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ON THE AUTOMORPHISM GROUPS OF SOME LEIBNIZ ALGEBRAS

LEONID A. KURDACHENKO, ALEKSANDR A. PYPKA AND IGOR YA. SUBBOTIN*

ABSTRACT. We study the automorphism groups of finite-dimensional cyclic Leibniz algebras. In this
connection, we consider the relationships between groups, modules over associative rings and Leibniz

algebras.

1. Introduction

Let L be an algebra over a field F' with the binary operations + and [,]. Then L is called a left
Leibniz algebra if it satisfies the left Leibniz identity

[[CL, b]v C] = [CL, [bv CH - [b’ [CL, CH

for all a,b,c € L.

Leibniz algebras first appeared in the paper of A. Blokh [5], while the term “Leibniz algebra” appeared
in the book of J.-L. Loday [20], and the article of J.-L. Loday [21]. In [22], J.-L. Loday and T. Pirashvili
began to study properties of Leibniz algebras. The theory of Leibniz algebras has developed very
intensively in many different directions. Some of the results of this theory were presented in the book [4].
Note that Lie algebras are a partial case of Leibniz algebras. Conversely, if L is a Leibniz algebra, in
which [a,a] = 0 for every a € L, then it is a Lie algebra. Thus, Lie algebras can be characterized
as anticommutative Leibniz algebras. The question about those properties of Leibniz algebras that
are absent in Lie algebras, and accordingly about those types of Leibniz algebras that have essential

differences from Lie algebras, naturally arises. A lot has already been done in this direction, including
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some results of the authors of this article. Many new results can be found in the survey papers [7, 11, 15].
Other results related to this topic can be found in [1, 2, 8, 9, 10, 13, 14, 16, 17].

In the study of Leibniz algebras the information about their endomorphisms and derivations is very
useful, as shown, for example, in [3, 19]. The endomorphisms and derivations of infinite-dimensional
cyclic Leibniz algebras were investigated in [18].

Let L be a Leibniz algebra. As usual, a linear transformation f of L is called an endomorphism of L
if

f(la, b)) = [f(a), f(b)]

for all a,b € L. Clearly, a product of two endomorphisms of L is also an endomorphism of L, so that
the set of all endomorphisms of L is a semigroup by a multiplication. In the same time, the sum of two
endomorphisms of L is not necessary to be an endomorphism of L, so that we cannot speak about the
endomorphism ring of L.

Here we will use the term “semigroup” for the set that has an associative binary operation. For a
semigroup with an identity element, we will use the term “monoid’. Clearly, an identical transformation
is an endomorphism of L. Therefore, the set End|j(L) of all endomorphisms of L is a monoid by a
multiplication. As usual, a bijective endomorphism of L is called an automorphism of L.

Let f be an automorphism of L. Then the mapping f~! is also an automorphism of L. Indeed, let

x,y be arbitrary elements of L. Then there are elements u,v € L such that z = f(u), y = f(v) and

FH ) = FHF @), f)) = £ (flwv)) = [w,0] = [f7H (@), f7H ().

Thus, the set Aut|) (L) of all automorphisms of L is a group by a multiplication.

It should be noted that endomorphisms of Leibniz algebras have hardly been studied. It is also quite
unusual that the structure of cyclic Leibniz algebras is described relatively recently in [6]. In this paper,
we began the study of the structure of the automorphism groups of finite-dimensional cyclic Leibniz
algebras.

Let L be a cyclic Leibniz algebra, L = (a), and suppose that L has finite dimension over a field F.

Then there exists a positive integer n such that L has a basis a1, ..., a, where
a1 = a,ay = [a1,a1l,...,an = [a1,an-1], a1, an] = a2as + - -+ + anay.

Moreover, [L, L] = Leib(L) = Fas + - -- + Fa, [6]. We fix these designations.

The following types of cyclic Leibniz algebras appear here.

The first case: [a1,a,] = 0. In this case, L is nilpotent, and we will say that L is a cyclic algebra of
type (I). The structure of the automorphism group of a cyclic Leibniz algebra of type (I) is described in
Section 1.

Now we need the following concepts. The left (respectively right) center (' (L) (respectively ¢"ieh*(L))
of a Leibniz algebra L is defined by the following rule:

Cleft(L) _ {$ c L| [x’ y] = O fOI‘ each Yy S L}
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(respectively,
¢ (1) = {x € L| [y, z] = 0 for each y € L}).
The left center of L is an ideal of L, but it is not true for the right center of L. Moreover, Leib(L) <
¢l (L), so that L/¢'%(L) is a Lie algebra. The right center of L is a subalgebra of L, and in general

the left and right centers are different. They can even have different dimensions (see [12]).
The center ((L) of L is defined by the following rule:

C(L)={z € L| [z,y] =0 = [y, z] for each y € L}.

The center is an ideal of L.

Consider now the second type of cyclic Leibniz algebras. In this case, [a1, a,] = agas+ - - -+ ana, and
ag # 0. Put ¢ = a; *(aza; + -+ anan—1 —ay,). Then [¢,c] =0, Fc = ¢"#"(L), L = [L, L] ® Fe, [c,b] =
[a1,b] for every b € [L, L] [6]. In particular, a3 = [c,az],...,an = [¢,an—1],[c, an] = a2az + - - - + anan.
In this case, we will say that L is a cyclic algebra of type (1I).

For description of the automorphism group of a cyclic Leibniz algebra of type (II) we consider the
relationships between Leibniz algebras and modules over associative ring. We will consider these relation-
ships in Section 2. Using these constructions, in Sections 3 we obtain the description of automorphism
group of a cyclic Leibniz algebra of type (II).

The third case: [a1,a,] = asas + -+ -+ apa, and ag = 0. Let ¢ be the first index such that oy # 0. In

other words, [a1,a,] = agay + -+ - + apay,. By our condition, ¢ > 2. Then

a1, an] = ufar, a—1] + -+ - + aplar, an—1] = (a1, a1 + - - + apan—1],

which implies that oya;_1 + -+ + apap_1 — a, € Ananight(al). Since ay # 0, then a;l # 0 and

di_1 = Oét_l(Oétat_l —+ -+ apan—1 — an) =ar_1+ Prar+ -+ Bray € Ananight(al). Put

di—o = ag—2 + Braz—1 + - + Bpan—1,
di—3 = a3+ Brazg—2 + - - + Bpan—2,

di = a1+ Brag + -+ + Bnan—i+1.
Then
[d1,d1] = [a1,d1] = d,
[d1, d2] = [a1,ds] = d,

[di,di—2] = [a1,di—2] = di—1,
[di,di—1] = [a1,di—1] = 0.

It follows that the subspace U = F'di® Fdy®- - -® Fdy—1 is a nilpotent subalgebra. Moreover, a subspace
[U,U] = Fdy @ --- @ Fd;—1 is an ideal of L. Put further d; = a;, dy11 = ay1, ..., dp = an.

http://dx.doi.org/10.22108/IJGT.2021.130057.1735
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The following matrix corresponds to this transaction:

L Bt By - DBa 0 0
Bt anl Bn 0

0 1 ce ﬁn—2 /Bn—l /Bn

/Bt /Bt—i-l to /Bn—l ﬁn 0

Bt o ﬁan /anl ﬁn
0 ) IR 0 0 0
0 o .- 1 0
0
0 0o - 0 0
This matrix is non-singular, which shows that the elements {dy,...,d,} form a new basis. We note that

a subspace V = Fd; @ --- & Fd, is a subalgebra. Moreover, V' is an ideal of L, because
[al, dt] = dt+1, R [al,dn_l] = dp, [al, dn] = oudy + - + apndy,.

Moreover, [a1,d;] = [di,d;] for all j > t [6]. In this case, we will say that L is a cyclic algebra of
type (11I).

Thus, L = A® Fdy, A=V @ [U,U] is a direct sum of two ideals, U = [U,U] @ Fd; is a nilpotent
cyclic subalgebra, i.e. is an algebra of type (I), and V & Fd; is a cyclic subalgebra of type (II). The

structure of automorphism group of a cyclic Leibniz algebra of type (III) is described in Section 4.

2. The automorphism group of a cyclic Leibniz algebra of type (I).

We start from the elementary properties of automorphisms and endomorphisms of Leibniz algebras.

Lemma 2.1. Let L be a Leibniz algebra over a field F, f be an automorphism of L. Then f(¢'%(L)) =
Cleft(L)f f(Cright(L)) = Cright(L)7 f(C(L)) = C(L)a f([LaL]) = [L7L]

Proof. Let = be an arbitrary element of L and let z € ¢'*f*(L). Since f is an automorphism of L, there
is an element y € L such that x = f(y). Then

It follows that f(z) € ¢'*(L).
On the other hand, there are the elements u,v € L such that z = f(u), * = f~!(v). Then

[u, 2] = [f71(2), fH ()] = [ H([z.0]) = F7H0) = 0.

It follows that u € ¢!*f(L), so that z € f(¢'*"(L)) and therefore f(¢'*®(L)) = ¢'*f(L). Using the similar
arguments, we obtain that f(¢"8h*(L)) = ¢"bt(L) and f(¢(L)) = ¢(L).
If z,y € L, then f([z,y]) = [f(z), f(y)] € [L, L]. It follows that f([L,L]) < [L, L].

http://dx.doi.org/10.22108/IJGT.2021.130057.1735
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Conversely, let w € [L,L]. Then w = ajfui,vi] + -+ + ayfug, vy for some wuy, vy, ..., up, vy € L,
ai,...,op € F. Since f is an automorphism of L, there are the elements aq, b1, ...,as, b € L such that
Uj; = f(aj), v = f(bj), 1< j <t Then

w= Z ajluj,vj] = Z ajlf(aj), f(b;)]

1<t 1<t

= oiflap b)) = £ D ajlas,b] | € F(IL, L)).

1<t 1<j<t

It follows that [L, L] < f([L, L]) and hence [L, L] = f([L, L]). O
Let L be a Leibniz algebra. Define the lower central series of L

L=~ (L) 2v(L) =2 va(L) =2 vat1(L) = -+ 75(L) = voo(L)

by the following rule: v1(L) = L, v2(L) = [L, L], and recursively vo+1(L) = [L, 74 (L)] for all ordinals

a and (L) = () vu(L) for the limit ordinals X. As usually, we say that a Leibniz algebra L is called
p<A
nilpotent, if there exists a positive integer k such that (L) = (0). More precisely, L is said to be

nilpotent of nilpotency class ¢ if ve41(L) = (0), but ~.(L) # (0).

Define the upper central series

(0) = (L) < QL) < -+ CalL) < Cap1(L) < -+ G (L) = Goo(L)

of a Leibniz algebra L by the following rule: ¢;(L) = ((L) is the center of L, and recursively (,+1(L)/{ (L) =

C(L/C¢a(L)) for all ordinals o, and (x(L) = |J (u(L) for the limit ordinals A.
p<A

Corollary 2.2. Let L be a Leibniz algebra over a field F, f be an automorphism of L. Then f((o (L)) =
Ca(L), f(va(L)) = val(L) for all ordinals a. In particular, f(Coo(L)) = Coo(L), f(Yoo(L)) = Voo(L).

Using transfinite induction we can derive it from Lemma 2.1.

Lemma 2.3. Let L be a Leibniz algebra over a field F', f be an endomorphism of L. Then f(va(L)) <
Yo (L) for all ordinals . In particular, f(Yoo(L)) < Yoo(L).

Proof. If x,y € L, then f([z,y]) = [f(x), f(y)] € [L,L]. It follows that f([L,L]) < [L,L]. Suppose
that we have already proved that f(vg(L)) < vg(L) for all ordinals 5 < a. If v is a limit ordinal, then
Ya(L) = () 7v3(L). In this case,

B<a

Faa@) =f | (w@ | < () fOsL) < () 16(L) =7a(L).

B<o B<a B<a
Suppose now that « is not a limit ordinal. Then o — 1 = ¢ exists and v,(L) = [L,~5(L)]. By induction
hypothesis, f(v5(L)) < vs(L). Let w € L, v € 75(L). Then

F(lw,v]) = [f(w), f(0)] € [L.A5(L)] = 7a(L).
It follows that f([L,75(L)]) = f(a(L)) < Ya(L). O
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Lemma 2.4. Let L be a cyclic finite-dimensional Leibniz algebra over a field F'. Let S be a subset of
all endomorphisms f of L such that f(x) € [L, L] for each x € L. Then S = {f| f € End|j(L), =0}
and S is an ideal of End)(L) with zero multiplication f o g =0 for every f,g € S.

Proof. Let f be an endomorphism of L and f(a;) € [L,L]. Then f(a2) = f([a1,a1]) = [f(a1), f(a1)].
An equality [L, L] = Leib(L) and the fact that Leib(L) < ¢'*'(L) shows that f(a2) = 0. Similarly,

flaz) = f(la1,a2]) = [f(a1), f(a2)] = 0,

flan) = f(la1, an—1]) = [f(a1), f(an-1)] = 0.
It follows that f(y) =0 for all y € [L, L]. We have f(a1) = vy2a2 + -+ + Ynan, so that
FAar) = f(f(ar)) = f(yaaz + - -+ yman) = 72 (a2) + - -+ flan) =0,

and similarly, f2(a;) = 0 for all j, 2 < j < n. It follows that f2(z) =0 for all x € L. It means that f?

is a zero endomorphism.

Conversely, let f be an endomorphism of L, f2 = 0 and let f(a1) = y1a1 + Y2a2 + - - - + Ynay. Then
0= f*(a) = [(f(a)) = f(Ma1 + 7202+ +Ynan)
=mf(a1) + (r2f(a2) + - + v f(an))
= vtar + (n2a2 + -+ an) + (2f(a2) + -+ yaf (an)))
= ’y%a1 + v

where v € [L, L]. Since Faj N [L, L] = (0), f? = 0 implies that 4%a; = 0 and v = 0. Thus, v = 0 and
71 = 0. Hence, S = {f| f € End[j(L), f> =0} = {f| f € End[(L), f(x) € [L, L] for each = € L}.

Let f € S and g be an arbitrary endomorphism of L. Then (f o g)(z) = f(g(x)) € [L,L]. Using
Lemma 2.3, we obtain that (g o f)(z) = g(f(z)) € [L,L]. Tt follows that S is an ideal of End(L).
Moreover, if f,g € S, then (f o g)(z) = f(g(z)) = 0, because g(z) € [L, L]. O

As the first step, we consider the structure of the automorphism group of a nilpotent finite-dimensional

cyclic Leibniz algebra L = (a). In this case, [a1,a,] = 0.

Lemma 2.5. Let L be a cyclic Leibniz algebra of type (1) over a field F. Then a linear mapping f is

an endomorphism of L if and only if
fla1) =va1 + y2a2 + -+ + Ynan,
flag) =iaz + y1v2a3 + -+ + V1 Vn—10n,
flaz) = ytas + 77204 + - + Vi Yn—2an,
(a4)

flag) = ﬁla4 + 7{)72% +--+ 7%%—3%,

flan—1) =y tan_1 + 47 *y2an,
f(an) = 'Y?an-

http://dx.doi.org/10.22108/IJGT.2021.130057.1735
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Proof. Put L1 = Fa1®---® Fa, =L, Ly = Fas®---® Fa,, ...,

L,1=Fan_1® Fay, L, = Fa,.
Then VI(L) = le ’72(L) = L2> ) ’Yn(L) = Ln and CI(L) = Lna gQ(L) =

Ln-1, ..., (L) = L1.
Lemma 2.3 shows that f(L;) < Lj for all j, 2 < j <n. Put f(a1) = >  ~ja;. Then
1<jsn

flaz) = f(lar,a]) = [f(ar), flan)] = | D vaj, Y wmar

1<j<n 1<k<n
= [mau, E YAk | =71 § ’Wf[alaak]
1<k<n 1<k<n

= ’Y%az + 717203 + - F Y1 Vn—18n;
flas) = f(lar, a2]) = [f(a1), f(a2)]

= Z Vi, Vi + 717203 + -+ Y Yn—10n

1<j<n
= [y1a1,77a2 + Y203+ + V1 Vn—10n]
= 7Pz + 777204 + - + Vi Yn-20n;
flas) = f([ar, as]) = [f(ar), f(as3)]

= Z ’yjaj,vfag + 7%’726&1 + o+ 7%%-2%

1<j<n
= [ma, ’Y%a:& + ’Y%’maz; + -+ ’Y%%—Qan]
= yias +Viyeas + -+ Vivn—san;

flan—1) = f([a1,an—2]) = [f(a1), f(an—2)]

= Z Yia;j, 7?_20%—2 + 7?_3720%—1 + 7?_3”)/36%1

1<isn
2 -3 -3
= [ya1,"" "an—2 + V1 "200-1 + 77 "V300]
n—1

=7 ap-1-+ 7?_2720%;

flan) = f(la1, an—1]) = [f(a1), f(an-1)]

_ n—1 n—2
- E YiGj,YT On—1F+7Y] “720n
N

= [y1a1, 7} tan—1 + 97 2 y2an)
=1 an.

http://dx.doi.org/10.22108/IJGT.2021.130057.1735
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Conversely, let x = Ajaj; + Agag + - - - + Apa, and y = pyag + poas + - - - + pnay be arbitrary elements

of L. Suppose that a linear mapping f satisfies the above conditions. Then

[w, y] = [)\1(11 4+ Xoag + -+ + Apap, p1ay + poas + - + ,unan]
= [A1a1, prar + p2ag + -+ + finay)
= Mpiar, a1] + Arpofar, ag] + - - - + Apglar, anl;
f(z,y]) = fapar, ar] + Mpzlar, ag] + -+ + Apnar, an))
= Ay f(lar, aa]) + Apaf([ar, az]) + -+ + Apn f (a1, an));
(@), f(W)] = [f(Mar + Agaz + - + Anan), f(piar + poas + -+ - + pnan]
= [Auf(ar) + (Aaf(a2) + - + Anf(an)), p1f(ar) + paf(az) + - + pn f(an)]
= [Mfar), paf(ar) + paflaz) + -+ pnf(an)]
+ [Xaf(az) + -+ Anflan), p1f(ar) + p2f(az) + - + pn f(an)].
By our conditions, f(a;) € Ly for all j > 2, so that Ay f(az) + -+ A, f(an) € L2 and therefore
[A2f(az) + -+ Anf(an), paf(ar) + paf(az) + - + pnflan)] = 0.
Thus,
[f(), f(W)]) = [\ f(ar), pf(ar) + paf(az) + - - + pnf(an)]
= Mlf(ar), flan)] + Ape[f(ar), fla)] + -+ + Apalf (ar), f(an)].

By our conditions,
[f(al)vf(al)] - f([ahal])v
[f(al)vf(aQ)] = f([a17a2])7

[f(al), f(an)] = f([ala an])?
which implies that f([x,y]) = [f(z), f(y)]. Hence, f is an endomorphism of a Leibniz algebra L. O

Corollary 2.6. Let L be a cyclic Leibniz algebra of type (1) over a field F. Then End| (L) is isomorphic

to a submonoid of M, (F') consisting of all matrices having the following form

w0 0 0 0 0 0
Y2 7% 0 0 0 0 0
Y3 M2 ol 0 0 0 0
oM e 0 0 0
T2 N3 WI-a Vs - N0 0
Va1 MNYn-2 V-3 V-a - N2 A1 0
Yo M-l V-2 -z o W e
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Corollary 2.7. Let L be a cyclic Leibniz algebra of type (1) over a field F'. Then the automorphism
group Aut( (L) is isomorphic to a subgroup AC(n) of GL,(F') consisting of all matrices having the

following form

24! 0 0 0 0 0 0
Ve V3 0 0 0 0 0
Y3 M2 v 0 0 0 0
Y M i ot 0 0 0
Y2 MNVn=3 ViVn-a Viaos - W2 0 0
Yool NVn—2 V-3 ViYn-a - 7?_372 ’Y?_l 0
Yo M¥n-1 MIn-2 BWm-s - W A7 W

where 1 # 0.

Corollary 2.8. Let L be a cyclic Leibniz algebra of type (1) over a field F. Then a monoid of all
endomorphisms of L is a union of an ideal S = {f| f € End[,(L), f? =0} and an automorphism group
Aut()(L). Moreover, S is an ideal with zero multiplication f o g =0 for every f,g € S.

Proof. Indeed, consider the arbitrary endomorphism f of L and let

flar) =mar +ya2+ -+ ynan.

If 41 = 0, then Lemma 2.4 shows that f € S. If 71 # 0, then Corollaries 2.6 and 2.7 shows that f is an

automorphism of L. O

Lemma 2.9. Let L be a cyclic finite-dimensional Leibniz algebra over a field F'. Let G = Autm(L) and
U be a subset of all automorphisms f of L such that f(a1) = a1 + u for some u € [L,L]. Then U is a
normal subgroup of G and G /U is isomorphic to a subgroup of the multiplicative group of a field F.

Proof. If f is an arbitrary automorphism of L, then f(a1) = Aa; + u for some A\ € F, u € [L,L].
Lemma 2.4 shows that A # 0. We remark that a coefficient A is uniquely defined. Indeed, suppose that
f(a1) = AMay 4+ uq for some A\ € F, uy € [L, L]. Then Aa; + u = Aja; + u;. It follows that

()\ — )\1)0,1 = u]p — u.

Since Fay N[L, L] = (0), we obtain that A — A\; =0 and u; — u = 0. Thus, A = A\; and u; = u.

For the automorphism f~! we have
fHay) = oa; +w
for some o0 € F', w € [L, L]. Then
ar = (f""o f)la) = f1(fla) = f (ha1 +w)
=M "Ha1) + fHw) = Moar +w) + [ (u)
= Xoay + w + 7 (u).

http://dx.doi.org/10.22108/IJGT.2021.130057.1735
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Using Lemma 2.1, we obtain that f~!(u) € [L, L], so that Aw+ f~'(u) € [L, L]. Since Fa;N[L, L] = (0),

we obtain that Aoa; = a; and Aw + f~'(u) = 0. Thus, 0 = A= w = A" f~1(w).
If f,g €U, then f(a1) = a1 +wu, g(a1) = a1 + v for some u,v € [L, L]. Then

(fog)(a1) = f(g(ar)) = flar +v) = f(a1) + f(v) = a1 + u + f(v).

Lemma 2.1 shows that f(v) € [L, L]. It follows that fog e U.

Let now f € U. As we have seen above, f~!(a;) = a; — f~!(u). Using again Lemma 2.1, we obtain
that f~!(u) € [L, L], which means that f~! € U. It follows that U is a subgroup of a group G.

Let h be an arbitrary element of G and let again f € U. Then h(a;) = Aa; + y for some y € [L, L].
By proved above, h~!(a1) = A"ta; — A"th1(y). Thus,

(At o foh)(ar) =R (f(h(a1))) = ™' (f(ha1 + y))
T f(ar) + £ () = AT (F(an) + TN (f(y)
= Ao + u) + h‘l(f (1)) = A~ (ar) + A~ (u) + b7 (f(y))
=Xl = AT () + AT () + R (F ()
= a1 —h7H(y) + A7) + R (f ().
Using Lemma 2.1, we obtain that h=1(y), h=1(u), =1 (f(y)) € [L, L]. It follows that h™1 o foh € U, so
that U is a normal subgroup of G.

Finally, define the mapping ¢ : G — U(F) by the following rule. Let f be an arbitrary automorphism
of L, f(a1) = Aay +u for some A\ € F, u € [L, L]. Put 9(f) = A. If h is another automorphism of L, i.e.
h(a1) = oa; +y for some o € F, y € [L, L], then

(f o h)(@) = f(h(ar)) = f(oar +)
=of(a) + f(y) = o(Aar +u) + f(y)
= (oN)a1 +ou+ f(y)
= (Ao)a1 + ou+ f(y).
Lemma 2.1 implies that
I(f oh) = Ao =9(f)I(h).

Hence, ¥ is a homomorphism of a group G in U(F). Clearly, Ker(f) = U. O

Corollary 2.10. Let L be a cyclic Leibniz algebra of type (I) over a field F', G = Auty(L). Then
G is a semidirect product of a normal subgroup U, consisting of all automorphisms f of L such that
fla1) = a1 +wu for some u € [L, L], and a subgroup D = {f| f € Aut|)(L), f(a1) = va1,0 # v € F}.
Moreover, D is isomorphic to the multiplicative group of a field F and U is isomorphic to a subgroup

UC(n) of AC(n) consisting of matrices having the following form

E+v Y Epae+r > Erop+ o +mEnn
1<k<n—1 1<k<n—2
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Proof. Let f be a linear mapping of L, having in basis {a1, as,...,a,} the following matrix

Z V¥ By

1<k<n

where 0 # v € F. Corollary 2.7 shows that f is an automorphism of L. Denote by DmC(n) the subset
of AC(n), consisting of matrices
D(y) = > "B
1<k<n
where v # 0. It is not hard to see that DmC(n) is a subgroup of AC(n) and DmC(n) = D. Clearly,
the mapping 6 : DmC(n) — U(F') defined by the rule

0 > +VEwr| =7
1<k<n
is an isomorphism. It shows that DmC(n), and hence D, is isomorphic to a multiplicative group of a
field F'. In particular, it is abelian.

Consider the set of matrices, having the following form

1 0 0 0 0
Y2 0 0 0
Y3 0 0 0
Y43 V2 1 0 0

-1 -2 Yn—3 Yn—4a - 1 0
Yo Yn—-1 Yn—2 Tn-3 " V2

Each of these matrices is completely defined by its first column. Therefore, we will denote this matrix
by M(v2,73, .- .,7m). Denote the set of all such matrices by UC(n). Clearly, we can write every matrix
from UC(n) in the following form

Et+v Y EBeae+v Y, Erokt o+ Enl

1<k<n—1 1<k<n—2

Using Corollary 2.7, we can obtain that the matrix of every automorphism from a subgroup U in basis
{a1,as,...,a,} belong to UC(n), and conversely. It is not difficult to show that U = UC(n). Also it

is not hard to prove that for every matrix M € AC(n) we have a decomposition

M = M(v2,73, ..., 7)D(11),

and we obtain that
AC(n) = UC(n)DmC(n).

An equality U N D = (1) is obvious. O
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Consider now a polynomial ring F[X]. Denote by R(n) the ideal of F[X], generated by the polynomial
X™. Put z =X + R(n). Then every element of a factor-ring F[X]/R(n) has a form

ao+ o1z 4 @zl + o+ ap_12"

Qp, a1, Q2,...,0,-1 € F, and this representation is unique. It is possible to show that
U(F[X]/R(n)) = {ao + a1z + a2’ + -+ o121 ag # 0}.
Put
I(F[X]/R(n)) ={14+ a1z + agz? + -+ an_lzn_1] ap, a1, g, ..., ap—1 € F}.
Then it is not difficult to show that I(F[X]/R(n)) is a subgroup of U(F[X]/R(n)).

Theorem 2.11. Let L be a cyclic Leibniz algebra of type (1) over a field F. Then Auty (L) is a
semidirect product of a normal subgroup U = I(F[X]/R(n)) and a subgroup D = U(F).

Proof. Corollary 2.10 implies that G = Aut(L) is a semidirect product of a normal subgroup U =
UC(n) and a subgroup D = U(F). Let I'; A € UC(n) where

T=E+m Y, Bepge+v Y, Beok+ - +m1Fn,

1<k<n—1 1<k<n—2
A=F+ X\ Z Eip1r+ o Z Epjorp+--+M—1Ep1.
1<k<n—1 1<k<n—2

Put
TA=E+6 Y Epak+0 Y. Eeop++0n1En1.

1<k<n—1 1<k<n—2
Since I'A € UC(n), I'A is completely defined by its first column. We have

01 =+ A1,
02 = y2 + Y1 A1 + A2,

0j = 7 +Yj—1 M +vj—2de + -y Aim1 + A,

On—1 = Yn-1+ Tn—-2A1 + Yn-3A2 + - + Y1 An—2 + Ap-1.
Taking all this into account, we obtain the following isomorphism. Define a mapping
¢:UC(n) = I(F[X]/R(n))
by the following rule: if I' € UC(n), i.e.

'=E+m Z Eri1k+ 72 Z Eppor + - +Ym-1En1,
1<k<n—1 1<k<n—2
then put ¢(I') = 1+ v12 + 1222 + - + 1,_12" L. By proved above, ¢(T'A) = ¢(I')éd(A) for every
I'; A € UC(n). Clearly, the mapping ¢ is bijective, so that ¢ is an isomorphism. O
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3. On the relationships between Leibniz algebras and modules over associative rings.

Let L be a Leibniz algebra over a field F' and A be an abelian ideal of L. Denote by Endp(A) the
set of all linear transformations of A. Then Endp(A) is an associative algebra by the operations + and
o. As usual, Endp(A) is a Lie algebra by the operations + and [,] where [f,g] = fog—go f for all
fyg € Endp(A).

Let u be an arbitrary element of L. Consider the mapping 1, : A — A, defined by the rule 1,(x) =
[u,z], x € A. For every u,v € L and X € F we have

L(z +y) = [u, 2 +y] = [u,2] + [u,y] = Lu(z) + Lu(y),
L,(Ax) = [u, A\x] = A[u, z] = AL, ().
Hence, 1, is a linear transformation of A. Furthermore, fl,(x) = flu, x| = [Bu,x] = lg,(z) for every
x € A, which implies that gl, = 1g,. Moreover,
(L + 1)(2) = Lu(z) + 1o(2) = [u, 2] + [v,2] = [u+ v, 2] = Luyo(2),

which follows that 1, + 1, = l,4,. Consider the mapping ¥ : L — Endp(A), defined by the rule
Y(u) =1y, u € L. By above equalities, this mapping is linear. A subspace Im(9) is a Lie subalgebra
of Lie algebra associated with Endg(A). Denote by SL(A) the associative subalgebra of Endy(A)
generated by Im(¥). Then the action of L on A can be extended in a natural way to the action of
SL(A). Then A become to a module over associative ring SL(A). This relationship we will use in a
following way.

Let L be a cyclic Leibniz algebra of type (II). In this case,
[a].y an] = Qaag + -+ apay
and ag # 0. Put
c= a;l(agal + ot apan—1 — ap).

Then [c,c¢] =0, Fc = ¢"8"(L), L = [L,L] ® Fc and [c,b] = [a1,b] for every b € [L, L] [6]. In particular,

ag =[c,azl, ..., an = [c,an—1], [¢,an] = azas + -+ + anay.
Put A =[L,L]. A linear transformation 1. : A — A in basis {a2,...,a,} has the following matrix
0 0 o --- 0 o)
a3
0 1 o --- 0 oy
0 - 0 amyg
0 --- 1 an

This matrix is non-degenerate. Hence, 1. is an F-automorphism of a linear space A. We will consider A
as an F'(g)-module where (g) is an infinite cyclic group and the action of g on A defined by the following

rule: ga = l.(a) = [c, a] for each element a € A.
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Consider now the dual situation. Let A be a vector space over a field F' and let R be a subalgebra of
an associative algebra End g (A) of all F-endomorphisms of A. Then we can consider R as a Lie algebra

by the operation
[f?g] :fog_gofa

f,g € R. Choose in a Lie algebra R some Lie-subalgebra S. Put L = A® S and define an operation [,
on L by the following rule:

Lf, fog—go fiorall f,ge S,

g9l =
[a,b] = 0 for all a,b € A,
[a,f]=0forallac A, f €8,
[f,a] = f(a) for alla € A, f € S,

] = la, 0] + [a,g] + [, 0] + [f, 9] = f(b) + [[. 9]

By such definition, the left center of L includes A. Let x, vy, z be arbitrary elements of L. Then z = a+ f,
y=0b+g, z=c+ h for some a,b,c € A, f,g,h € S. We have

[r,9] = [a+ f,b+g] = [f, 9] + f(b),
ly, 2] = [b+g,c+ h] = [g,h] + g(c),
[z,z] = [a+ f,c+ h] =[f,h] + f(c).

la+ f,b+g

Then
[z, 9], 2] = [[f, 9] + f(b),c + h] = [f, gl(c) + [[f. 9], h],
[, [y, 2l] = [a + f,[g, h] + g(c)] = [ [g, W] + f(g(c)),
[y, [z, 2] = [b+g,[f. 1] + f(c)] = lg, [f, h]] + 9(f(c)).
Since S is a Lie algebra, [[f, ], h] = [f.[g, h]] — g, [f, k], and we obtain that

[z, [y, 2]] = [y, [z, 21 = [, [g, M} + f(9(c)) = lg, [f, B]] = 9(f ()
= [flg, Ml = lg, [f, p]] + f(g(c)) — g(f(c))
= [[f, 9], ] + [f, g](c) = [[z, 9], z].

This shows that L is a Leibniz algebra. If the subalgebra R is commutative, then S as a Lie algebra is
abelian. In this case, the right center of L includes S.

Let now A be a finite-dimensional vector space over a field F' and let ¢ be an F-automorphism of
A. Let R = F{c) be an associative subalgebra of Endp(A), generated by the automorphism c. This
subalgebra is commutative. Therefore, R as a Lie algebra is abelian. Then a subspace Fc is a Lie

subalgebra of R. Using the above construction, we can construct a Leibniz algebra
L=A&Fc.

By this way, we come to cyclic Leibniz algebra of type (II).
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4. The automorphism group of a cyclic Leibniz algebra of type (II).

Lemma 4.1. Let L be a cyclic Leibniz algebra of type (I1) over a field F', D be a centralizer of a subspace
Fe in a monoid End(L). Then D is a submonoid of End[j(L). Moreover,

C=Dn AutH(L)

is a normal subgroup of Aut(L).

Proof. Indeed, if f, g are two endomorphisms of L such that f(c) = g(c) = ¢, then

(fog)e) = flg(c)) = flc) = ¢,

so that f og € D. Since the identity mapping of L belong to D, D is a submonoid of End;(L).
Let f be an arbitrary element of C. Then

c=(f"of)o)=F(f(e) = F (o),
so that f~! € C.

Let g be an arbitrary automorphism of L and f be an element of C. Lemma 2.1 shows that g(c) = ac
for some 0 # « € F'. Then

(g7 o fog)le) =g (fl9(c)) = g7 (f(ac)) =g~ (ac) =ag™'(c) =aa"lc =
Hence, C' is a normal subgroup of Aut(L). O

If L is a cyclic Leibniz algebra of type (II), then every element of L has a form a+ «c where a € [L, L],

«a € F, and its presentation in such form is unique.

Lemma 4.2. Let L be a cyclic Leibniz algebra of type (II) over a field F, D be a centralizer of a
subspace Fc in a monoid End(j(L). Then D is isomorphic to a multiplicative monoid of a factor-ring
F[X]/a(X)F[X] where a(X) = ag + a3 X + -+ + a, X" 72 — X1,

Proof. Put A = [L,L]. We can consider A as a module over a polynomial ring F[X], if we define the

action of a polynomial vy + 11X + --- + 14, X* on an arbitrary element a € A by the following rule:
(vo+ X + -+ XMa = vga + v1l.(a) + - - - + 15 (a).

Since
as = [c,as] = 1.(a2),

ag = [Ca (13] = 1.(a3z) = le(le(a2)) = lg(ag),

an = [¢,an—1] = le(an-1) = 10(12_3(652)) = 1?_2(@)7
and the fact that {agz,as,...,a,} is a basis of A, A becomes a cyclic F[X]-module. Note that
1 (a2) = L(17(a2)) = Le(an) = a2 + asle(as) + - + anll ™ *(a2),
so that we can define 1¥(as) (and hence 1%(a) for arbitrary a € A) for each positive integer k.
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If f is an endomorphism of L, then Lemma 2.3 shows that f(A) < A. Define now the mapping
f*: A — A by the rule: f+(a) = f(a) for every a € A. It is not hard to prove that f* is a linear

transformation of a vector space A. Suppose now that f € D. Then

e a)) = f(le,al) = [£(0), f(@)] = [e, f(a)] = [, fH(a)].

On the other hand, f*([c,a]) = f*(1.(a)) = f*(Xa) and [c, f+(a)] = 1.(f*(a)) = X fH(a). Thus, we
obtain that
fH(Xa) = X f*(a).
In other words, f* is an endomorphism of the F[X]-module A.
Further, f(a2) = Boas + Sras + Braq + - - + PBn_2ay, for some By,...,B,—2 € F. As we have seen

above,
az = [, a2) = 1c(a2) = Xao,

ay = 1(ap) = X?ao,

ap = IZ_Q(CLQ) = X" 2q,.

Hence, we come to the following presentation
flag) = Boag + f1Xas + BaX2as + -+ + BroX" 2ay
= (Bo+ 51X + X4+ Bna X" as.
Put
dp(X) = B0+ BiX + BeX?+ -+ Bro X2
Then f(az) = dy(X)as.

If a is an arbitrary element of A, then a = ogas+o01a3+02a4+- - -+ 0p_2a, for some og,...,0np_9 € F.

As we have seen above,
a=opas+ o1Xas + 0o X2as + -+ + oo X" 2as
= (oo + X + oo X% 4+ Un,QX”_2)a2.
Then
f(a) = f(ooaz + o1a3 + o2a4 + -+ + op_2ay)

= oof(a2) + o1f(as) + o2 f(as) + -+ + on—2f(an)

= o0f(az) + 01f(Xag) + o2f (X?a2) + - - + on2f (X" 2ay)

= 00f(a2) + 01X f(az) + 02X f(az) + -+ 0n2X" > f(ag)

= (00 + 01X + 02 X%+ + 0,2 X"7?) f(a2)

= (00 + 1 X + 02X+ -+ + 02 X" 2)dp(X)ay

=d(X)(o0+ 01X + 02 X%+ + 02 X" ?ag = dy(X)a.
Thus, we can see that an endomorphism f is defined by the polynomial d(X).

http://dx.doi.org/10.22108/IJGT.2021.130057.1735


http://dx.doi.org/10.22108/IJGT.2021.130057.1735

Int. J. Group Theory, 12 no. 1 (2023) 1-20 L. A. Kurdachenko, A. A. Pypka and I. Ya. Subbotin 17

Conversely, let g(X) be an arbitrary polynomial. We define the F[X]-endomorphism s(g) of A by

the rule:
s(9)(a) = g(X)a,
a € A. Tt is not hard to see that if g(X),r(X) are two polynomials, then s(g) o s(r) = s(gr).
For every F[X]-endomorphism h of F[X]-module A define the mapping h' : L — L by the following
rule: for arbitrary element x = a + ¢ of L we put
h'(a + vc) = h(a) + e
Let y = b 4 oc be another arbitrary element of L. Then
M@+y)=hTa+yc+b+oc)=hT(a+b+ (y+0)c)
=h(a+0b)+ (y+0)c=h(a) + h(b) +yc+ oc
= h(a) + ¢ + h(b) + oc = h'(a + ve) + hT (b + oc)
= hl(z) + nl(y).
Let u € F, then
WY (uz) = BT (u(a + ye)) = BT (pa + pye)
= h(pa) + pye = ph(a) + pyc
= p(h(a) + ye) = ph'(a + ye)
= phl(z).
Hence, h' is a linear transformation of a vector space L. Furthermore,
1 ([z,y]) = 1 ([a+ e, b+ oc]) = AT ([ye, b))
= h([ye, b)) = h(~le, b]) = vh(le, b]) = vh(XD)
= 7 Xh(b);
(1" (), kT (y)] = [P (a +~¢), kT (b + oc)]
= [h(a) + ¢, h(b) + oc] = [ye, h(b)] = 7[e, h(D)]
= v Xh(b).
Thus, h'([z,y]) = [T(z), hT(y)], so that AT is an endomorphism of a Leibniz algebra L. By definition,

h'(¢) = ¢, so that AT € D. Clearly, if hy, hy are different F[X]-endomorphism of A, then ] # hJ.
If f € D, then

fla+~e) = f(a) + f(ye) = fa) +7f(c)
= f(a) +ve = fHa) + e
= (M@ +ne).
Tn other words, f = (f4)1.
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Define now the mapping ¥ : F[X] — D by the rule: 9(g(X)) = s(g)" for every polynomial g(X) €
F[X]. If f is arbitrary element of D, then f¥ is an F[X]-endomorphism of A. As we have seen above,
this mapping is defined by polynomial d,(X), more precisely, fr=s(d #(X)). Then

f=("=6sd (X)) = 0(dg(X)),

so that a mapping ¥ is surjective.
Let g(X),r(X) be two polynomials. Recall that s(gr) = s(g) o s(r). Let now hy, hy be two F[X]-

endomorphism of A. If x = a 4 7yc is an arbitrary element of L, then
(h1 o h2)'(a+v¢) = (h1 o hg)(a) +vc = hi(ha(a)) + ye
and
(h} o h3)(a +7¢) = hi(h(a +70)) = hi(ha(a) + 7€) = h(ha(a)) +7e.
It proves an equality (hy o ho)T = hI o hg. Now we have
I(g(X)r(X)) = (s(gr))" = (s(g) o s(r))" = s(9)" 0 5(r)" = V(g(X))V(r(X)).

Hence, ¢ is an epimorphism of a multiplicative monoid F[X] on D.

If g(X) € Ker(v), then f = 9(g(X)) is an identity automorphism of L, i.e. f(x) =z for each = € L.
Then f(a) = f*(a) = a for each a € A. This means that s(g) is an identity automorphism of A, so
that g(X)a = a for each a € A. In particular, g(X)as = a2. In other words, (g(X) — 1)az = 0 and
then g(X) —1 € Anng(xj(a2). In other words, Ker(J) = Annp(x|(az) +1. We note that Annpx(az)
is an ideal of a ring F[X]. Now it is not hard to prove that a multiplicative monoid F[X]/Ker(¥) is

isomorphic to the multiplicative monoid of a factor-ring F[X]/Anng(x|(az). Finally,
X" gy = [c,an] = agas + azaz + -+ + apan = (e + asX + -+ + oan”’2)ag,
so that Annp(x)(az2) = Anng(x)(A4) = a(X)F[X] where a(X) = ag + a3 X +- - +oa, X2 X"l O

Theorem 4.3. Let L be a cyclic Leibniz algebra of type (II) over a field F'. Then Aut|j(L) = G includes
a normal subgroup C, which is isomorphic to U(F[X]/a(X)F[X]), where

a(X) =agt+agX +--- +aan—2 _ xn-l
such that G/C' is isomorphic to a subgroup of a multiplicative group of a field F.

Proof. As in Lemma 4.1, denote by D the centralizer of Fic in End(j(L) and let C' = D N Aut;(L) is
a centralizer of Fe in Aut[(L). By Lemma 2.1, f(Fc) = Fc for each f € C, and it follows that G/C
is isomorphic to a subgroup of a multiplicative group of a field F'. An equality C'= D N Aut[;(L) and
Lemma 4.2 imply that C' is isomorphic to U(F[X]/a(X)F[X]) where

a(X)=ay+a3X +---+a, X" ? - X" 1,
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5. The automorphism group of a cyclic Leibniz algebra of type (III).

Theorem 5.1. Let L be a cyclic Leibniz algebra of type (III) over a field F'. Then Autp(L) is a
subdirect product of groups G1 and Go where Gy is a group described in Theorem 2.11, Go is a group

described in Theorem 4.3.

Proof. We have L = A® Fdi, A=V & [U,U], U = Fdy ® Fdy @ --- ® Fd;_; is a nilpotent cyclic
subalgebra, i.e. is an algebra of type (I). Moreover, a subspace [U,U] = Fdy @ --- @ Fd;_ is an ideal
of L. Furthermore, V = Fd; @ --- @ Fd,, is an ideal of L, and [a1,d;] = [d1,d;] for all j > ¢. In other
words, V' @ Fd; is a cyclic subalgebra of type (II).

Let G be an automorphism group of a Leibniz algebra L. Since L/V = U is a cyclic nilpotent
Leibniz algebra, G3 = G/Cq(L/V) is a group, which has been described in Theorem 2.11. Since
L/[U, U] =V & Fd, is a cyclic Leibniz algebra of second type, Go = G/Cq(L/[U,U]) is a group, which
has been described in Theorem 4.3.

Let f € Cq(L/V) N Cq(L/[U,U]). Then for each € L we have f(x) = z + a1 where a; € V and
f(z) = x + ag where ay € [U,U]. It follows that f(x) —x € V N [U,U] = (0), so that f(x) = x. Thus,
Ca(L/V)NCq(L/[U,U]) = (1) and Remak’s theorem yields the embedding of a group G into the direct
product G1 x Ga. O
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