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ON EMBEDDING OF PARTIALLY COMMUTATIVE
METABELIAN GROUPS TO MATRIX GROUPS
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ABSTRACT. The Magnus embedding of a free metabelian group induces the embedding of partially com-
mutative metabelian group St in a group of matrices Mr. Properties and the universal theory of the

group Mr are studied.

1. Introduction

Let I be a finite undirected graph with no loops and no multiple edges, V' = {v1,...,v,} is the set of
the vertices of I', and E the set of edges of this graph.

Fr = <U1, v, Up | ViV = V;jV; if (Ui,’Uj) S E>

is a free partially commutative group.

A partially commutative metabelian group ST has the same defining relations as the group Fr and the
identity [[x,y], [u,v]] = 1. Properties of groups St and their universal theories were studied in [1]-[5].

The Magnus embedding (see, for example [6, 7]) enables us to consider a free metabelian group S as
a subgroup of a matrix group M.

The universal theory of a free metabelian group S coincides with the universal theory of matrix group

M. This fact helps Chapuis [8] to show that the universal theory of a free metabelian group is solvable.
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The problem on solvability of the universal theory of partially commutative metabelian group has not
been solved yet. This problem is included in “The Kourovka Notebook” [9] with number 17.104.

The Magnus embedding induces an embedding of St into a semidirect product of a free abelian group
A of finite rank and an abelian normal subgroup equipped with a Z[A]-module structure. By Mpr we
denote this semidirect product.

We study properties of M and its universal theory. In [1] it was shown that the universal theory of Mt
is solvable. We consider some transformations of a defining graph I' and show that these transformations
do not change the universal theory of M (Theorem 3.3). Next, we use this result to study the universal
theories of so called metabelian graph products. The notion of graph product appeared in the paper [10].
After that graph products were studied in several papers (see for example [11, 12]). We consider a graph
product S(I', Ay,...,A,) of free abelian groups Aj,..., A, in the variety of metabelian groups. The
group S(I', Ay, ..., A,) is embedded to a matrix group denoted by M(T', Ai,..., A;). The embedding
is induced by the Magnus embedding. By Theorem 3.3 the universal theories of all matrix groups
M(T, Ay, ..., A,) coincide for all free abelian groups Ay, ..., A, (Corollary 4).

However, given a graph I' the universal theories of the groups Spr and Mp are different in general.
For example, if L3 is the linear graph of the length 3 then the universal theories of the partially
commutative group Sz, and the group of matrix M, do not coincide. We obtain this result using the
notion of centralizer dimension (Proposition 5).

Nevertheless, some common properties for the universal theories of the groups St and Mt are estab-
lished by Theorem 4.1. This theorem states that if an equation in one variable has coefficients in St
then this equation is solvable in Sr iff it is solvable in M.

Notice that there is the analogous result for groups of kind F/[R, R], where F is a free group and R
is its normal subgroup such that the ring Z[F/R] has no zero divisors. This result has been proved in
[13].

2. Preliminaries and Notation

Let us introduce notation we use throughout this paper.

Let V = {v1,...,v,} be the set of the vertices of a graph I, and FE the set of edges of this graph.
We consider only finite undirected graphs with no loops and no multiple edges.

Let A be the free abelian group of rank r with a basis {a1,...,a,} and Z[A] the integer group ring
of A. Denote by T the right free Z[A]-module with a basis {¢1,...,%,} and by

(1)

The submodule Tt of the module T is generated by the elements

the matrix group.

tij = ti(a; — 1) +t;(1 — ai)
such that the vertices v; and vj of I' are adjacent and ¢ < j. Tt is the factor module 7'/ Tp.
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Let S be the free metabelian group of rank r with a basis {s1,..., s, } and R the normal subgroup gen-
-1
J

metabelian group St is isomorphic to the factor group S/R.

erated by the commutators [s;, s;] = s; 's; 1s;s; such that (v;,v;) € E. Then the partially commutative

The Magnus embedding p of S to M extends the map

a; 0 .
S; — , t=1,...,7
t; 1

Define the epimorphism d of the module 7" to the fundamental ideal A of the ring Z[A] as follows. If
t=t1$1+ - +1t.Bisin T then

d(t) = (a1 — B+ + (ar — 1)B.

(i)

is in the image of the group S under the Magnus embedding iff

In [6] it was shown that a matrix

d(t) =a—1.

()

is in the image of the commutant [S, S| of the group S iff

In particular, the matrix

(2.1) d(t) =0.
It is easy to derive that the Magnus embedding maps [s;, s;] to
1 0
(hjl)'
So, the subgroup R is mapped onto the subgroup

(1)

Therefore, the Magnus embedding p induces the embedding ur of the group St into the matrix group

A 0
o e (20

A matrix
a 0
~ € MFa
( t+1r 1 )

is in the image of the group St in matrix group (2) if and only if

(2.3) d(t) = a — 1.
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Note that we can choose any element ¢ in the corresponding adjacent class of Tt to check if condition
(2.3) is satisfied.

3. Universal Equivalence of Groups Mr

Let v1 be a vertex of a graph I, W’ be the set of vertices in this graph such that these vertices are
adjacent to vy, and W = W’ U {v1}. Denote by I'y the graph obtained from I' by adding the vertex vy
and the edges connecting vy with all vertices in W.

So, the set V{ of vertices in I'g is V| [{vo}. By Ey denote the set of edges of T'y.

In [3] the vertices vy and v were called equivalent. In this paper it was also proved that the universal
theories of partially commutative metabelian groups St and Sr, coincide (Theorem 4).

If the vertices v and w are equivalent we use notation v ~; w.

Let Ay be the free abelian group with the basis {ag, a1, - ,a,} such that A is a subgroup of Ay and
To the free Z[Ap]-module with the basis {tg,t1,--- ,t,},

AO 0 A() 0
My = Mr, = ‘
Ty 1 TFO 1
For a natural number n consider the map ¢, of Mo to M that takes each matrix
lo 11 l
an a s Q@ T 0
my = , 01 r e MO
Zi:O tiOéi(G(), e 7a'r) 1
to the matrix

m= at*ta . ay 0
= n_ .
e llao(a?,ah... sar) +ai(al,ar, ... a0) + > o tici(at,a1. .. ar) 1

al—

Lemma 3.1. The map 1, defines a retraction of My to M and Town =T.

Proof. For short let us use the following notation
a; = a;(ag, a,...,ar), o =a;(al,a,...,a.),

Bi = Bi(ao, a1, ..., ar), B;=Pi(al,ai,...,ar).

Let
q0 491 qr
ans a el O
o = 0 Tl " € M.
Zi:1 tz’/@i 1
Then
a711l0+l1al22 gl 0
m(]wn = a’il?]_ ’ ’ r , s
ti(G=gah +ay) + 2o tiag 1

a?(IO‘FQI a6212 L. aqur 0
NoYn = " a?—1 / T4.8 ’
(=180 + B1) + 2o tiBs;
l l l
aoo-i-qo a11+q1 . arr"l'q'r 0 )

Moo = r q0 qr
Zi:O ti(aiao ceeap + 52) 1
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Applying 9, to the last matrix we obtain

l ! rt+ar
an( 0+q)+ 1+q1al22+q2 . aiﬂ T
9y
T 1

(3.1) (mol‘lo)’l,bn = ( 1

where

at —1
r= (S aham et a4 )+ e g a4 )

+ th a,a?qo—’_ql qz agr + 5{)

Compute the (2,1)-entry of the matrix (mgty)(noey,). It coincides with 7. Comparing the matrices
(mong)t, and (moedy,)(no,) we see that they are equal.
Therefore 1, is a homomorphism acting identically on M. So, 9, is a retraction.
Let us show that TVOQ/)” =T.
If ¢ # 0 then t;;9, = t;;.
Consider the images of the elements ¢p; under 1,,. We obtain
n

to1n = (to(ar — 1) +t1(1 —ao))yn =t (Zi

If 5 # 1 then we have

-1

(al—l)—aqf+1> =0.

al —1 al —1
(1 —ay) +ti(a} = 1) = St

tojtn = (to(1 — a;) +tj(ao — 1)), =1t
0]¢ (0( a]) + ](ao ))7/} 1a1 -1 1—aq

But if (vg,vj) € Ep then (vi,v;) € E. Consequently ty;1, is in T. This completes the proof of the

lemma. O

We identify St and Sr, with their images in Mr and M, respectively. By Lemma 3.1 the homomor-
phism ,, induces the homomorphism ¢, of Mr, onto Mr.

Lemma 3.2. The homomorphism o, has the following properties
1. @y s a retraction;
2. pn maps Sr, onto Sr;
3. For any element 1 # g € My, there exists ng such that gy, # 1 whenever n > ny.

Proof. The first property follows from the definition of 1),.
Let us prove the second property. Let Sy be the free metabelian group with the basis {sg, s1,..., 8.}
and S its subgroup generated by si,...,s,. Take all commutators [s;, s;| such that (v;,v;) € Ey and

0 <7< j<r. Denote by Ry the normal closure of these commutators in Sp.

We have
ao 0 " a® 0
SoRo = ~ 'cp_> ar—1 1 ~ =
to+Tp 1 a1

0 n
= < “ ~ ) = (SlR)n.
ti1+7T 1
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Clearly, (siRo)¢n = siR for 1 <4 <r. Therefore, St ¢, = Sr.
We are left to prove the third property.

Let
a 0

179= ( toap + -ty +Tp 1 ) 0 €A, ai € Zldo]

Case 1: a # 1.

If a does not depend on ag then any number can be chosen for n.

Let a depend on ag, i.e. a = aéo . --aff, lo # 0. Choose ng such that lgng + {1 > 0 for Iy > 0 and
long + 11 < 0 for Iy < 0. Obviously, for all n > ng we get go, # 1.

Case 2a: a=1, > ja;(a; —1) =0.

In this case the matrix ¢ is in the commutant of Sr,. The homomorphism ¢,, induces the homomor-

phism @,, of Sr, onto Sr and for ¢,, we have
S()Ro — S?R, SiRO — SiR, 1= 1, o, T

In [3], Theorem 4, it was shown that there exists ng such that for any n > ng the image of g € [Sr,, Sr,]
is not equal to the unit. This value of ng satisfies the condition of the lemma.

Case 2b: a=1, >/ ja(a; —1) #0.

Let « = >, ;a;(a; — 1). Define a homomorphism x, : Z[Ag] — Z[A] on the basis of Ay as follows.

Xn = {ap — al,a1 — aq,...,a, — a, }.

Choose ng in such a way that the image of o under x, is non-zero. Show that for any n > ng the

element gy, is not equal to the unit.

We have
1 0
9¥n = n_ .
" tl(‘:&_ia’oJra’l)+t2a’2+-~+troz,’,, 1
Therefore
a?rlL -1 / / / /
(a1 —1) a1_1a0+0‘1 + (a2 = Doy + -+ + (ar — Doy =
(a} —1)aj+ (a1 — 1)af + -+ + (ar — 1)) = axy, # 0.
The lemma is proved completely. n
A group G is discriminated by a group H if for any sat of non-unit elements {gi1, -, ¢} in G there

exists a homomorphism ¢ : G — H such that ¢(g;) # 1 foralli =1,...,n.
It is well known that if G is discriminated by H and H is discriminated by G then the universal

theories of G and H coincide.

Theorem 3.3. Let vy and vy be equivalent vg ~ | v1 in a graph 'y and let the graph I' be obtained from
a graph Uy by deleting a vertex vy and all edges incident to vyg. Then the universal theories of Mt and

Mr, coincide.

Proof. 1t is clear that the group Mr is embedded in the group Mr,. On the other hand, Lemma 3.2
implies that Mrp, is discriminated by M. So, the assertion follows. U
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Let I' be a graph with the set of vertices V' = {v1,...,v,} and the set of edges E. Consider a family
of non-trivial groups {G, |v € V'}. The graph product of these groups is the factor group of the free
product [[; .y Go by the normal subgroup generated by commutants [G.,, G, such that (v,w) € E.

Let us define the notion of metabelian graph product. Actually we need to change the free product
of groups by the metabelian product. We are going to use the definition of metabelian product for free
abelian groups.

Let A; = A,, be a free abelian group, 1 =1,...,7.

Metabelian product A2 [] A; is the factor group of the free product F' = []* A; by the second commu-
tant

F® = [[F,F),[F, F]).

Metabelian graph product S(T', Ay,. .., A,) is the factor of A [ A; by the normal subgroup generated
by the commutants [A;, A;], such that (v;,v;) € E.

Metabelian graph product of free abelian groups of finite ranks can be obtained as follows. Let A;
be the free group of rank r¢ > 2. For ¢ = 1,...,r we add the vertices v;,,...,v;,, to the set V of
vertices of the graph I".  We connect all vertices v;, vi,,...,v;,, pairwise. In addition, we connect all
vertexes vi,, . .., v;, with v whenever (v;,v) € E. Let A be the obtained graph. It is clear that Sa and
S(T, Ayq,...,A,) are isomorphic.

Denote Ma by M(T', Ay,..., A;).

Since v;,, ..., v;,, are equivalent to v; Theorem 3.3 implies the following corollary.

T

Corollary 3.4. Let A;, i = 1,...,r, be free abelian groups of finite ranks and I' a graph. Then the
universal theories of Mp and M (T, Ay, ..., A,) coincide.

Let I' be a totally disconnected graph. Then Sr ~ S is the free metabelian group of rank r and
Mrp ~ AwrB is a wreath product of two abelian groups of rank r. In [8] it was shown that the universal

theories of the groups S and AwrB coincide.

But there exists a graph I' such that the universal theories of St and Mt differ.

Proposition 3.5. Let I' = L3 be the linear graph on three vertices. Then the universal theories of St

and Mt do not coincide.

Proof. Recall that centralizer dimension CdimG of a group G is equal to n if there exist subsets
A1CA2C"'CAn,
in G such that their centralizers
C(A1) > C(A2)--- > C(Ay)
are strictly decreasing and n is the largest number such that this property holds for n.
If there is no largest n then set Cdim(G) = oo.

Notice that coincidence of universal (equivalently, existential) theories of two groups implies coinci-

dence of their centralizer dimensions.
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First, let us find centralizer dimension of the group St which is isomorphic to the direct product of
the free metabelian group Sa(x1,z3) of rank 2 and the infinite cyclic group (z2). In [14], the following

formula for centralizer dimension of a direct product of two groups was proved
Cdim(Sy x (x)) = Cdim(S3) + Cdim({x)) — 1.

So, it is easy to see that C'dim(Sr) = 3.
Now let us find Cdim(Mr). Let

—~ 1 0
ti13 = ~ )
tifag—1)+t3(1—a1)+1Ir 1
—~ 1 0 ~ 1 0
1 = ~ ; o= ~
t1+1Ir 1 to+1r 1
N ar 0 N as O
ay = ~ , a2 = ~ .
Tr 1 Tr 1

We obtain the chain of centralizers
a ~ @ ~ o~ t o~
Mr 2 C(ts) 2 Clts, ) > Clhis, 1o, G2).
In detail:
L. [ay, t3) = [x1, [z1,23]] # 1 in Sy,
2. [dg, t13] = [x2, [x1, 23] = 1. If [@g, t2] = 1 then ty(ap — 1) is in the submodule Tt of the free module

T generated by the elements
(a1 — 1)t2 + (1 — CLQ)tl, (ag — l)tg + (1 — GQ)t3.

But this is impossible.
3. For the same reason t; € C(t13,12)\C (t13, t2, a2).
Therefore Cdim(Mr) > 4. This concludes the proof. O

4. Equations in one unknown
Theorem 4.1. An equation
(4.1) g™t g™ =1, g; € Sr,
is solvable in St iff it is solvable in Mr.

Proof. Let

b 0
7; + fp 1
Suppose that equation (4.1) is solvable in Mp and

- z 0
xr=
T 1
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One can compute that the left-hand side of the equation is equal to

by bmttm
y 1)’

where
-1
v =7z + ZijjH O AR
j=1
"™ —1 -1 mjy1+-+m oal
+Zbﬂ+1 T ") +Tr,
" —1

and £ =m for z = 1.

Equation (4.1) is solvable in My iff the system of equations
(4.2) by b™FT =1 A\ =0

is solvable with respect to 7 € T and x € A.

Let us use the following notation

M1 M — 1

z—1 +Zbﬂ+1 z—1

Mjp1+-+my

B =

X

Since d is a module homomorphism and d(7;) = b; — 1 we have
—1
d(y) = (b= D)a™ + > (b = Dbj1--- ™™™ 4 d(r) B

Since (x,7) is a solution of (4.2), we obtain

-1
B(x —1)+ (b — 1)z™ + Z(bj — D)bjyq -+t =,
j=1

We obviously have
Bd(r) + (b = Da™ + Y (b = Dbjr - bia™ M = d() = 0.

Consequently B(x — 1) = Bd().
If B =0 then system (4.2) does not depend on 7. Therefore for any y € Tt the matrix

z 0
” (- )

is a solution of (4.2). Evidently, for x € A one can find y such that the matrix (4.3) is in St.
If B # 0 then d(7) = x — 1. This means that the matrix = is Sp. This completes the proof. O
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