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ABSTRACT. This paper deals with the mutual relationships between the factor group G/((G) (re-
spectively G/, (G)) and G’ (respectively v+1(G) and G™). Tt is proved that if G/C(G) (respectively
G/¢k(@)) has finite 0-rank, then G (respectively vx11(G) and G™) also have finite 0-rank. Further-

more, bounds for the 0-ranks of G’,vx4+1(G) and G™ are obtained.

1. Introduction

Let G be a group and let ((G) denote the centre of G. Starting from the centre we can define the

upper central series

1=¢(G) £ Q(G) £+ CalG) < C+1(G) <+ G(G)
of G in the usual way by setting (1(G) = ((G), (a+1(G)/Ca(G) = ((G/(a(Q)), for all ordinals «,
G(G) = Uanc,p Ca(G), for all limit ordinals p and ((G/(y(G)) is trivial.

Likewise we let 72(G) = G’, the derived subgroup of G and define the lower central series
G =7(G) > 7%(G) >+ 7a(G) > Ya+1(G) > -+ 75(G)

of G by setting Ya+1(G) = [7a(G), G], for all ordinals a, 7,(G) = (,<, Ya(G), for all limit ordinals
p and 75(G) = [15(G), G].
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It is well-known that G = (,(G), for some natural number n if and only if 4,41 (G) = 1 and this

prompts the general question:

For which classes of groups X does the fact that G/(,(G) € X imply that v,4+1(G) €
x?

The classes X with this property are called Baer classes in [14]. The motivation for this name lies
in the fact that if G/(,.(G) is finite, then v,+1(G) is also finite, a result which became known as
Baer’s Theorem and which R. Baer noted can be obtained from Zusatz zum Endlichkeitssatz in his
paper [2]. A particular case of this theorem is the result that if G/{(QG) is finite, then G' = vo(G) is
also finite, a theorem which is traditionally called Schur’s Theorem. This tradition was initiated by
P. Hall who attributes the result to the famous algebraist I. Schur, without giving a reference. This
tradition has permeated the literature, which often cites [21] as the source of this result. Although
Schur proved many important results,this was not one of them. In [21] Schur introduced a new
concept, now called the Schur multiplier or Schur multiplicator, which he defined only for finite
groups. The result we know as Schur’s Theorem appeared in the literature for the first time in
a paper of B. H. Neumann [18], a student of Schur. However at the end of this paper Neumann
writes that he received a letter from Baer, informing him that Neumann’s result is a consequence
of a more general result proved by Baer in [1]. In fact in [1, Theorem 3] it was proved that if the
normal subgroup H of the group G has finite index then (G’ N H)/[H,G] is also finite. One year
after the publication of [18], Baer [2] gave another proof of this result. It therefore appears that
the result mentioned above should be called the Baer-Neumann Theorem. This theorem and Baer’s
Theorem serve as a starting point for numerous generalizations and we refer the reader to the papers
[20, 4, 8, 12, 16, 5, 13] and also the survey [7]. In the current article we also obtain generalizations
of these results associated with the class of groups of finite 0-rank.

Let G be a group which has an ascending series whose factors are either infinite cyclic or periodic.
If the number of infinite cyclic factors is finite then the group G is said to have finite 0-rank. The
O0-rank of the group G is the number of infinite cyclic factor groups in the series and is denoted
by ro(G), an invariant of the group. Thus if the number of infinite cyclic factors is exactly r then
ro(G) = r. If no such integer r exists then we shall say that G has infinite O-rank. If G has no such
ascending series the 0-rank is undefined.

We consider groups G whose central factor group G/((G) has finite O-rank and the question then
arises as to whether or not G’ has finite 0-rank. In general the answer is in the negative since in
[16] an example is constructed of a group H with the property that H = H’', ((H) is free abelian
of infinite O-rank and H/((H) is periodic (and hence has finite O-rank). Thus a positive answer to
this question is only possible under additional hypotheses and one common limitation is to restrict
attention to the class of generalized radical groups, where a group G is generalized radical if G has

an ascending series whose factors are locally nilpotent or locally finite
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The main result of Section 2 is as follows:

Theorem A. Let G be a locally generalized radical group and suppose that C' is a subgroup of ((G)
such that G/C has finite 0-rank r. Then G’ has finite 0-rank at most r(5r% + 5r — 1) /2.

This result is the 0-rank version of the well-known fact that if G is a group such that G/{(G) is
polycyclic-by-finite, then G’ is polycyclic-by-finite also. It should also be compared with [4, Theorem
A] and [16].

In Section 3 we discuss the generalizations of Baer’s Theorem in the O-rank case. There are two
main results in this case. First we prove the following theorem, analogous to [5, Theorem A], for

which the bound is rather complicated.

Theorem B. Let G be a locally generalized radical group and suppose that, for some natural number
k, G/Ck(G) has finite 0-rank r. Then vx+1(G) has finite 0-rank and there is a function v such that

r0(Ve+1(G)) < v(r, k).

In Section 3, we also prove the following result which shows that the bound for the nilpotent
residual is much easier to determine. The proof of this result is more technical and requires knowledge
of the Z-decomposition of an abelian normal subgroup, first introduced by D. 1. Zaitsev [22], details
of which can be found in [15] and [12].

Theorem C. Let G be a locally generalized radical group and suppose that for some natural number
k, G/Ck(G) has finite 0-rank r. Then the nilpotent residual G™ of G has finite 0-rank and ro(G™) <
r(5r% + 51 + 1) /2.

It is worth noting that ro(G™) is bounded by a function of ro(G/(x(G)) only. We would also
like to note that if G is a locally generalized radical group, with maximal normal torsion subgroup
Tor (G), then G/Tor (G) has finite special rank, a result which appeared in [6]. In Theorem 3.6 of
the current paper, a simpler bound for the special rank of G/ Tor (G) is obtained, namely G /Tor (G)
has special rank at most 5r%(r + 1)/2, where 7 = ro(G).

2. Groups whose central factor group has finite O-rank

We begin with the following elementary lemma whose proof we omit.

Lemma 2.1. Let G be a group. Suppose that H is a subgroup of G and L is a normal subgroup of
G.

(i) If G has finite O-rank, then H has finite 0-rank and ro(H) < ro(G);
(ii) G has finite 0-rank if and only if both L and G/L have finite O-rank. In this case 19(G) =
To(L) + ’I"o(G/L)

Next we prove a result whose proof is similar to that of [4, Corollary 3.8].
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Lemma 2.2. Let G be a group and let A be a normal abelian subgroup of G. Suppose that G satisfies
the following conditions:

(i) G/Cq(A) = (x1Cg(A), ..., 2mCac(A)), where x1,...,xm € G;

(ii) ANC(GQ) contains a subgroup C' such that A/C has finite 0-rank r.

Then [A,G] has finite 0-rank at most rm.

Proof. The map ¢; : A — [A, x;] defined by ¢;(a) = [a,z;] is an endomorphism of A with kernel
Ca(x;) so A/Ca(z;) = [A,x;]. Since C < Cy(x;) ro(A/Ca(z;) < r and hence ro([A,z;]) < r.
However, [A,G]| = [A, 1] - - [A, x,n] which therefore has O-rank at most rm. O

The next corollary is modeled on [4, Corollary 3.9]. We recall that if G is a group, then G has
finite special rank r if every finitely generated subgroup of G is at most r-generator and r is the

least natural number with this property.

Corollary 2.3. Let G be a group and let A be a normal abelian subgroup of G such that G/Cg(A)
has finite special rank m. If ANC(G) contains a subgroup C' such that A/C has finite O-rank r, then
[A, G] has finite 0-rank at most rm.

Proof. Let
L={F <G|Cg(A) < F and F/Cz(A) is finitely generated}
denote the local system of subgroups in which F/Cg(A) is at most m-generator. Since [A,G| =

UperlA, F], Lemma 2.2 implies that each of the subgroups [A, F] has 0-rank at most 7m. Hence
[A, G] has O-rank at most rm also, by [6, Proposition 2]. O

We next prove a special case of Theorem A.

Lemma 2.4. Let G be a group and let C be a subgroup of ((G) such that G/C is abelian of finite
0-rank r. Then G’ has finite 0-rank at most r(r — 1) /2.

Proof. Notice that G is a nilpotent group of class at most 2. Let H/C = (x1C,...,x,C) be a
torsion-free abelian subgroup of G/C such that G/H is periodic. Let g,h € G and observe that
there are natural numbers m,n such that ¢™ h"™ € H. Then [¢", h"] = [g,h|™™ € H’, so it follows
that G'/H' is periodic. Hence ro(G’) = ro(H’) and it suffices to show that ro(H') < r(r —1)/2.
However if x,y € H, then there are integers s, ..., $,,t1,...,t, and elements ¢, d € C such that
[z, y] = [2y" - are,alt -l d]
- [:1:17 xQ]U12 [xla $3]U13 e [xi7 xj]Ui’j e [m’l”—17 xr]ur—l,r
for certain integers u; j. Thus H' can be generated by the elements of the form [z;, z;], where i < j so

that H' is at most an r(r —1)/2-generator abelian group. Hence ro(H') < r(r—1)/2, as required. [
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Corollary 2.5. Let G be a group containing normal subgroups A, B such that the following conditions
hold:

(i) A< B, A<((G) and B/A < ({(G/A);

(ii) B/A has finite 0-rank r and G/B has finite special rank k.

Then [B, G| has finite 0-rank at most r(r + 2k — 1)/2.

Proof. Applying Lemma 2.4 to B we see that ro(B’) < r(r — 1)/2. Of course B/B’ is abelian and
(G/B")/Cq p (B/B’) has finite special rank at most k. Applying Corollary 2.3 to G/B’ we deduce
that [B/B’,G/B'] = [B,G]/B’ has finite 0-rank at most rk. Finally, by Lemma 2.1, we have

ro([B,G]) = ro(B') +ro([B,G]/B") <r(r—1)/2 +rk =r(r+2k —1)/2,
as required. O

Corollary 2.6. Let G be a group containing normal subgroups A, B such that the following conditions
hold:

(i) A< B, A<((G) and B < (n(G), for some natural number m;
(ii) B/A has finite 0-rank r and G/B has finite special rank k.

Then [B,G] has finite 0-rank at most r(2r + 2k — 1) /2.

Proof. Clearly B is nilpotent and we let Tor (B) denote the torsion subgroup of B. We first suppose

that B is torsion-free and let

\=20<Z1 < <Zy=B

be the upper central series of B. Since A < BN ((G) < Z; it follows that B/Z; has finite O-rank at
most r. The factors Z;/Z;_; are torsion-free, for 1 < j < m, and hence m —1 < r.

Let ro(Zj4+1/Z;) = rj41, for 1 < j < m — 1. Clearly we have ro(B/Z3) = r — 3. A result of
V. M. Glushkov [9] shows that the special rank of B/Zs is also r — ry and hence G/Zs has special
rank at most k + r — ra. Then Corollary 2.5 implies that Cy = [Z3, G| has finite 0-rank at most
ro(re + 2k + 2r — 2ro — 1)/2 = 1r9(2k + 2r —re — 1)/2.

The centre of G/Cs contains Z5/Cy and we now apply the above argument to G/Cy. We have
ro((Z3/C2)/(Z2/C2)) =ro(Z3/Z2) = r3. Also G/Z3 has special rank at most k+r—ra—1r3, so at most
k+r —rs. Then, as above, C3/Cy = [Z3/C2, G/C5] has finite O-rank at most r3(2k +2r —r3 —1)/2.
Since Cy = [Z2,G] < [Z3, G| we have [Z3/Cy, G/Cs] = [Z3,G]/Ca. and we deduce that

ro([Z3,G]) <ro(2k +2r —rog —1)/2 4+ r3(2k +2r —rz —1)/2

=(ro+r3)(2k+2r—1)/2 — (r% +r§)/2.
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We now repeat this argument and after finitely many steps we deduce that

ro([B,G]) < r(2k +2r —1)/2 — (r3 + 73 +---12)/2

m

<rQ2k+2r-1)/2.

Finally we note that if B is not torsion-free then we can apply the argument above to the group
G/Tor (B) to deduce that

ro([B/Tor (B),G/Tor (B)] < r(2k +2r —1)/2.
Since ro([B, G]) = ro([B/Tor (B),G/Tor (B)]), the result follows. O

A variation of the next result appears in [19, Corollary 5] and follows from results of Kar-
gapolov [11] and Baer and Heineken [3]. We omit the proof since is similar to that given in [19]. In

any case the next few results are probably well-known.

Lemma 2.7. Let p be a prime and let G be a finite p-group. If every abelian subgroup of G has
finite special rank at most r, then G has special rank at most r(5r +1)/2.

The following result was observed in [5, Lemma 1.2] and we omit its proof.

Proposition 2.8. Let G be a finite group. If every abelian subgroup of G has special rank at most
r, then G has special rank at most r(5r + 3)/2.

Corollary 2.9. Let F be a field and let G be a finite subgroup of GL,(F'). If F' has characteristic
0 then G has special rank at most n(5n + 3)/2.

Proof. By Lemma 2.7 every abelian subgroup of G has special rank at most n, so we can apply
Proposition 2.8 to GG to obtain the result. ]

Corollary 2.10. Let A be a torsion-free abelian group with finite 0-rank r and let G be a finite
subgroup of Aut(A). Then G has special rank at most r(5r + 3)/2.

Proof. Let D be the divisible envelope of A. Every automorphism of A extends to an automorphism
of D. Also D = @}_;D; where D; 2 Q, for 1 < j < r and Aut(D) = GL,(Q). The result now
follows by Corollary 2.9. g

Corollary 2.11. Let G be a group and let A be a torsion-free abelian normal subgroup of G. Let C
be a subgroup of ANC(G) such that A/C' is torsion-free of finite 0-rank r. Then every finite subgroup
of G/Cq(A) has special rank at most r(5r + 3)/2.

Proof. Let H/Cg(A) be a finite subgroup of G/Cg(A) and let Z = Cy(A/C). If z € Z,a € A, then

z —m m

a® = ac, for some element ¢ € C and for every natural number m we have z7™az™ = ac™. Since

H/Cg(A) is finite there is a natural number ¢ such that 2 € Cg(A), so we have a = 2 taz! = act
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and hence ¢! = 1. However C is torsion-free, so ¢ = 1 and hence z € Cy(A). Consequently,
Cy(A/C) = Cgx(A). Corollary 2.10 implies that H/Cp(A/C) has special rank at most r(5r + 3)/2,

as required. O
We may now prove the main result of this section.

Proof of Theorem A. Let R = Tor (G) and note that ro(G) = ro(G/R). Hence it is sufficient to
prove the theorem for G/R and in so doing we may suppose that R = 1.

By Theorem [6, Theorem A], G has a series of normal subgroups C' < T < L < K < G such that
T/C is locally finite, L/T is a torsion-free nilpotent group, K /L is a finitely generated torsion-free
abelian group and G/K is finite. By [4, Proposition 3.2], [T, G] is locally finite. By our assumption
we have [T, G] = 1 and hence we may assume that 7' = C.

Let ro(L/C) = r1 and ro(K/L) = ro. Corollary 2.6 applied to L implies that L’ has O-rank at
most r1(2r1 — 1)/2. Applying Corollary 2.3 to K/L' shows that [L/L', K/L'| = [L, K]|/L’ has finite

O-rank at most r;ry and we deduce that
ro([L, K]) < r1(2r1 —1)/2 + rira.

Next we note that L/[L, K] lies in the centre of K/[L, K] so we may apply Lemma 2.4 to K/[L, K|
to deduce that (K/[L,K]) = K'/[L, K] has finite O-rank at most ro(ro — 1)/2. Hence we have,

observing that r = rq + 79,

ro(K') <ri(2r1 = 1)/2+ rira + ra(r2 — 1) /2
=ri+rira+715/2—r1/2—1r2/2 =17 —1/2 = ra(r — ry/2)
<r@2r-1)/2.

Let S/K' = Tor (K/K') and note that ro(S) = ro(K’). Furthermore, K/S is a torsion-free
abelian group. Let P/CS = Tor (K/CS), a locally finite group. Proposition 3.2 of [4] implies that
[P/S,G/S] = [P,G]S/S is locally finite, so we deduce that [P, G] < S. Consequently, P/S < ((G/S).
The factor group K/ P is torsion-free and has O-rank at most 7. Applying Corollary 2.11 to G/S, we
see that the finite group (G/S)/Cq/s(K/S) has special rank at most 7(5r +3)/2. Corollary 2.3 can
be applied again and this now implies that [K/S,G/S] = [K, G]S/S has 0-rank at most 72(5r +3) /2.

We now have
ro([K,G]) < r2(5r +3)/2 4+ r(2r —1)/2 = (572 + 5r — 1)/2.
The centre of G/[K, G] contains K /[K,G] which is of finite index in G/[K, G]. Consequently we

may apply Schur’s Theorem to deduce that G'/[K,G| = (G/[K,G])" is finite and hence ro(G') =
ro([K, G]). Finally we have ro(G’) = r(5r% + 5r — 1)/2, as required. O

http://dx.doi.org/10.22108/ijgt.2017.21674


http://dx.doi.org/10.22108/ijgt.2017.21674

44 Int. J. Group Theory 7 no. 1 (2018) 37-50 M. R. Dixon, L. A. Kurdachenko and I. Ya. Subbotin

3. An extension of Baer’s Theorem

Our next goal is to establish an analogue of Baer’s Theorem for groups of finite O-rank. Thus we
shall be considering groups in which G/(i(G) has finite 0-rank for some natural number k£ and we
shall be interested in obtaining information concerning the 0-rank of vx41(G). There are two stages
required to establish this goal, the first being the important special case when G/(;(G) is locally
finite.

We consider a slightly more general situation. We let A be a normal subgroup of the group G.
Write A = 71(A4, G),%2(A, G) = [A, G] and recursively vo+1(4, G) = [7a(4, G), G] for all ordinals «
and Y\(4,G) = Nu<xyu(A, G) for all limit ordinals A\. Our next result is really a generalization of
[4, Proposition 3.2].

Theorem 3.1. Let G be a group and let A be a normal subgroup of G. If AJ/(AN(x(Q)) is locally
finite, then vyi4+1(A, G) is also locally finite and (viy1(A, G)) CII(A/AN (L (G)).

Proof. Let Z; = (;(G) and let
1=20< 1 << Zp 1< Zp=12

be a part of the upper central series of G. We use induction on k. If & = 1 then A/(AN Z) is
locally finite and an application of [4, Proposition 3.2] shows that y2(A, G) = [4, G] is locally finite
and that II(72(A4,G)) CII(A/AN Zy).
Assume now that £ > 1 and consider G/Z;. Suppose we have already proved that v (AZ1/Z1,G/Z1)
is locally finite and that
(v (AZ1/Z1, G/ Z1)) € TI(A/AN G(G)).

Let K/Zy = v (AZ1/Z1,G/Z1) and apply [4, Proposition 3.2] to deduce that [K, G] is locally finite
and II([K, G]) CII(K/Z,). We note that v4(AZ1/Z1,G/Z1) = v (A, G)Z1/Z, and hence 7;(A,G) <
K. Then v44+1(4,G) = [Ww(A,G),G] < [K,G]. It follows that v;1(A,G) is locally finite and
H(vk41(A, G)) CI(K/Zy) € TI(A/(AN G(G))). O

Corollary 3.2. Let G be a group and suppose that G /(i (G) is locally finite for some natural number
k. Then vi11(G) is also locally finite and 11(vyk+1(G)) C I(G/(k(G)).

The following result is a version of [8, Lemma 2| and a special case of it occurs in [5, Theorem B],

so we omit the proof which follows verbatim from that result.

Theorem 3.3. Let G be group and suppose that G /(~(G) is locally finite. Then G contains a normal
locally finite subgroup R such that G/R is locally nilpotent. Furthermore II(R) C II(G/{x(G)). In
particular the locally nilpotent residual G LN of G is locally finite and G/ GIN s locally nilpotent.

We obtain the following corollary which occurs as [8, Lemma 1].
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Corollary 3.4. Let G be a group and let C be a G-invariant subgroup of (x(G) such that G/C is
locally finite. If Tor (G) =1, then G is a torsion-free hypercentral group.

Proof. Since Tor (G) =1, Z = (»(G) is torsion-free. Using Theorem 3.3 we deduce that G is locally
nilpotent and hence is torsion-free. Now a theorem of Maltsev [17] implies that G is hypercentral,

as required. O

To continue further we need to determine the connection between the O-rank and the special rank.

Lemma 3.5. Let G be a nilpotent-by-finite group with finite 0-rank r. If Tor (G) = 1 then G has
special rank at most 5r2(r + 1)/2.

Proof. Let L be the maximal normal nilpotent subgroup of G and let
| =Zy< /<< Z=1

be the upper central series of L. The hypotheses on G imply that Tor (L) = 1 and it is well-known
that each factor Z;/Z;_; is torsion-free for 1 < j < k and hence k < ro(L). Furthermore, G/L is
finite so ro(G) = ro(L).

Let C' = Zj_1 and note that G/C' is centre-by-finite. Let V;,/C = Cq/c(Z;/C). Since Z;/C' is
torsion-free it follows that Tj_;/C = Tor (V},/C) is finite. We may apply Schur’s Theorem to G/C
and deduce that (Vj/C)’ is finite. Corollary 2.10 shows that G/Vj, has finite special rank at most
r(5r +3)/2 so

I‘(G/Tk_l) < I‘(Vk/Tk_1) + I‘(G/Vk)
<r+rbBr+3)/2=r(bBr+5)/2.

Next we consider the factor group Ty_1/Zk_o. By the same arguments as those used above we
deduce that there is a G-invariant subgroup T}_o containing Zj_o such that T;_o/Zj_5 is finite and
T—1/T—2 has special rank at most (57 + 5)/2. Then

r(G/Tk—2) <r(Tp—1/Tk—2) + v(G/Ti—1) < r(5br +5)/2 +r(5r+5)/2.

We may repeat these arguments to construct a sequence of G-invariant subgroups, 7T}, such that
T; < Tjt1, Tj/Z; is finite and r(Tj41/T;) < r(5r+5)/2, for 2 < j < k—2. This means that G/T5 has
special rank at most (k — 1)r(5r +5)/2. Likewise Ty /Tor (T%) has special rank at most r(5r + 5)/2.

However Tor (T5) = 1 so G has special rank at most
(k—1)r(5r +5)/2+7(57 +5)/2 = kr(5r +5)/2 < 5r%(r 4+ 1) /2,
as required. O

Theorem 3.6. Let G be a locally generalized radical group. If G has finite 0-rank r, then G/ Tor (G)
has special rank at most 5r%(r +1)/2.
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Proof. Since Tor (G/Tor (G)) = 1 and we are obtaining the result for G/Tor (G), we shall assume
that Tor (G) = 1. Then, by [6, Theorem A], G has normal subgroups L < K such that L is
torsion-free nilpotent, K/L is a finitely generated torsion-free abelian group and G/K is finite.

If L = K, then Lemma 3.5 shows that G has special rank at most 5r%(r + 1)/2, so suppose that
K # L. Let ro(L) = r; and ro(K/L) = r9, so rp +r2 = r. Let T1/L = Tor (G/L). Applying
Lemma 3.5 we deduce that G/T} has special rank at most 573 (r2 4+ 1)/2. We note that Ty /L is finite
so we may apply Lemma 3.5 to T} to deduce that 77 has special rank at most 57“% (ri+1)/2. Hence

G has special rank at most

57“%(7“1 + 1)/2—|—57‘§(7“2 +1)/2= 5(7‘:1)’ —}—rg —1—7‘% —{—7‘%)/2

=5((r —12)’ +73 + (r —12)* +73)/2

5(r3 +r2 4 3rro(re — 1) + 2r9(rg — 1)) /2
< 5r%(r 4+ 1)2,

since 7 > 79. In either case r(G) < 5r2(r 4 1) /2, as required. O
Proof of Theorem B. Let T = Tor (G), let Z;/T = (;(G/T) and let
1=Z0/T<Z1)T < - < Zj /T < Z4)T = Z)T

be a part of the upper central series of G/T. By [6, Theorem A] G hasaseries Z < P<Q < K <G
of normal subgroups such that P/Z is locally finite, QQ/P is torsion-free nilpotent, K /@ is finitely
generated torsion-free abelian and G/K is finite. By Theorem 3.1 S/T = ;41 (P/T, G/T) is locally
finite and, since T' is locally finite, it is clear that S is locally finite. Hence S = T and so P/T <
(G)T) = 2Zy/T = Z/T. Hence P = Z and Q/Z is a torsion-free nilpotent group of finite 0-rank.
The remainder of the argument is to be applied to the group G/T. We shall show that ;11 (G/T)
has finite zero rank. We note that vx1+1(G/T) = y,+1(G)T/T. Since T is periodic it follows that

ro(k+1(G/T)) = ro(vr41(G)T) = ro(1r41(G)).

Thus in order to simplify our notation we may assume that 7' = 1 in the remainder of the argument
and hence assume that Z is torsion-free. As we saw above, Tor (G/Z) = 1 and Theorem 3.6 implies
that r(G/Z) < 5r2(r +1)/2.

We use induction on k. If £ = 1 then the central factor group G/Z; has finite 0-rank and then
Theorem A implies that G’ has finite O-rank at most (572 + 5r — 1)/2 = v(r, 1).

Assume now that & > 1 and that there is a function v, depending on r and k such that v;(G/Z1)
has finite O-rank at most v(r,k — 1). Set V/Z = vx(G/Z1), let L = v,(G) and note that V = LZ;.
Then V' = [LZy,LZ1] = L, since Z; = (1(G). Also [V, G| = [L, G| = v+1(G). An application of
Theorem A shows that L’ has finite O-rank at most v(r,k — 1)(5v(r,k — 1)% + 5v(r,k — 1) — 1)

The factor group L/L’ is abelian and we have
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(L/L)/(L/ L' N2 L' /L) = (L/L)(Z,. L) [(Z, L/ L)
~[L7/L'Zy = L/(LNZ L),
an epimorphic image of L/L N Z;. Certainly,
ro(L/LNZy) =ro(LZ1) 7)) = vo(V/Z1) < v(rk —1)
and hence
ro((L/L))/(L/L'NZ,L' /L)) < v(r,k —1).

It is well-known that [L, Z] = 1 and hence G/Cg(L) is an image of G/Z. It follows that G/Cq(H)
has special rank at most 5r%(r + 1)/2. We apply Corollary 2.3 to G/L’' and the work above shows
that [L/L',G/L') = [L,G]/L' = v14+1(G)/L’ has finite O-rank at most 5v(r,k — 1)r2(r +1)/2.

It follows that ~yx+1(G) has finite O-rank and that

ro(Ve+1(G)) < vo(e+1(G) /L") +ro(L)
<5v(r k—1)r?(r+1)/2
+v(r k—1)(6v(rk—1)% 4+ 50(r k- 1) = 1).
Consequently we let
v(r k) =5v(r,k — 1)r*(r+1)/2 + v(r,k — 1)(5v(r, k — 1)? + 50(r, k — 1) — 1).
The result follows. U

The previous result shows that 7x41(G) has finite O-rank and this implies that the nilpotent
residual of G also has finite 0-rank. However the bound for the O-rank of the nilpotent residual
turns out to be simpler than that for v41(G) as we shall now see, although it requires some further
ideas. A key role here will be played by the Z-decomposition of certain normal abelian subgroups.
However, for torsion-free subgroups these Z-decompositions can only exist in certain extensions. It

is convenient to use the language of modules over group rings.

Proposition 3.7. Let G be a group and let A be a torsion-free normal abelian subgroup of G. Suppose
that ,for some natural number k, A/(AN((G)) has finite O-rank r. If G/Cq(A) is hypercentral,

then A contains a pure G-invariant subgroup D satisfying the following conditions:

(i) D has a finite series of G -invariant pure subgroups
1=Dy<D1<---<Dp=D

such that Dj/D;_y is rationally irreducible, for 1 < j < n;
(ii) A/D is G-nilpotent and ro(D) < r.
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Proof. The group G acts on A by conjugation and this action can be extended naturally to the action
of the group ring ZG on A, making A into a ZG-module. Let B denote the divisible envelope of A.
The action of G on A can be naturally extended to an action of G on B and B can then be made into
a QG-module. Let C be the divisible envelope of AN(x(G) in B, so that C' is a QG-submodule of B.
Furthermore, dimg(B/C) = ro(A/(AN(k(G) = r is finite so that B/C has a finite QG-composition
series. It follows from Corollary [12, Corollary 2.6] that B has a Z-decomposition, B = U@ E, where
U is the upper QG-hypercentre of B and F is a hypereccentric QG-submodule of B. Furthermore,
clog(E) < clgg(B/C) < r. Thus E has a finite series

1=Ey<E <---<E,=E

of QG-submodules whose factors are simple QG-modules. Let D = AN E, D; = AN Ej, for
1 < j < n. Then every subgroup D; is pure and G-invariant. Every factor D;/D;_; is G-rationally
irreducible for 1 < j < n. Finally, ro(D) = dimg(F) < clgg(£) < clge(B/C) < r. Since B/E is
G-nilpotent, A/D is also G-nilpotent. O

Proof of Theorem C. As in the proof of Theorem B we may assume that Tor (G) = 1. Then the
group G has a series (;(G) = Z <V < K < @ of normal subgroups such that V/Z is a torsion-free
nilpotent group, K/V is finitely generated torsion-free abelian and G/K is finite. Let

l=Zy<Z1 << Zy1<Zy=2

be a part of the upper central series of G. Now G/Cg(Z) is nilpotent of class at most k& — 1,
by [10]. Let C = Cg(Z). Since Z < Cg(C) it follows that G/Cg(C) has finite O-rank at most
r. Clearly CNZ < {(C) and C/(ZNC) = CZ/Z has finite O-rank at most r. Using Theorem A
we deduce that C’ has finite O-rank at most (572 + 5r — 1)/2. Let D/C’ = Tor (C/C") and note
that ro(D) = ro(C’). The subgroup D is G-invariant and C/D is a torsion-free abelian group.
Hence C/D < Cg/p(C/D) so that (G/D)/Cq/p(C/D) is nilpotent and has finite 0-rank. We have
(CNZ)D/D < Cgf’/D(C/D) and (C/D)/((CNZ)D/D) = C/(CNZ)D has finite 0-rank at most r.
By Corollary 3.7, C/D contains a pure G-invariant subgroup V/D of 0-rank at most r such that
(C/D)/(V/D) is G-nilpotent. Since G/C is nilpotent, G/V is also nilpotent, so G < V. Finally,

ro(V) = ro(D) +ro(V/D) < (572 +5r —1)/2 + 7 = r(5r% + 5r + 1)/2,

as required. O
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