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ON EMBEDDING OF PARTIALLY COMMUTATIVE
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Abstract. The Magnus embedding of a free metabelian group induces the embedding of partially com-

mutative metabelian group SΓ in a group of matrices MΓ. Properties and the universal theory of the

group MΓ are studied.

1. Introduction

Let Γ be a finite undirected graph with no loops and no multiple edges, V = {v1, . . . , vr} is the set of

the vertices of Γ, and E the set of edges of this graph.

FΓ = ⟨v1, . . . , vr | vivj = vjvi if (vi, vj) ∈ E⟩

is a free partially commutative group.

A partially commutative metabelian group SΓ has the same defining relations as the group FΓ and the

identity [[x, y], [u, v]] = 1. Properties of groups SΓ and their universal theories were studied in [1]–[5].

The Magnus embedding (see, for example [6, 7]) enables us to consider a free metabelian group S as

a subgroup of a matrix group M .

The universal theory of a free metabelian group S coincides with the universal theory of matrix group

M . This fact helps Chapuis [8] to show that the universal theory of a free metabelian group is solvable.
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The problem on solvability of the universal theory of partially commutative metabelian group has not

been solved yet. This problem is included in “The Kourovka Notebook” [9] with number 17.104.

The Magnus embedding induces an embedding of SΓ into a semidirect product of a free abelian group

A of finite rank and an abelian normal subgroup equipped with a Z[A]-module structure. By MΓ we

denote this semidirect product.

We study properties ofMΓ and its universal theory. In [1] it was shown that the universal theory ofMΓ

is solvable. We consider some transformations of a defining graph Γ and show that these transformations

do not change the universal theory ofMΓ (Theorem 3.3). Next, we use this result to study the universal

theories of so called metabelian graph products. The notion of graph product appeared in the paper [10].

After that graph products were studied in several papers (see for example [11, 12]). We consider a graph

product S(Γ, A1, . . . , Ar) of free abelian groups A1, . . . , Ar in the variety of metabelian groups. The

group S(Γ, A1, . . . , Ar) is embedded to a matrix group denoted by M(Γ, A1, . . . , Ar). The embedding

is induced by the Magnus embedding. By Theorem 3.3 the universal theories of all matrix groups

M(Γ, A1, . . . , Ar) coincide for all free abelian groups A1, . . . , Ar (Corollary 4).

However, given a graph Γ the universal theories of the groups SΓ and MΓ are different in general.

For example, if L3 is the linear graph of the length 3 then the universal theories of the partially

commutative group SL3 and the group of matrix ML3 do not coincide. We obtain this result using the

notion of centralizer dimension (Proposition 5).

Nevertheless, some common properties for the universal theories of the groups SΓ and MΓ are estab-

lished by Theorem 4.1. This theorem states that if an equation in one variable has coefficients in SΓ

then this equation is solvable in SΓ iff it is solvable in MΓ.

Notice that there is the analogous result for groups of kind F/[R,R], where F is a free group and R

is its normal subgroup such that the ring Z[F/R] has no zero divisors. This result has been proved in

[13].

2. Preliminaries and Notation

Let us introduce notation we use throughout this paper.

Let V = {v1, . . . , vr} be the set of the vertices of a graph Γ, and E the set of edges of this graph.

We consider only finite undirected graphs with no loops and no multiple edges.

Let A be the free abelian group of rank r with a basis {a1, . . . , ar} and Z[A] the integer group ring

of A. Denote by T the right free Z[A]-module with a basis {t1, . . . , tr} and by

M =

(
A 0

T 1

)
the matrix group.

The submodule T̃Γ of the module T is generated by the elements

tij = ti(aj − 1) + tj(1− ai)

such that the vertices vi and vj of Γ are adjacent and i < j. TΓ is the factor module T/T̃Γ.
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Let S be the free metabelian group of rank r with a basis {s1, . . . , sr} and R the normal subgroup gen-

erated by the commutators [si, sj ] = s−1
i s−1

j sisj such that (vi, vj) ∈ E. Then the partially commutative

metabelian group SΓ is isomorphic to the factor group S/R.

The Magnus embedding µ of S to M extends the map

si 7−→

(
ai 0

ti 1

)
, i = 1, . . . , r.

Define the epimorphism d of the module T to the fundamental ideal ∆ of the ring Z[A] as follows. If
t = t1β1 + · · ·+ trβr is in T then

d(t) = (a1 − 1)β1 + · · ·+ (ar − 1)βr.

In [6] it was shown that a matrix (
a 0

t 1

)
is in the image of the group S under the Magnus embedding iff

d(t) = a− 1.

In particular, the matrix (
1 0

t 1

)
is in the image of the commutant [S, S] of the group S iff

(2.1) d(t) = 0.

It is easy to derive that the Magnus embedding maps [si, sj ] to(
1 0

tij 1

)
.

So, the subgroup R is mapped onto the subgroup(
1 0

T̃Γ 1

)
.

Therefore, the Magnus embedding µ induces the embedding µΓ of the group SΓ into the matrix group

(2.2) MΓ =

(
A 0

TΓ 1

)
.

A matrix (
a 0

t+ T̃Γ 1

)
∈MΓ,

is in the image of the group SΓ in matrix group (2) if and only if

(2.3) d(t) = a− 1.
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Note that we can choose any element t in the corresponding adjacent class of TΓ to check if condition

(2.3) is satisfied.

3. Universal Equivalence of Groups MΓ

Let v1 be a vertex of a graph Γ, W ′ be the set of vertices in this graph such that these vertices are

adjacent to v1, and W = W ′ ⊔ {v1}. Denote by Γ0 the graph obtained from Γ by adding the vertex v0

and the edges connecting v0 with all vertices in W .

So, the set V0 of vertices in Γ0 is V
⊔
{v0}. By E0 denote the set of edges of Γ0.

In [3] the vertices v0 and v1 were called equivalent. In this paper it was also proved that the universal

theories of partially commutative metabelian groups SΓ and SΓ0 coincide (Theorem 4).

If the vertices v and w are equivalent we use notation v ∼⊥ w.

Let A0 be the free abelian group with the basis {a0, a1, · · · , ar} such that A is a subgroup of A0 and

T0 the free Z[A0]-module with the basis {t0, t1, · · · , tr},

M0 =

(
A0 0

T0 1

)
MΓ0 =

(
A0 0

TΓ0 1

)
.

For a natural number n consider the map ψn of M0 to M that takes each matrix

m0 =

(
al00 a

l1
1 · · · alrr 0∑r

i=0 tiαi(a0, . . . , ar) 1

)
∈M0

to the matrix

m =

(
anl0+l1
1 al2

2 · · · alr
r 0

t1(
an
1 −1

a1−1
α0(a

n
1 , a1, · · · , ar) + α1(a

n
1 , a1, . . . , ar)) +

∑r
i=2 tiαi(a

n
1 , a1 . . . , ar) 1

)
.

Lemma 3.1. The map ψn defines a retraction of M0 to M and T̃0ψn = T̃ .

Proof. For short let us use the following notation

αi = αi(a0, a1, . . . , ar), α
′
i = αi(a

n
1 , a1, . . . , ar),

βi = βi(a0, a1, . . . , ar), β
′
i = βi(a

n
1 , a1, . . . , ar).

Let

n0 =

(
aq00 a

q1
1 · · · aqrr 0∑r
i=1 tiβi 1

)
∈M0.

Then

m0ψn =

(
anl0+l1
1 al22 · · · alrr 0

t1(
an1−1
a1−1α

′
0 + α′

1) +
∑r

i=2 tiα
′
i 1

)
,

n0ψn =

(
anq0+q1
1 aq22 · · · aqrr 0

t1(
an1−1
a1−1β

′
0 + β′1) +

∑r
i=2 tiβ

′
i 1

)
,

m0n0 =

(
al0+q0
0 al1+q1

1 · · · alr+qr
r 0∑r

i=0 ti(αia
q0
0 · · · aqrr + βi) 1

)
.
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Applying ψn to the last matrix we obtain

(3.1) (m0n0)ψn =

(
a
n(l0+q0)+l1+q1
1 al2+q2

2 · · · alr+qr
r 0

τ 1

)
,

where

τ = t1

(
an1 − 1

a1 − 1
(α′

0a
nq0+q1
1 aq22 · · · aqrr + β′0) + α′

1a
nq0+q1
1 aq22 · · · aqrr + β′1)

+

r∑
i=2

ti(α
′
ia

nq0+q1
1 aq22 · · · aqrr + β′i

)
.

Compute the (2, 1)-entry of the matrix (m0ψn)(n0ψn). It coincides with τ . Comparing the matrices

(m0n0)ψn and (m0ψn)(n0ψn) we see that they are equal.

Therefore ψn is a homomorphism acting identically on M . So, ψn is a retraction.

Let us show that T̃0ψn = T̃ .

If i ̸= 0 then tijψn = tij .

Consider the images of the elements t0j under ψn. We obtain

t01ψn = (t0(a1 − 1) + t1(1− a0))ψn = t1

(
an1 − 1

a1 − 1
(a1 − 1)− an1 + 1

)
= 0.

If j ̸= 1 then we have

t0jψn = (t0(1− aj) + tj(a0 − 1))ψn = t1
an1 − 1

a1 − 1
(1− aj) + tj(a

n
1 − 1) =

an1 − 1

1− a1
t1j .

But if (v0, vj) ∈ E0 then (v1, vj) ∈ E. Consequently t0jψn is in T̃ . This completes the proof of the

lemma. □

We identify SΓ and SΓ0 with their images in MΓ and MΓ0 respectively. By Lemma 3.1 the homomor-

phism ψn induces the homomorphism φn of MΓ0 onto MΓ.

Lemma 3.2. The homomorphism φn has the following properties

1. φn is a retraction;

2. φn maps SΓ0 onto SΓ;

3. For any element 1 ̸= g ∈MΓ0 there exists n0 such that gφn ̸= 1 whenever n ≥ n0.

Proof. The first property follows from the definition of ψn.

Let us prove the second property. Let S0 be the free metabelian group with the basis {s0, s1, . . . , sr}
and S its subgroup generated by s1, . . . , sr. Take all commutators [si, sj ] such that (vi, vj) ∈ E0 and

0 ≤ i < j ≤ r. Denote by R0 the normal closure of these commutators in S0.

We have

s0R0 =

(
a0 0

t0 + T̃0 1

)
φn7−→

(
an1 0

an1−1
a1−1 t1 + T̃ 1

)
=

=

(
a1 0

t1 + T̃ 1

)n

= (s1R)
n.
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Clearly, (siR0)φn = siR for 1 ≤ i ≤ r. Therefore, SΓ0ψn = SΓ.

We are left to prove the third property.

Let

1 ̸= g =

(
a 0

t0α0 + · · ·+ trαr + T̃0 1

)
, a ∈ A0, αi ∈ Z[A0].

Case 1: a ̸= 1.

If a does not depend on a0 then any number can be chosen for n.

Let a depend on a0, i.e. a = al00 · · · alrr , l0 ̸= 0. Choose n0 such that l0n0 + l1 > 0 for l0 > 0 and

l0n0 + l1 < 0 for l0 < 0. Obviously, for all n ≥ n0 we get gφn ̸= 1.

Case 2a: a = 1,
∑r

i=0 αi(ai − 1) = 0.

In this case the matrix g is in the commutant of SΓ0 . The homomorphism φn induces the homomor-

phism φn of SΓ0 onto SΓ and for φn we have

s0R0 7−→ sn1R, siR0 7−→ siR, i = 1, . . . , r.

In [3], Theorem 4, it was shown that there exists n0 such that for any n ≥ n0 the image of g ∈ [SΓ0 , SΓ0 ]

is not equal to the unit. This value of n0 satisfies the condition of the lemma.

Case 2b: a = 1,
∑r

i=0 αi(ai − 1) ̸= 0.

Let α =
∑r

i=0 αi(ai − 1). Define a homomorphism χn : Z[A0] −→ Z[A] on the basis of A0 as follows.

χn = {a0 7−→ an1 , a1 7−→ a1, . . . , ar 7−→ ar}.

Choose n0 in such a way that the image of α under χn is non-zero. Show that for any n ≥ n0 the

element gφn is not equal to the unit.

We have

gφn =

(
1 0

t1(
an1−1
a1−1α

′
0 + α′

1) + t2α
′
2 + · · ·+ trα

′
r 1

)
.

Therefore

(a1 − 1)

(
an1 − 1

a1 − 1
α′
0 + α′

1

)
+ (a2 − 1)α′

2 + · · ·+ (ar − 1)α′
r =

(an1 − 1)α′
0 + (a1 − 1)α′

1 + · · ·+ (ar − 1)α′
r = αχn ̸= 0.

The lemma is proved completely. □

A group G is discriminated by a group H if for any sat of non-unit elements {g1, · · · , gn} in G there

exists a homomorphism φ : G −→ H such that φ(gi) ̸= 1 for all i = 1, . . . , n.

It is well known that if G is discriminated by H and H is discriminated by G then the universal

theories of G and H coincide.

Theorem 3.3. Let v0 and v1 be equivalent v0 ∼⊥ v1 in a graph Γ0 and let the graph Γ be obtained from

a graph Γ0 by deleting a vertex v0 and all edges incident to v0. Then the universal theories of MΓ and

MΓ0 coincide.

Proof. It is clear that the group MΓ is embedded in the group MΓ0 . On the other hand, Lemma 3.2

implies that MΓ0 is discriminated by MΓ. So, the assertion follows. □
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Let Γ be a graph with the set of vertices V = {v1, . . . , vr} and the set of edges E. Consider a family

of non-trivial groups {Gv | v ∈ V }. The graph product of these groups is the factor group of the free

product
∏∗

v∈V Gv by the normal subgroup generated by commutants [Gv, Gw] such that (v, w) ∈ E.

Let us define the notion of metabelian graph product. Actually we need to change the free product

of groups by the metabelian product. We are going to use the definition of metabelian product for free

abelian groups.

Let Ai = Avi be a free abelian group, i = 1, . . . , r.

Metabelian product A2
∏
Ai is the factor group of the free product F =

∏∗Ai by the second commu-

tant

F (2) = [[F, F ], [F, F ]].

Metabelian graph product S(Γ, A1, . . . , Ar) is the factor of A
2
∏
Ai by the normal subgroup generated

by the commutants [Ai, Aj ], such that (vi, vj) ∈ E.

Metabelian graph product of free abelian groups of finite ranks can be obtained as follows. Let Ai

be the free group of rank ri ≥ 2. For i = 1, . . . , r we add the vertices vi2 , . . . , viri to the set V of

vertices of the graph Γ. We connect all vertices vi, vi2 , . . . , viri pairwise. In addition, we connect all

vertexes vi2 , . . . , viri with v whenever (vi, v) ∈ E. Let ∆ be the obtained graph. It is clear that S∆ and

S(Γ, A1, . . . , Ar) are isomorphic.

Denote M∆ by M(Γ, A1, . . . , Ar).

Since vi2 , . . . , viri are equivalent to vi Theorem 3.3 implies the following corollary.

Corollary 3.4. Let Ai, i = 1, . . . , r, be free abelian groups of finite ranks and Γ a graph. Then the

universal theories of MΓ and M(Γ, A1, . . . , Ar) coincide.

Let Γ be a totally disconnected graph. Then SΓ ≃ S is the free metabelian group of rank r and

MΓ ≃ AwrB is a wreath product of two abelian groups of rank r. In [8] it was shown that the universal

theories of the groups S and AwrB coincide.

But there exists a graph Γ such that the universal theories of SΓ and MΓ differ.

Proposition 3.5. Let Γ = L3 be the linear graph on three vertices. Then the universal theories of SΓ

and MΓ do not coincide.

Proof. Recall that centralizer dimension CdimG of a group G is equal to n if there exist subsets

A1 ⊂ A2 ⊂ · · · ⊂ An,

in G such that their centralizers

C(A1) > C(A2) · · · > C(An)

are strictly decreasing and n is the largest number such that this property holds for n.

If there is no largest n then set Cdim(G) = ∞.

Notice that coincidence of universal (equivalently, existential) theories of two groups implies coinci-

dence of their centralizer dimensions.
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First, let us find centralizer dimension of the group SΓ which is isomorphic to the direct product of

the free metabelian group S2⟨x1, x3⟩ of rank 2 and the infinite cyclic group ⟨x2⟩. In [14], the following

formula for centralizer dimension of a direct product of two groups was proved

Cdim(S2 × ⟨x⟩) = Cdim(S2) + Cdim(⟨x⟩)− 1.

So, it is easy to see that Cdim(SΓ) = 3.

Now let us find Cdim(MΓ). Let

t̂13 =

(
1 0

t1(a3 − 1) + t3(1− a1) + T̃Γ 1

)
,

t̂1 =

(
1 0

t1 + T̃Γ 1

)
, t̂2 =

(
1 0

t2 + T̃Γ 1

)

â1 =

(
a1 0

T̃Γ 1

)
, â2 =

(
a2 0

T̃Γ 1

)
.

We obtain the chain of centralizers

MΓ
â1
> C(t̂13)

â2
> C(t̂13, t̂2)

t̂1
> C(t̂13, t̂2, â2).

In detail:

1. [â1, t̂13] = [x1, [x1, x3]] ̸= 1 in S2.

2. [â2, t̂13] = [x2, [x1, x3]] = 1. If [â2, t̂2] = 1 then t2(a2− 1) is in the submodule T̃Γ of the free module

T generated by the elements

(a1 − 1)t2 + (1− a2)t1, (a3 − 1)t2 + (1− a2)t3.

But this is impossible.

3. For the same reason t̂1 ∈ C(t̂13, t̂2)\C(t̂13, t̂2, â2).
Therefore Cdim(MΓ) ≥ 4. This concludes the proof. □

4. Equations in one unknown

Theorem 4.1. An equation

(4.1) g1x
m1 · · · glxml = 1, gi ∈ SΓ,

is solvable in SΓ iff it is solvable in MΓ.

Proof. Let

µΓ : gj 7−→ ĝj =

(
bj 0

τj + T̃Γ 1

)
, j = 1, . . . , l, bj ∈ A, τj ∈ T.

Suppose that equation (4.1) is solvable in MΓ and

x̂ =

(
x 0

τ 1

)
is its solution.
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One can compute that the left-hand side of the equation is equal to(
b1 · · · blxm1+···+ml 0

γ 1

)
,

where

γ = τlx
ml +

l−1∑
j=1

τjbj+1 · · · blxmj+···+ml+

τ(
xml − 1

x− 1
+

l−1∑
j=1

bj+1 · · · bl
xmj − 1

x− 1
xmj+1+···+ml) + T̃Γ,

and xm−1
x−1 = m for x = 1.

Equation (4.1) is solvable in MΓ iff the system of equations

(4.2) b1 · · · blxm1+···+ml = 1
∧

γ = 0

is solvable with respect to τ ∈ T and x ∈ A.

Let us use the following notation

B =
xml − 1

x− 1
+

l−1∑
j=1

bj+1 · · · bl
xmj − 1

x− 1
xmj+1+···+ml .

Since d is a module homomorphism and d(τj) = bj − 1 we have

d(γ) = (bl − 1)xml +
l−1∑
j=1

(bj − 1)bj+1 · · · blxmj+···+ml + d(τ)B.

Since (x, τ) is a solution of (4.2), we obtain

B(x− 1) + (bl − 1)xml +
l−1∑
j=1

(bj − 1)bj+1 · · · blxmj+···+ml = 0.

We obviously have

Bd(τ) + (bl − 1)xml +
l−1∑
j=1

(bj − 1)bj+1 · · · blxmj+···+ml = d(γ) = 0.

Consequently B(x− 1) = Bd(τ).

If B = 0 then system (4.2) does not depend on τ . Therefore for any y ∈ TΓ the matrix

(4.3)

(
x 0

y 1

)

is a solution of (4.2). Evidently, for x ∈ A one can find y such that the matrix (4.3) is in SΓ.

If B ̸= 0 then d(τ) = x− 1. This means that the matrix x̂ is SΓ. This completes the proof. □
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