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THE FIBONACCI-CIRCULANT SEQUENCES IN THE BINARY POLYHEDRAL
GROUPS

ERDAL KARADUMAN AND OMUR DEVECI*

ABSTRACT. In 2017 Deveci et al. defined the Fibonacci-circulant sequences of the first and second
kinds as shown, respectively:

1 1 1 1 1 1 1
Ty = —Tp_1 + Tp_o — Typ_3 for n >4, where z; =z =0 and z3 = 1

and

22 =—x2 s — 22 ,+ 22 5 forn > 6, where 27 = x5 = x5 =23 = 0 and z2 = 1.

Also, they extended the Fibonacci-circulant sequences of the first and second kinds to groups. In this
paper, we obtain the periods of the Fibonacci-circulant sequences of the first and second kinds in the

binary polyhedral groups.

1. Introduction and Preliminaries

Let G be a finite j-generator group and let X be the subset of G x G x G x -+ x G such that

J
(x1,22,...,25) € X if and only if G is generated by z1, x2, ..., x;. We call (z1,22,...,2;) a

generating j-tuple for G.

Definition 1.1. (Devect et al. [6]). For a generating j-tuple (x1,z2,...,2;) € X, we define the

Fibonacci-circulant orbits of the first and second kinds as follows, respectively:
1 _ 1yl 1 !
Ap43 = (an) (an-H) (an+2)
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forn > 1, with initial conditions
-1 . .
a%:(xl) ,CL%:Z'Q, aé:$3 if J=3,
al = (x1)"", ey =(z) ", ah=a2 if j=2

and

for n > 3, with initial conditions

2 _ 2 _ 2 _ 2 _ 2 _ s
a; = I1, Gy = T2, 3 = T3, Ay = T4, 5 = T Zf ]_57
2 2 2 2 2 Ty

ai = 1, a5 = T1, a3 = T2, A5 = T3, U5 = T4 if j=4,

2 .

a%:(ml),a%zml,agle,ai:xg,agzxg if j=3,
3 2 .

a%:(:cl),a%:(xl),a%zwl,ai:xl,(z%:xg if j=2.

For a j-tuple (x1,22,...,2;) € X, the Fibonacci-circulant orbits of the first and second kinds are
denoted by F} (G) and F?

(x1,22,...,25) (z1,22,...,25)

A sequence of group elements is periodic if, after a certain point, it consists only of repetitions

(G), respectively.

of a fixed subsequence. The number of elements in the repeating subsequence is called the period
of the sequence. For example, the sequence a,b,c,d,e,b,c,d,e,b,c,d,e,--- is periodic after the ini-
tial element a and has period 4. A sequence of group elements is simply periodic with period k
if the first k£ elements in the sequence form a repeating subsequence. For example, the sequence

a,b,c,d,e, f,a,b,c,d,e, f,a,b,c,d, e, f,--- is simply periodic with period 6.

Theorem 1.2. (Deveci et al. [6])The Fibonacci-circulant orbits of the first and second kinds of a

finite group are simply periodic.

In [6], the lengths of the periods of the orbits F}

(z1,22,...,7;5

LFY (G;x1,29,...,2;) and LF? (G;x1,29,...,1;), respectively.

) (G) and F(2

T1,L2,...,%5)

(G) were denoted by

Definition 1.3. The binary polyhedral group (l,m,n), for l,m,n > 1, is defined by the presentation
<x,y,z sl =ym =" = :Uyz>.

When | = 2, then we obtain for (2, m,n) the presentation

<y,z ry"t =" = (y2)2> :

The binary polyhedral group (I,m,n) is finite if and only if the number k = Ilmn (% + % + = — 1) =

0
mn + nl + lm — Ilmn is positive. Its order is 4lmn/k.

For more and detailed information on these groups one may consult [2, 4].
The Linear recurrence sequences in groups were firstly studied by Wall [15] who calculated the periods
of the Fibonacci sequence in cyclic groups. Recently, many authors have studied some special linear
recurrence sequences in groups see, for example, [1, 3, 5, 7, 8, 9, 10, 11, 12, 13, 14, 16]. In this paper,

we discuss the lengths of the periods of the Fibonacci-circulant orbits of the first and second kinds
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of the binary polyhedral groups (n,2,2),(2,n,2),(2,2,n), for any n. We consider binary polyhedral

groups as 3-generator groups.

2. Main Results and Proofs

Theorem 2.1. Let Gy, (n > 2) be one the binary polyhedral groups (n,2,2), (2,n,2) and (2,2,n) in
the 3-generator cases. For the generating 3-tuple (x,y, z), the lengths of the periods of the Fibonacci-
circulant orbits of the first kind of the group G, are as follows:

1 dn, n s even,
LF" (Gp;x,y,2) =

8n, n s odd.

Proof. Tt is clear that for the generating 3-tuple (x,y, z), the Fibonacci-circulant orbits of the first
kind of the group G, have the following form:

ai =21 ay=y, aj=zand a; 3= (a,ll)_1 (ahir) (a,thg)_l for n > 1.

Let us consider the group (n,2,2) = <;U,y, zigh =92 =22 = myz> where, |z| = 2n, |y| = |z| = 4,
Moreover,
o= 22 R
22 = TYz =z =2y, zily:x
= =2 = [x,yQ] = [x,zQ] =e.
Then, the sequence F(lx,y,z) ((n,2,2)) is:

-1 -1 -1 n+2 -1 4 -7
r Yy zxexr Y ,Yyr, T y L, YT, XY, .

The Fibonacci-circulant orbit of the first kind of the group (n,2,2) can be said to form layers of length

eight. By using the above comments the sequence becomes:

1 —1 1 _ 1_

a; =2, a, =Y, a3 =2,...,

1 =1 1 _,0d 1 =T

ag =2, ajg =y, ajp = 'Y,...,

1 _ $—4i~)\2+1

1 _ 1 1 _ 4i-\1
agir1 =T = Agjyo0 =YX y Qi3 = Yyouo

where A\; and A\ are positive integers with (A1, A2) = 1. So, we need the smallest i € N such that
47 = 2nv for v € N.

If n is even, then i = 5. Thus, 8 = 4n and LF'((n,2,2);2,y,2) = 4n.

If n is odd, then n = 4. Thus, 8 = 8n and LF' ((n,2,2);z,y,2) = 8n. O

The proofs for the groups (2,n,2) and (2,2,n) are similar to the above and are omitted.
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Theorem 2.2. Let Gy, (n > 2) be one the binary polyhedral groups (n,2,2), (2,n,2) and (2,2,n) in
the 3-generator cases. For the generating 3-tuple (x,y, z), the lengths of the periods of the Fibonacci-

circulant orbits of the second kind of the group G,, are as follows:

Tn, n = 0mod4,
LF?(Gn;z,y,2) =< 14n, n = 2mod4,

28n,  otherwise.

Proof. Tt is clear that for the generating 3-tuple (z,y, z), the Fibonacci-circulant orbits of the second

kind of the group G,, in the following form:

2 _ .2 2 _ 2 _ 2 _ 2 _ 2 _ 2 2 -1/ 9\—1
ai =2, a5 =z, a5 =x, aj =Y, a; = z and Upi3 =0y, o (anfl) (an) for n > 3.

To prove the assertion for the group (2,n,2) we choose a direct hand calculation method. Note

1

that, in this group we have It is important to note that |x| = |z| =4, |y| =2n, 2 =yz, z =y =y 'z

1

and y = 27 'z = 227!, Then the sequence Fé 4,2) ((2,n,2)) is:

2 —1 -3
‘T ) m? 'CC? y? 27 67 y ) y
-1 ,.—1,—4 +1 ,3,.—
e, x L, Ty Ny, ytn
n+2 1

4 3
z, y*, y"ts,

1 5

Yy,
’ x_1y7, yn+8’ y7’
8 49 2 gl
ntll o g1

Yyt w, o yS, Yy
Yoz, ozy Sy, YT,y

oyl yl e, Y12y

—-1,,—12 1 11,.—1 —12 —13
T N TN T
2 —1,14 -1 —-15,.—1 16
Yy, Yyt Ty et gyt
15 —16 15

The sequence can be said to form layers of length twenty eight. Using the above, the sequence becomes:

2 _ .2 2 _ 2 _ 2 _ 2 _
a; =%, a3 =T, a3=2x, a; =Y, G5 = Z,...,

2 _ .2 .2 _ 2 _ =8 2 _ 2 _ 7
(39 = T*, a30 =, a3 = TY °, 39 =Y, 33 =Y'T,....,

2 16

2 _ 2 _ 2 - 2 _ 2 _ 15
57 = X%, Qg =T, Q59 = TY °, Qg0 =Y, Q51 =Y °T,. ...,

Uhsi1 = 2%, 35140 = T, A3g; 3 = Y N, Al =Y, adg 5 =y e,
where A\; and )\ are positive integers with (A1, A2) = 1. So, we need the smallest i« € N such that
8i = 2nwv for v € N.

If n = Omod4, then i = 7. Thus, 28; = 7n and LF?((2,n,2);2,y,2) = Tn.

If n = 2mod4, then i = 3. Thus, 28 = 14n and LF?((2,n,2);2,y,2) = l4n.

If n is odd, then n = i. Thus, 28i = 28n and LF? ((2,n,2);x,y,z) = 28n. O

The proofs for the groups (n,2,2) and (2,2,n) are similar to the above and are omitted.
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