= hmo,m >H Mo

:m’

the tuple I = (mo, {(ecy, Pmo,m)}mear) 18 a coordinate system for M. Therefore, R = (M,K) is a
cell space.

Because Gy is the stabiliser of mg under >g,, for each (go, h) € G, we have (go, h)>mo = h>g (go >
mo) = h>myg. Because by is free, Gg x {ey} is the stabiliser of mg under .

Under the identification of Go with Go x {ex} and of H with {eg,} x H, we have >[g, «nr = PG,

and DrHXMZDH' O
Corollary 7.11. In the situation of Lemma 7.10, let H be abelian. The cell space R is right amenable.

Proof. According to [1, Theorem 4.6.1|, because H is abelian, it is left amenable. Therefore, (M, H,>f)
is left amenable. Identify Gy with Gy x {ex} and identify H with {eg,} x H. Then, H is a subgroup of
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G, and G = GoH, and >, s = >g is free, and, for each m € M, we have (eq,, hmg,m) € H = Z(H).

Hence, according to Lemma 7.5, the cell space R is right amenable. O

Example 7.12. Let d be a positive integer; let E be the d-dimensional Euclidean group, that is,
the symmetry group of the d-dimensional Euclidean space, in other words, the isometries of R% with
respect to the Euclidean metric with function composition; let 7" be the d-dimensional translation
group; and let O be the d-dimensional orthogonal group. The group 7' is abelian, a normal subgroup
of E, and isomorphic to R? with addition; the group O is isomorphic to the quotient E /T and to
the (d x d)-dimensional orthogonal matrices with matrix multiplication; the group FE is isomorphic
to the semi-direct product O x, T, where ¢t: O — Aut(Rd) is the inclusion map. The groups T', O,
and E act on R? on the left by function application, denoted by >, >o, and >, respectively; under
the identification of T with R? by ¢ + [v + v + ], of O with the orthogonal matrices of R¥*¢ by
A+ [v— Av], and of E with O x, T by (A,t) — [v+— Av + t], we have

pp: T x R — RY,

(t,v) = v+t,
and
bo: O x RY - RY,
(A,v) — Av,
and
>: E x RT — RY,
((A,t),v) = Av +1t,
and

t: O = Aut(R?),

A v Avl.

Hence, for each vector v € RY, we have v >y 0 = v, therefore, >0 = [(A,v) — t(A)(v) > 0], and thus
> = [((A,1),v) — t>r (Abo v)]. Moreover, because the group (7', 0) = (R%, +) is abelian, according to
[1, Theorem 4.6.1], it is left amenable and so is (R?,R?, +) = (R%, T, ). In conclusion, according to

Corollary 7.11, the cell space (R, E,>), (0, {—v},cga)) is right amenable.
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