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ON THE AUTOMORPHISM GROUPS OF SOME LEIBNIZ ALGEBRAS

LEONID A. KURDACHENKO, ALEKSANDR A. PYPKA AND IGOR YA. SUBBOTIN∗

Abstract. We study the automorphism groups of finite-dimensional cyclic Leibniz algebras. In this

connection, we consider the relationships between groups, modules over associative rings and Leibniz

algebras.

1. Introduction

Let L be an algebra over a field F with the binary operations + and [, ]. Then L is called a left

Leibniz algebra if it satisfies the left Leibniz identity

[[a, b], c] = [a, [b, c]]− [b, [a, c]]

for all a, b, c ∈ L.

Leibniz algebras first appeared in the paper of A. Blokh [5], while the term “Leibniz algebra” appeared

in the book of J.-L. Loday [20], and the article of J.-L. Loday [21]. In [22], J.-L. Loday and T. Pirashvili

began to study properties of Leibniz algebras. The theory of Leibniz algebras has developed very

intensively in many different directions. Some of the results of this theory were presented in the book [4].

Note that Lie algebras are a partial case of Leibniz algebras. Conversely, if L is a Leibniz algebra, in

which [a, a] = 0 for every a ∈ L, then it is a Lie algebra. Thus, Lie algebras can be characterized

as anticommutative Leibniz algebras. The question about those properties of Leibniz algebras that

are absent in Lie algebras, and accordingly about those types of Leibniz algebras that have essential

differences from Lie algebras, naturally arises. A lot has already been done in this direction, including
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some results of the authors of this article. Many new results can be found in the survey papers [7, 11, 15].

Other results related to this topic can be found in [1, 2, 8, 9, 10, 13, 14, 16, 17].

In the study of Leibniz algebras the information about their endomorphisms and derivations is very

useful, as shown, for example, in [3, 19]. The endomorphisms and derivations of infinite-dimensional

cyclic Leibniz algebras were investigated in [18].

Let L be a Leibniz algebra. As usual, a linear transformation f of L is called an endomorphism of L

if

f([a, b]) = [f(a), f(b)]

for all a, b ∈ L. Clearly, a product of two endomorphisms of L is also an endomorphism of L, so that

the set of all endomorphisms of L is a semigroup by a multiplication. In the same time, the sum of two

endomorphisms of L is not necessary to be an endomorphism of L, so that we cannot speak about the

endomorphism ring of L.

Here we will use the term “semigroup” for the set that has an associative binary operation. For a

semigroup with an identity element, we will use the term “monoid”. Clearly, an identical transformation

is an endomorphism of L. Therefore, the set End[,](L) of all endomorphisms of L is a monoid by a

multiplication. As usual, a bijective endomorphism of L is called an automorphism of L.

Let f be an automorphism of L. Then the mapping f−1 is also an automorphism of L. Indeed, let

x, y be arbitrary elements of L. Then there are elements u, v ∈ L such that x = f(u), y = f(v) and

f−1([x, y]) = f−1([f(u), f(v)]) = f−1(f [u, v]) = [u, v] = [f−1(x), f−1(y)].

Thus, the set Aut[,](L) of all automorphisms of L is a group by a multiplication.

It should be noted that endomorphisms of Leibniz algebras have hardly been studied. It is also quite

unusual that the structure of cyclic Leibniz algebras is described relatively recently in [6]. In this paper,

we began the study of the structure of the automorphism groups of finite-dimensional cyclic Leibniz

algebras.

Let L be a cyclic Leibniz algebra, L = 〈a〉, and suppose that L has finite dimension over a field F .

Then there exists a positive integer n such that L has a basis a1, . . . , an where

a1 = a, a2 = [a1, a1], . . . , an = [a1, an−1], [a1, an] = α2a2 + · · ·+ αnan.

Moreover, [L,L] = Leib(L) = Fa2 + · · ·+ Fan [6]. We fix these designations.

The following types of cyclic Leibniz algebras appear here.

The first case: [a1, an] = 0. In this case, L is nilpotent, and we will say that L is a cyclic algebra of

type (I). The structure of the automorphism group of a cyclic Leibniz algebra of type (I) is described in

Section 1.

Now we need the following concepts. The left (respectively right) center ζ left(L) (respectively ζright(L))

of a Leibniz algebra L is defined by the following rule:

ζ left(L) = {x ∈ L| [x, y] = 0 for each y ∈ L}
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(respectively,

ζright(L) = {x ∈ L| [y, x] = 0 for each y ∈ L}).

The left center of L is an ideal of L, but it is not true for the right center of L. Moreover, Leib(L) 6

ζ left(L), so that L/ζ left(L) is a Lie algebra. The right center of L is a subalgebra of L, and in general

the left and right centers are different. They can even have different dimensions (see [12]).

The center ζ(L) of L is defined by the following rule:

ζ(L) = {x ∈ L| [x, y] = 0 = [y, x] for each y ∈ L}.

The center is an ideal of L.

Consider now the second type of cyclic Leibniz algebras. In this case, [a1, an] = α2a2 + · · ·+αnan and

α2 6= 0. Put c = α−12 (α2a1 + · · ·+αnan−1−an). Then [c, c] = 0, Fc = ζright(L), L = [L,L]⊕Fc, [c, b] =

[a1, b] for every b ∈ [L,L] [6]. In particular, a3 = [c, a2], . . . , an = [c, an−1], [c, an] = α2a2 + · · · + αnan.

In this case, we will say that L is a cyclic algebra of type (II).

For description of the automorphism group of a cyclic Leibniz algebra of type (II) we consider the

relationships between Leibniz algebras and modules over associative ring. We will consider these relation-

ships in Section 2. Using these constructions, in Sections 3 we obtain the description of automorphism

group of a cyclic Leibniz algebra of type (II).

The third case: [a1, an] = α2a2 + · · ·+αnan and α2 = 0. Let t be the first index such that αt 6= 0. In

other words, [a1, an] = αtat + · · ·+ αnan. By our condition, t > 2. Then

[a1, an] = αt[a1, at−1] + · · ·+ αn[a1, an−1] = [a1, αtat−1 + · · ·+ αnan−1],

which implies that αtat−1 + · · · + αnan−1 − an ∈ Annright
L (a1). Since αt 6= 0, then α−1t 6= 0 and

dt−1 = α−1t (αtat−1 + · · ·+ αnan−1 − an) = at−1 + βtat + · · ·+ βnan ∈ Annright
L (a1). Put

dt−2 = at−2 + βtat−1 + · · ·+ βnan−1,

dt−3 = at−3 + βtat−2 + · · ·+ βnan−2,

· · ·

d1 = a1 + βta2 + · · ·+ βnan−t+1.

Then

[d1, d1] = [a1, d1] = d2,

[d1, d2] = [a1, d2] = d3,

· · ·

[d1, dt−2] = [a1, dt−2] = dt−1,

[d1, dt−1] = [a1, dt−1] = 0.

It follows that the subspace U = Fd1⊕Fd2⊕· · ·⊕Fdt−1 is a nilpotent subalgebra. Moreover, a subspace

[U,U ] = Fd2 ⊕ · · · ⊕ Fdt−1 is an ideal of L. Put further dt = at, dt+1 = at+1, . . . , dn = an.
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The following matrix corresponds to this transaction:

1 βt βt+1 · · · βn 0 0 · · · 0 0 0

0 1 βt · · · βn−1 βn 0 · · · 0 0 0

0 0 1 · · · βn−2 βn−1 βn · · · 0 0 0

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 1 βt βt+1 · · · βn−1 βn 0

0 0 0 · · · 0 1 βt · · · βn−2 βn−1 βn

0 0 0 · · · 0 0 1 · · · 0 0 0

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 0 0 · · · 1 0 0

0 0 0 · · · 0 0 0 · · · 0 1 0

0 0 0 · · · 0 0 0 · · · 0 0 1


This matrix is non-singular, which shows that the elements {d1, . . . , dn} form a new basis. We note that

a subspace V = Fdt ⊕ · · · ⊕ Fdn is a subalgebra. Moreover, V is an ideal of L, because

[a1, dt] = dt+1, . . . , [a1, dn−1] = dn, [a1, dn] = αtdt + · · ·+ αndn.

Moreover, [a1, dj ] = [d1, dj ] for all j > t [6]. In this case, we will say that L is a cyclic algebra of

type (III).

Thus, L = A ⊕ Fd1, A = V ⊕ [U,U ] is a direct sum of two ideals, U = [U,U ] ⊕ Fd1 is a nilpotent

cyclic subalgebra, i.e. is an algebra of type (I), and V ⊕ Fd1 is a cyclic subalgebra of type (II). The

structure of automorphism group of a cyclic Leibniz algebra of type (III) is described in Section 4.

2. The automorphism group of a cyclic Leibniz algebra of type (I).

We start from the elementary properties of automorphisms and endomorphisms of Leibniz algebras.

Lemma 2.1. Let L be a Leibniz algebra over a field F , f be an automorphism of L. Then f(ζ left(L)) =

ζ left(L), f(ζright(L)) = ζright(L), f(ζ(L)) = ζ(L), f([L,L]) = [L,L].

Proof. Let x be an arbitrary element of L and let z ∈ ζ left(L). Since f is an automorphism of L, there

is an element y ∈ L such that x = f(y). Then

[f(z), x] = [f(z), f(y)] = f([z, y]) = f(0) = 0.

It follows that f(z) ∈ ζ left(L).

On the other hand, there are the elements u, v ∈ L such that z = f(u), x = f−1(v). Then

[u, x] = [f−1(z), f−1(v)] = f−1([z, v]) = f−1(0) = 0.

It follows that u ∈ ζ left(L), so that z ∈ f(ζ left(L)) and therefore f(ζ left(L)) = ζ left(L). Using the similar

arguments, we obtain that f(ζright(L)) = ζright(L) and f(ζ(L)) = ζ(L).

If x, y ∈ L, then f([x, y]) = [f(x), f(y)] ∈ [L,L]. It follows that f([L,L]) 6 [L,L].
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Conversely, let w ∈ [L,L]. Then w = α1[u1, v1] + · · · + αt[ut, vt] for some u1, v1, . . . , ut, vt ∈ L,

α1, . . . , αt ∈ F . Since f is an automorphism of L, there are the elements a1, b1, . . . , at, bt ∈ L such that

uj = f(aj), vj = f(bj), 1 6 j 6 t. Then

w =
∑
16j6t

αj [uj , vj ] =
∑
16j6t

αj [f(aj), f(bj)]

=
∑
16j6t

αjf([aj , bj ]) = f

 ∑
16j6t

αj [aj , bj ]

 ∈ f([L,L]).

It follows that [L,L] 6 f([L,L]) and hence [L,L] = f([L,L]). �

Let L be a Leibniz algebra. Define the lower central series of L

L = γ1(L) > γ2(L) > · · · γα(L) > γα+1(L) > · · · γδ(L) = γ∞(L)

by the following rule: γ1(L) = L, γ2(L) = [L,L], and recursively γα+1(L) = [L, γα(L)] for all ordinals

α and γλ(L) =
⋂
µ<λ

γµ(L) for the limit ordinals λ. As usually, we say that a Leibniz algebra L is called

nilpotent, if there exists a positive integer k such that γk(L) = 〈0〉. More precisely, L is said to be

nilpotent of nilpotency class c if γc+1(L) = 〈0〉, but γc(L) 6= 〈0〉.
Define the upper central series

〈0〉 = ζ0(L) 6 ζ1(L) 6 · · · ζα(L) 6 ζα+1(L) 6 · · · ζτ (L) = ζ∞(L)

of a Leibniz algebra L by the following rule: ζ1(L) = ζ(L) is the center of L, and recursively ζα+1(L)/ζα(L) =

ζ(L/ζα(L)) for all ordinals α, and ζλ(L) =
⋃
µ<λ

ζµ(L) for the limit ordinals λ.

Corollary 2.2. Let L be a Leibniz algebra over a field F , f be an automorphism of L. Then f(ζα(L)) =

ζα(L), f(γα(L)) = γα(L) for all ordinals α. In particular, f(ζ∞(L)) = ζ∞(L), f(γ∞(L)) = γ∞(L).

Using transfinite induction we can derive it from Lemma 2.1.

Lemma 2.3. Let L be a Leibniz algebra over a field F , f be an endomorphism of L. Then f(γα(L)) 6

γα(L) for all ordinals α. In particular, f(γ∞(L)) 6 γ∞(L).

Proof. If x, y ∈ L, then f([x, y]) = [f(x), f(y)] ∈ [L,L]. It follows that f([L,L]) 6 [L,L]. Suppose

that we have already proved that f(γβ(L)) 6 γβ(L) for all ordinals β < α. If α is a limit ordinal, then

γα(L) =
⋂
β<α

γβ(L). In this case,

f(γα(L)) = f

⋂
β<α

γβ(L)

 6 ⋂
β<α

f(γβ(L)) 6
⋂
β<α

γβ(L) = γα(L).

Suppose now that α is not a limit ordinal. Then α− 1 = δ exists and γα(L) = [L, γδ(L)]. By induction

hypothesis, f(γδ(L)) 6 γδ(L). Let w ∈ L, v ∈ γδ(L). Then

f([w, v]) = [f(w), f(v)] ∈ [L, γδ(L)] = γα(L).

It follows that f([L, γδ(L)]) = f(γα(L)) 6 γα(L). �
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Lemma 2.4. Let L be a cyclic finite-dimensional Leibniz algebra over a field F . Let S be a subset of

all endomorphisms f of L such that f(x) ∈ [L,L] for each x ∈ L. Then S = {f | f ∈ End[,](L), f2 = 0}
and S is an ideal of End[,](L) with zero multiplication f ◦ g = 0 for every f, g ∈ S.

Proof. Let f be an endomorphism of L and f(a1) ∈ [L,L]. Then f(a2) = f([a1, a1]) = [f(a1), f(a1)].

An equality [L,L] = Leib(L) and the fact that Leib(L) 6 ζ left(L) shows that f(a2) = 0. Similarly,

f(a3) = f([a1, a2]) = [f(a1), f(a2)] = 0,

· · ·

f(an) = f([a1, an−1]) = [f(a1), f(an−1)] = 0.

It follows that f(y) = 0 for all y ∈ [L,L]. We have f(a1) = γ2a2 + · · ·+ γnan, so that

f2(a1) = f(f(a1)) = f(γ2a2 + · · ·+ γnan) = γ2f(a2) + · · ·+ γnf(an) = 0,

and similarly, f2(aj) = 0 for all j, 2 6 j 6 n. It follows that f2(x) = 0 for all x ∈ L. It means that f2

is a zero endomorphism.

Conversely, let f be an endomorphism of L, f2 = 0 and let f(a1) = γ1a1 + γ2a2 + · · ·+ γnan. Then

0 = f2(a1) = f(f(a1)) = f(γ1a1 + γ2a2 + · · ·+ γnan)

= γ1f(a1) + (γ2f(a2) + · · ·+ γnf(an))

= γ21a1 + ((γ1γ2a2 + · · ·+ γ1γnan) + (γ2f(a2) + · · ·+ γnf(an)))

= γ21a1 + v

where v ∈ [L,L]. Since Fa1 ∩ [L,L] = 〈0〉, f2 = 0 implies that γ21a1 = 0 and v = 0. Thus, γ21 = 0 and

γ1 = 0. Hence, S = {f | f ∈ End[,](L), f2 = 0} = {f | f ∈ End[,](L), f(x) ∈ [L,L] for each x ∈ L}.
Let f ∈ S and g be an arbitrary endomorphism of L. Then (f ◦ g)(x) = f(g(x)) ∈ [L,L]. Using

Lemma 2.3, we obtain that (g ◦ f)(x) = g(f(x)) ∈ [L,L]. It follows that S is an ideal of End[,](L).

Moreover, if f, g ∈ S, then (f ◦ g)(x) = f(g(x)) = 0, because g(x) ∈ [L,L]. �

As the first step, we consider the structure of the automorphism group of a nilpotent finite-dimensional

cyclic Leibniz algebra L = 〈a〉. In this case, [a1, an] = 0.

Lemma 2.5. Let L be a cyclic Leibniz algebra of type (I) over a field F . Then a linear mapping f is

an endomorphism of L if and only if

f(a1) = γ1a1 + γ2a2 + · · ·+ γnan,

f(a2) = γ21a2 + γ1γ2a3 + · · ·+ γ1γn−1an,

f(a3) = γ31a3 + γ21γ2a4 + · · ·+ γ21γn−2an,

f(a4) = γ41a4 + γ31γ2a5 + · · ·+ γ31γn−3an,

· · ·

f(an−1) = γn−11 an−1 + γn−21 γ2an,

f(an) = γn1 an.
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Proof. Put L1 = Fa1 ⊕ · · · ⊕ Fan = L, L2 = Fa2 ⊕ · · · ⊕ Fan, . . . , Ln−1 = Fan−1 ⊕ Fan, Ln = Fan.

Then γ1(L) = L1, γ2(L) = L2, . . . , γn(L) = Ln and ζ1(L) = Ln, ζ2(L) = Ln−1, . . . , ζn(L) = L1.

Lemma 2.3 shows that f(Lj) 6 Lj for all j, 2 6 j 6 n. Put f(a1) =
∑

16j6n
γjaj . Then

f(a2) = f([a1, a1]) = [f(a1), f(a1)] =

 ∑
16j6n

γjaj ,
∑

16k6n

γkak


=

γ1a1, ∑
16k6n

γkak

 = γ1

 ∑
16k6n

γk[a1, ak]


= γ21a2 + γ1γ2a3 + · · ·+ γ1γn−1an;

f(a3) = f([a1, a2]) = [f(a1), f(a2)]

=

 ∑
16j6n

γjaj , γ
2
1a2 + γ1γ2a3 + · · ·+ γ1γn−1an


= [γ1a1, γ

2
1a2 + γ1γ2a3 + · · ·+ γ1γn−1an]

= γ31a3 + γ21γ2a4 + · · ·+ γ21γn−2an;

f(a4) = f([a1, a3]) = [f(a1), f(a3)]

=

 ∑
16j6n

γjaj , γ
3
1a3 + γ21γ2a4 + · · ·+ γ21γn−2an


= [γ1a1, γ

3
1a3 + γ21γ2a4 + · · ·+ γ21γn−2an]

= γ41a4 + γ31γ2a5 + · · ·+ γ31γn−3an;

· · ·

f(an−1) = f([a1, an−2]) = [f(a1), f(an−2)]

=

 ∑
16j6n

γjaj , γ
n−2
1 an−2 + γn−31 γ2an−1 + γn−31 γ3an


= [γ1a1, γ

n−2
1 an−2 + γn−31 γ2an−1 + γn−31 γ3an]

= γn−11 an−1 + γn−21 γ2an;

f(an) = f([a1, an−1]) = [f(a1), f(an−1)]

=

 ∑
16j6n

γjaj , γ
n−1
1 an−1 + γn−21 γ2an


= [γ1a1, γ

n−1
1 an−1 + γn−21 γ2an]

= γn1 an.
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Conversely, let x = λ1a1 + λ2a2 + · · ·+ λnan and y = µ1a1 + µ2a2 + · · ·+ µnan be arbitrary elements

of L. Suppose that a linear mapping f satisfies the above conditions. Then

[x, y] = [λ1a1 + λ2a2 + · · ·+ λnan, µ1a1 + µ2a2 + · · ·+ µnan]

= [λ1a1, µ1a1 + µ2a2 + · · ·+ µnan]

= λ1µ1[a1, a1] + λ1µ2[a1, a2] + · · ·+ λ1µn[a1, an];

f([x, y]) = f(λ1µ1[a1, a1] + λ1µ2[a1, a2] + · · ·+ λ1µn[a1, an])

= λ1µ1f([a1, a1]) + λ1µ2f([a1, a2]) + · · ·+ λ1µnf([a1, an]);

[f(x), f(y)] = [f(λ1a1 + λ2a2 + · · ·+ λnan), f(µ1a1 + µ2a2 + · · ·+ µnan]

= [λ1f(a1) + (λ2f(a2) + · · ·+ λnf(an)), µ1f(a1) + µ2f(a2) + · · ·+ µnf(an)]

= [λ1f(a1), µ1f(a1) + µ2f(a2) + · · ·+ µnf(an)]

+ [λ2f(a2) + · · ·+ λnf(an), µ1f(a1) + µ2f(a2) + · · ·+ µnf(an)].

By our conditions, f(aj) ∈ L2 for all j > 2, so that λ2f(a2) + · · ·+ λnf(an) ∈ L2 and therefore

[λ2f(a2) + · · ·+ λnf(an), µ1f(a1) + µ2f(a2) + · · ·+ µnf(an)] = 0.

Thus,

[f(x), f(y)]) = [λ1f(a1), µ1f(a1) + µ2f(a2) + · · ·+ µnf(an)]

= λ1µ1[f(a1), f(a1)] + λ1µ2[f(a1), f(a2)] + · · ·+ λ1µn[f(a1), f(an)].

By our conditions,

[f(a1), f(a1)] = f([a1, a1]),

[f(a1), f(a2)] = f([a1, a2]),

· · ·

[f(a1), f(an)] = f([a1, an]),

which implies that f([x, y]) = [f(x), f(y)]. Hence, f is an endomorphism of a Leibniz algebra L. �

Corollary 2.6. Let L be a cyclic Leibniz algebra of type (I) over a field F . Then End[,](L) is isomorphic

to a submonoid of Mn(F ) consisting of all matrices having the following form

γ1 0 0 0 · · · 0 0 0

γ2 γ21 0 0 · · · 0 0 0

γ3 γ1γ2 γ31 0 · · · 0 0 0

γ4 γ1γ3 γ21γ2 γ41 · · · 0 0 0

· · · · · · · · · · · · · · · · · · · · · · · ·
γn−2 γ1γn−3 γ21γn−4 γ31γn−5 · · · γn−21 0 0

γn−1 γ1γn−2 γ21γn−3 γ31γn−4 · · · γn−31 γ2 γn−11 0

γn γ1γn−1 γ21γn−2 γ31γn−3 · · · γn−31 γ3 γn−21 γ2 γn1


.
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Corollary 2.7. Let L be a cyclic Leibniz algebra of type (I) over a field F . Then the automorphism

group Aut[,](L) is isomorphic to a subgroup AC(n) of GLn(F ) consisting of all matrices having the

following form 

γ1 0 0 0 · · · 0 0 0

γ2 γ21 0 0 · · · 0 0 0

γ3 γ1γ2 γ31 0 · · · 0 0 0

γ4 γ1γ3 γ21γ2 γ41 · · · 0 0 0

· · · · · · · · · · · · · · · · · · · · · · · ·
γn−2 γ1γn−3 γ21γn−4 γ31γn−5 · · · γn−21 0 0

γn−1 γ1γn−2 γ21γn−3 γ31γn−4 · · · γn−31 γ2 γn−11 0

γn γ1γn−1 γ21γn−2 γ31γn−3 · · · γn−31 γ3 γn−21 γ2 γn1


where γ1 6= 0.

Corollary 2.8. Let L be a cyclic Leibniz algebra of type (I) over a field F . Then a monoid of all

endomorphisms of L is a union of an ideal S = {f | f ∈ End[,](L), f2 = 0} and an automorphism group

Aut[,](L). Moreover, S is an ideal with zero multiplication f ◦ g = 0 for every f, g ∈ S.

Proof. Indeed, consider the arbitrary endomorphism f of L and let

f(a1) = γ1a1 + γ2a2 + · · ·+ γnan.

If γ1 = 0, then Lemma 2.4 shows that f ∈ S. If γ1 6= 0, then Corollaries 2.6 and 2.7 shows that f is an

automorphism of L. �

Lemma 2.9. Let L be a cyclic finite-dimensional Leibniz algebra over a field F . Let G = Aut[,](L) and

U be a subset of all automorphisms f of L such that f(a1) = a1 + u for some u ∈ [L,L]. Then U is a

normal subgroup of G and G/U is isomorphic to a subgroup of the multiplicative group of a field F .

Proof. If f is an arbitrary automorphism of L, then f(a1) = λa1 + u for some λ ∈ F , u ∈ [L,L].

Lemma 2.4 shows that λ 6= 0. We remark that a coefficient λ is uniquely defined. Indeed, suppose that

f(a1) = λ1a1 + u1 for some λ1 ∈ F , u1 ∈ [L,L]. Then λa1 + u = λ1a1 + u1. It follows that

(λ− λ1)a1 = u1 − u.

Since Fa1 ∩ [L,L] = 〈0〉, we obtain that λ− λ1 = 0 and u1 − u = 0. Thus, λ = λ1 and u1 = u.

For the automorphism f−1 we have

f−1(a1) = σa1 + w

for some σ ∈ F , w ∈ [L,L]. Then

a1 = (f−1 ◦ f)(a1) = f−1(f(a1)) = f−1(λa1 + u)

= λf−1(a1) + f−1(u) = λ(σa1 + w) + f−1(u)

= λσa1 + λw + f−1(u).
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Using Lemma 2.1, we obtain that f−1(u) ∈ [L,L], so that λw+f−1(u) ∈ [L,L]. Since Fa1∩ [L,L] = 〈0〉,
we obtain that λσa1 = a1 and λw + f−1(u) = 0. Thus, σ = λ−1, w = −λ−1f−1(u).

If f, g ∈ U , then f(a1) = a1 + u, g(a1) = a1 + v for some u, v ∈ [L,L]. Then

(f ◦ g)(a1) = f(g(a1)) = f(a1 + v) = f(a1) + f(v) = a1 + u+ f(v).

Lemma 2.1 shows that f(v) ∈ [L,L]. It follows that f ◦ g ∈ U .

Let now f ∈ U . As we have seen above, f−1(a1) = a1 − f−1(u). Using again Lemma 2.1, we obtain

that f−1(u) ∈ [L,L], which means that f−1 ∈ U . It follows that U is a subgroup of a group G.

Let h be an arbitrary element of G and let again f ∈ U . Then h(a1) = λa1 + y for some y ∈ [L,L].

By proved above, h−1(a1) = λ−1a1 − λ−1h−1(y). Thus,

(h−1 ◦ f ◦ h)(a1) = h−1(f(h(a1))) = h−1(f(λa1 + y))

= h−1(λf(a1) + f(y)) = λh−1(f(a1)) + h−1(f(y))

= λh−1(a1 + u) + h−1(f(y)) = λh−1(a1) + λh−1(u) + h−1(f(y))

= λ(λ−1a1 − λ−1h−1(y)) + λh−1(u) + h−1(f(y))

= a1 − h−1(y) + λh−1(u) + h−1(f(y)).

Using Lemma 2.1, we obtain that h−1(y), h−1(u), h−1(f(y)) ∈ [L,L]. It follows that h−1 ◦ f ◦ h ∈ U , so

that U is a normal subgroup of G.

Finally, define the mapping ϑ : G→ U(F ) by the following rule. Let f be an arbitrary automorphism

of L, f(a1) = λa1 + u for some λ ∈ F , u ∈ [L,L]. Put ϑ(f) = λ. If h is another automorphism of L, i.e.

h(a1) = σa1 + y for some σ ∈ F , y ∈ [L,L], then

(f ◦ h)(a1) = f(h(a1)) = f(σa1 + y)

= σf(a1) + f(y) = σ(λa1 + u) + f(y)

= (σλ)a1 + σu+ f(y)

= (λσ)a1 + σu+ f(y).

Lemma 2.1 implies that

ϑ(f ◦ h) = λσ = ϑ(f)ϑ(h).

Hence, ϑ is a homomorphism of a group G in U(F ). Clearly, Ker(f) = U . �

Corollary 2.10. Let L be a cyclic Leibniz algebra of type (I) over a field F , G = Aut[,](L). Then

G is a semidirect product of a normal subgroup U , consisting of all automorphisms f of L such that

f(a1) = a1 + u for some u ∈ [L,L], and a subgroup D = {f | f ∈ Aut[,](L), f(a1) = γa1, 0 6= γ ∈ F}.
Moreover, D is isomorphic to the multiplicative group of a field F and U is isomorphic to a subgroup

UC(n) of AC(n) consisting of matrices having the following form

E + γ2
∑

16k6n−1
Ek+1,k + γ3

∑
16k6n−2

Ek+2,k + · · ·+ γnEn,1.
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Proof. Let f be a linear mapping of L, having in basis {a1, a2, . . . , an} the following matrix∑
16k6n

γkEk,k

where 0 6= γ ∈ F . Corollary 2.7 shows that f is an automorphism of L. Denote by DmC(n) the subset

of AC(n), consisting of matrices

D(γ) =
∑

16k6n

γkEk,k

where γ 6= 0. It is not hard to see that DmC(n) is a subgroup of AC(n) and DmC(n) ∼= D. Clearly,

the mapping θ : DmC(n)→ U(F ) defined by the rule

θ

 ∑
16k6n

γkEk,k

 = γ

is an isomorphism. It shows that DmC(n), and hence D, is isomorphic to a multiplicative group of a

field F . In particular, it is abelian.

Consider the set of matrices, having the following form

1 0 0 0 · · · 0 0

γ2 1 0 0 · · · 0 0

γ3 γ2 1 0 · · · 0 0

γ4 γ3 γ2 1 · · · 0 0

· · · · · · · · · · · · · · · · · · · · ·
γn−1 γn−2 γn−3 γn−4 · · · 1 0

γn γn−1 γn−2 γn−3 · · · γ2 1


Each of these matrices is completely defined by its first column. Therefore, we will denote this matrix

by M(γ2, γ3, . . . , γn). Denote the set of all such matrices by UC(n). Clearly, we can write every matrix

from UC(n) in the following form

E + γ2
∑

16k6n−1
Ek+1,k + γ3

∑
16k6n−2

Ek+2,k + · · ·+ γnEn,1.

Using Corollary 2.7, we can obtain that the matrix of every automorphism from a subgroup U in basis

{a1, a2, . . . , an} belong to UC(n), and conversely. It is not difficult to show that U ∼= UC(n). Also it

is not hard to prove that for every matrix M ∈ AC(n) we have a decomposition

M = M(γ2, γ3, . . . , γn)D(γ1),

and we obtain that

AC(n) = UC(n)DmC(n).

An equality U ∩D = 〈1〉 is obvious. �
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Consider now a polynomial ring F [X]. Denote by R(n) the ideal of F [X], generated by the polynomial

Xn. Put z = X +R(n). Then every element of a factor-ring F [X]/R(n) has a form

α0 + α1z + α2z
2 + · · ·+ αn−1z

n−1,

α0, α1, α2, . . . , αn−1 ∈ F , and this representation is unique. It is possible to show that

U(F [X]/R(n)) = {α0 + α1z + α2z
2 + · · ·+ αn−1z

n−1| α0 6= 0}.

Put

I(F [X]/R(n)) = {1 + α1z + α2z
2 + · · ·+ αn−1z

n−1| α0, α1, α2, . . . , αn−1 ∈ F}.

Then it is not difficult to show that I(F [X]/R(n)) is a subgroup of U(F [X]/R(n)).

Theorem 2.11. Let L be a cyclic Leibniz algebra of type (I) over a field F . Then Aut[,](L) is a

semidirect product of a normal subgroup U ∼= I(F [X]/R(n)) and a subgroup D ∼= U(F ).

Proof. Corollary 2.10 implies that G = Aut[,](L) is a semidirect product of a normal subgroup U ∼=
UC(n) and a subgroup D ∼= U(F ). Let Γ,Λ ∈ UC(n) where

Γ = E + γ1
∑

16k6n−1
Ek+1,k + γ2

∑
16k6n−2

Ek+2,k + · · ·+ γn−1En,1,

Λ = E + λ1
∑

16k6n−1
Ek+1,k + λ2

∑
16k6n−2

Ek+2,k + · · ·+ λn−1En,1.

Put

ΓΛ = E + δ1
∑

16k6n−1
Ek+1,k + δ2

∑
16k6n−2

Ek+2,k + · · ·+ δn−1En,1.

Since ΓΛ ∈ UC(n), ΓΛ is completely defined by its first column. We have

δ1 = γ1 + λ1,

δ2 = γ2 + γ1λ1 + λ2,

· · ·

δj = γj + γj−1λ1 + γj−2λ2 + · · ·+ γ1λj−1 + λj ,

· · ·

δn−1 = γn−1 + γn−2λ1 + γn−3λ2 + · · ·+ γ1λn−2 + λn−1.

Taking all this into account, we obtain the following isomorphism. Define a mapping

φ : UC(n)→ I(F [X]/R(n))

by the following rule: if Γ ∈ UC(n), i.e.

Γ = E + γ1
∑

16k6n−1
Ek+1,k + γ2

∑
16k6n−2

Ek+2,k + · · ·+ γn−1En,1,

then put φ(Γ) = 1 + γ1z + γ2z
2 + · · · + γn−1z

n−1. By proved above, φ(ΓΛ) = φ(Γ)φ(Λ) for every

Γ,Λ ∈ UC(n). Clearly, the mapping φ is bijective, so that φ is an isomorphism. �
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3. On the relationships between Leibniz algebras and modules over associative rings.

Let L be a Leibniz algebra over a field F and A be an abelian ideal of L. Denote by EndF (A) the

set of all linear transformations of A. Then EndF (A) is an associative algebra by the operations + and

◦. As usual, EndF (A) is a Lie algebra by the operations + and [, ] where [f, g] = f ◦ g − g ◦ f for all

f, g ∈ EndF (A).

Let u be an arbitrary element of L. Consider the mapping lu : A → A, defined by the rule lu(x) =

[u, x], x ∈ A. For every u, v ∈ L and λ ∈ F we have

lu(x+ y) = [u, x+ y] = [u, x] + [u, y] = lu(x) + lu(y),

lu(λx) = [u, λx] = λ[u, x] = λlu(x).

Hence, lu is a linear transformation of A. Furthermore, βlu(x) = β[u, x] = [βu, x] = lβu(x) for every

x ∈ A, which implies that βlu = lβu. Moreover,

(lu + lv)(x) = lu(x) + lv(x) = [u, x] + [v, x] = [u+ v, x] = lu+v(x),

which follows that lu + lv = lu+v. Consider the mapping ϑ : L → EndF (A), defined by the rule

ϑ(u) = lu, u ∈ L. By above equalities, this mapping is linear. A subspace Im(ϑ) is a Lie subalgebra

of Lie algebra associated with EndF (A). Denote by SL(A) the associative subalgebra of EndF (A)

generated by Im(ϑ). Then the action of L on A can be extended in a natural way to the action of

SL(A). Then A become to a module over associative ring SL(A). This relationship we will use in a

following way.

Let L be a cyclic Leibniz algebra of type (II). In this case,

[a1, an] = α2a2 + · · ·+ αnan

and α2 6= 0. Put

c = α−12 (α2a1 + · · ·+ αnan−1 − an).

Then [c, c] = 0, Fc = ζright(L), L = [L,L]⊕ Fc and [c, b] = [a1, b] for every b ∈ [L,L] [6]. In particular,

a3 = [c, a2], . . . , an = [c, an−1], [c, an] = α2a2 + · · ·+ αnan.

Put A = [L,L]. A linear transformation lc : A→ A in basis {a2, . . . , an} has the following matrix

0 0 0 · · · 0 α2

1 0 0 · · · 0 α3

0 1 0 · · · 0 α4

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 αn−1

0 0 0 · · · 1 αn


.

This matrix is non-degenerate. Hence, lc is an F -automorphism of a linear space A. We will consider A

as an F 〈g〉-module where 〈g〉 is an infinite cyclic group and the action of g on A defined by the following

rule: ga = lc(a) = [c, a] for each element a ∈ A.
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Consider now the dual situation. Let A be a vector space over a field F and let R be a subalgebra of

an associative algebra EndF (A) of all F -endomorphisms of A. Then we can consider R as a Lie algebra

by the operation

[f, g] = f ◦ g − g ◦ f,

f, g ∈ R. Choose in a Lie algebra R some Lie-subalgebra S. Put L = A⊕ S and define an operation [, ]

on L by the following rule:

[f, g] = f ◦ g − g ◦ f for all f, g ∈ S,

[a, b] = 0 for all a, b ∈ A,

[a, f ] = 0 for all a ∈ A, f ∈ S,

[f, a] = f(a) for all a ∈ A, f ∈ S,

[a+ f, b+ g] = [a, b] + [a, g] + [f, b] + [f, g] = f(b) + [f, g].

By such definition, the left center of L includes A. Let x, y, z be arbitrary elements of L. Then x = a+f ,

y = b+ g, z = c+ h for some a, b, c ∈ A, f, g, h ∈ S. We have

[x, y] = [a+ f, b+ g] = [f, g] + f(b),

[y, z] = [b+ g, c+ h] = [g, h] + g(c),

[x, z] = [a+ f, c+ h] = [f, h] + f(c).

Then

[[x, y], z] = [[f, g] + f(b), c+ h] = [f, g](c) + [[f, g], h],

[x, [y, z]] = [a+ f, [g, h] + g(c)] = [f, [g, h]] + f(g(c)),

[y, [x, z]] = [b+ g, [f, h] + f(c)] = [g, [f, h]] + g(f(c)).

Since S is a Lie algebra, [[f, g], h] = [f, [g, h]]− [g, [f, h]], and we obtain that

[x, [y, z]]− [y, [x, z]] = [f, [g, h]] + f(g(c))− [g, [f, h]]− g(f(c))

= [f, [g, h]]− [g, [f, h]] + f(g(c))− g(f(c))

= [[f, g], h] + [f, g](c) = [[x, y], z].

This shows that L is a Leibniz algebra. If the subalgebra R is commutative, then S as a Lie algebra is

abelian. In this case, the right center of L includes S.

Let now A be a finite-dimensional vector space over a field F and let c be an F -automorphism of

A. Let R = F 〈c〉 be an associative subalgebra of EndF (A), generated by the automorphism c. This

subalgebra is commutative. Therefore, R as a Lie algebra is abelian. Then a subspace Fc is a Lie

subalgebra of R. Using the above construction, we can construct a Leibniz algebra

L = A⊕ Fc.

By this way, we come to cyclic Leibniz algebra of type (II).
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4. The automorphism group of a cyclic Leibniz algebra of type (II).

Lemma 4.1. Let L be a cyclic Leibniz algebra of type (II) over a field F , D be a centralizer of a subspace

Fc in a monoid End[,](L). Then D is a submonoid of End[,](L). Moreover,

C = D ∩Aut[,](L)

is a normal subgroup of Aut[,](L).

Proof. Indeed, if f, g are two endomorphisms of L such that f(c) = g(c) = c, then

(f ◦ g)(c) = f(g(c)) = f(c) = c,

so that f ◦ g ∈ D. Since the identity mapping of L belong to D, D is a submonoid of End[,](L).

Let f be an arbitrary element of C. Then

c = (f−1 ◦ f)(c) = f−1(f(c)) = f−1(c),

so that f−1 ∈ C.

Let g be an arbitrary automorphism of L and f be an element of C. Lemma 2.1 shows that g(c) = αc

for some 0 6= α ∈ F . Then

(g−1 ◦ f ◦ g)(c) = g−1(f(g(c))) = g−1(f(αc)) = g−1(αc) = αg−1(c) = αα−1c = c.

Hence, C is a normal subgroup of Aut[,](L). �

If L is a cyclic Leibniz algebra of type (II), then every element of L has a form a+αc where a ∈ [L,L],

α ∈ F , and its presentation in such form is unique.

Lemma 4.2. Let L be a cyclic Leibniz algebra of type (II) over a field F , D be a centralizer of a

subspace Fc in a monoid End[,](L). Then D is isomorphic to a multiplicative monoid of a factor-ring

F [X]/a(X)F [X] where a(X) = α2 + α3X + · · ·+ αnX
n−2 −Xn−1.

Proof. Put A = [L,L]. We can consider A as a module over a polynomial ring F [X], if we define the

action of a polynomial ν0 + ν1X + · · ·+ νkX
k on an arbitrary element a ∈ A by the following rule:

(ν0 + ν1X + · · ·+ νkX
k)a = ν0a+ ν1lc(a) + · · ·+ νkl

k
c (a).

Since

a3 = [c, a2] = lc(a2),

a4 = [c, a3] = lc(a3) = lc(lc(a2)) = l2c(a2),

· · ·

an = [c, an−1] = lc(an−1) = lc(l
n−3
c (a2)) = ln−2c (a2),

and the fact that {a2, a3, . . . , an} is a basis of A, A becomes a cyclic F [X]-module. Note that

ln−1c (a2) = lc(l
n−2
c (a2)) = lc(an) = α2 + α3lc(a2) + · · ·+ αnl

n−2
c (a2),

so that we can define lkc (a2) (and hence lkc (a) for arbitrary a ∈ A) for each positive integer k.
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If f is an endomorphism of L, then Lemma 2.3 shows that f(A) 6 A. Define now the mapping

f↓ : A → A by the rule: f↓(a) = f(a) for every a ∈ A. It is not hard to prove that f↓ is a linear

transformation of a vector space A. Suppose now that f ∈ D. Then

f↓([c, a]) = f([c, a]) = [f(c), f(a)] = [c, f(a)] = [c, f↓(a)].

On the other hand, f↓([c, a]) = f↓(lc(a)) = f↓(Xa) and [c, f↓(a)] = lc(f
↓(a)) = Xf↓(a). Thus, we

obtain that

f↓(Xa) = Xf↓(a).

In other words, f↓ is an endomorphism of the F [X]-module A.

Further, f(a2) = β0a2 + β1a3 + β2a4 + · · · + βn−2an for some β0, . . . , βn−2 ∈ F . As we have seen

above,

a3 = [c, a2] = lc(a2) = Xa2,

a4 = l2c(a2) = X2a2,

· · ·

an = ln−2c (a2) = Xn−2a2.

Hence, we come to the following presentation

f(a2) = β0a2 + β1Xa2 + β2X
2a2 + · · ·+ βn−2X

n−2a2

= (β0 + β1X + β2X
2 + · · ·+ βn−2X

n−2)a2.

Put

df (X) = β0 + β1X + β2X
2 + · · ·+ βn−2X

n−2.

Then f(a2) = df (X)a2.

If a is an arbitrary element of A, then a = σ0a2+σ1a3+σ2a4+· · ·+σn−2an for some σ0, . . . , σn−2 ∈ F .

As we have seen above,

a = σ0a2 + σ1Xa2 + σ2X
2a2 + · · ·+ σn−2X

n−2a2

= (σ0 + σ1X + σ2X
2 + · · ·+ σn−2X

n−2)a2.

Then

f(a) = f(σ0a2 + σ1a3 + σ2a4 + · · ·+ σn−2an)

= σ0f(a2) + σ1f(a3) + σ2f(a4) + · · ·+ σn−2f(an)

= σ0f(a2) + σ1f(Xa2) + σ2f(X2a2) + · · ·+ σn−2f(Xn−2a2)

= σ0f(a2) + σ1Xf(a2) + σ2X
2f(a2) + · · ·+ σn−2X

n−2f(a2)

= (σ0 + σ1X + σ2X
2 + · · ·+ σn−2X

n−2)f(a2)

= (σ0 + σ1X + σ2X
2 + · · ·+ σn−2X

n−2)df (X)a2

= df (X)(σ0 + σ1X + σ2X
2 + · · ·+ σn−2X

n−2)a2 = df (X)a.

Thus, we can see that an endomorphism f is defined by the polynomial df (X).
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Conversely, let g(X) be an arbitrary polynomial. We define the F [X]-endomorphism s(g) of A by

the rule:

s(g)(a) = g(X)a,

a ∈ A. It is not hard to see that if g(X), r(X) are two polynomials, then s(g) ◦ s(r) = s(gr).

For every F [X]-endomorphism h of F [X]-module A define the mapping h↑ : L→ L by the following

rule: for arbitrary element x = a+ γc of L we put

h↑(a+ γc) = h(a) + γc.

Let y = b+ σc be another arbitrary element of L. Then

h↑(x+ y) = h↑(a+ γc+ b+ σc) = h↑(a+ b+ (γ + σ)c)

= h(a+ b) + (γ + σ)c = h(a) + h(b) + γc+ σc

= h(a) + γc+ h(b) + σc = h↑(a+ γc) + h↑(b+ σc)

= h↑(x) + h↑(y).

Let µ ∈ F , then

h↑(µx) = h↑(µ(a+ γc)) = h↑(µa+ µγc)

= h(µa) + µγc = µh(a) + µγc

= µ(h(a) + γc) = µh↑(a+ γc)

= µh↑(x).

Hence, h↑ is a linear transformation of a vector space L. Furthermore,

h↑([x, y]) = h↑([a+ γc, b+ σc]) = h↑([γc, b])

= h([γc, b]) = h(γ[c, b]) = γh([c, b]) = γh(Xb)

= γXh(b);

[h↑(x), h↑(y)] = [h↑(a+ γc), h↑(b+ σc)]

= [h(a) + γc, h(b) + σc] = [γc, h(b)] = γ[c, h(b)]

= γXh(b).

Thus, h↑([x, y]) = [h↑(x), h↑(y)], so that h↑ is an endomorphism of a Leibniz algebra L. By definition,

h↑(c) = c, so that h↑ ∈ D. Clearly, if h1, h2 are different F [X]-endomorphism of A, then h↑1 6= h↑2.

If f ∈ D, then

f(a+ γc) = f(a) + f(γc) = f(a) + γf(c)

= f(a) + γc = f↓(a) + γc

= (f↓)↑(a+ γc).

In other words, f = (f↓)↑.
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Define now the mapping ϑ : F [X] → D by the rule: ϑ(g(X)) = s(g)↑ for every polynomial g(X) ∈
F [X]. If f is arbitrary element of D, then f↓ is an F [X]-endomorphism of A. As we have seen above,

this mapping is defined by polynomial df↓(X), more precisely, f↓ = s(df (X)). Then

f = (f↓)↑ = (s(df (X)))↑ = ϑ(df (X)),

so that a mapping ϑ is surjective.

Let g(X), r(X) be two polynomials. Recall that s(gr) = s(g) ◦ s(r). Let now h1, h2 be two F [X]-

endomorphism of A. If x = a+ γc is an arbitrary element of L, then

(h1 ◦ h2)↑(a+ γc) = (h1 ◦ h2)(a) + γc = h1(h2(a)) + γc

and

(h↑1 ◦ h
↑
2)(a+ γc) = h↑1(h

↑
2(a+ γc)) = h↑1(h2(a) + γc) = h1(h2(a)) + γc.

It proves an equality (h1 ◦ h2)↑ = h↑1 ◦ h
↑
2. Now we have

ϑ(g(X)r(X)) = (s(gr))↑ = (s(g) ◦ s(r))↑ = s(g)↑ ◦ s(r)↑ = ϑ(g(X))ϑ(r(X)).

Hence, ϑ is an epimorphism of a multiplicative monoid F [X] on D.

If g(X) ∈ Ker(ϑ), then f = ϑ(g(X)) is an identity automorphism of L, i.e. f(x) = x for each x ∈ L.

Then f(a) = f↓(a) = a for each a ∈ A. This means that s(g) is an identity automorphism of A, so

that g(X)a = a for each a ∈ A. In particular, g(X)a2 = a2. In other words, (g(X) − 1)a2 = 0 and

then g(X)− 1 ∈ AnnF [X](a2). In other words, Ker(ϑ) = AnnF [X](a2) + 1. We note that AnnF [X](a2)

is an ideal of a ring F [X]. Now it is not hard to prove that a multiplicative monoid F [X]/Ker(ϑ) is

isomorphic to the multiplicative monoid of a factor-ring F [X]/AnnF [X](a2). Finally,

Xn−1a2 = [c, an] = α2a2 + α3a3 + · · ·+ αnan = (α2 + α3X + · · ·+ αnX
n−2)a2,

so that AnnF [X](a2) = AnnF [X](A) = a(X)F [X] where a(X) = α2 +α3X + · · ·+αnX
n−2−Xn−1. �

Theorem 4.3. Let L be a cyclic Leibniz algebra of type (II) over a field F . Then Aut[,](L) = G includes

a normal subgroup C, which is isomorphic to U(F [X]/a(X)F [X]), where

a(X) = α2 + α3X + · · ·+ αnX
n−2 −Xn−1

such that G/C is isomorphic to a subgroup of a multiplicative group of a field F .

Proof. As in Lemma 4.1, denote by D the centralizer of Fc in End[,](L) and let C = D ∩Aut[,](L) is

a centralizer of Fc in Aut[,](L). By Lemma 2.1, f(Fc) = Fc for each f ∈ C, and it follows that G/C

is isomorphic to a subgroup of a multiplicative group of a field F . An equality C = D ∩Aut[,](L) and

Lemma 4.2 imply that C is isomorphic to U(F [X]/a(X)F [X]) where

a(X) = α2 + α3X + · · ·+ αnX
n−2 −Xn−1.

�
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5. The automorphism group of a cyclic Leibniz algebra of type (III).

Theorem 5.1. Let L be a cyclic Leibniz algebra of type (III) over a field F . Then Aut[,](L) is a

subdirect product of groups G1 and G2 where G1 is a group described in Theorem 2.11, G2 is a group

described in Theorem 4.3.

Proof. We have L = A ⊕ Fd1, A = V ⊕ [U,U ], U = Fd1 ⊕ Fd2 ⊕ · · · ⊕ Fdt−1 is a nilpotent cyclic

subalgebra, i.e. is an algebra of type (I). Moreover, a subspace [U,U ] = Fd2 ⊕ · · · ⊕ Fdt−1 is an ideal

of L. Furthermore, V = Fdt ⊕ · · · ⊕ Fdn is an ideal of L, and [a1, dj ] = [d1, dj ] for all j > t. In other

words, V ⊕ Fd1 is a cyclic subalgebra of type (II).

Let G be an automorphism group of a Leibniz algebra L. Since L/V ∼= U is a cyclic nilpotent

Leibniz algebra, G1 = G/CG(L/V ) is a group, which has been described in Theorem 2.11. Since

L/[U,U ] ∼= V ⊕ Fd1 is a cyclic Leibniz algebra of second type, G2 = G/CG(L/[U,U ]) is a group, which

has been described in Theorem 4.3.

Let f ∈ CG(L/V ) ∩ CG(L/[U,U ]). Then for each x ∈ L we have f(x) = x + a1 where a1 ∈ V and

f(x) = x + a2 where a2 ∈ [U,U ]. It follows that f(x) − x ∈ V ∩ [U,U ] = 〈0〉, so that f(x) = x. Thus,

CG(L/V )∩CG(L/[U,U ]) = 〈1〉 and Remak’s theorem yields the embedding of a group G into the direct

product G1 ×G2. �
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