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ON THE PROBABILITY OF ZERO DIVISOR ELEMENTS IN GROUP RINGS

HAVAL M. MOHAMMED SALIH

ABSTRACT. Let R be a non trivial finite commutative ring with identity and G be a non trivial group.
We denote by P(RG) the probability that the product of two randomly chosen elements of a finite
group ring RG is zero. We show that P(RG) < % if and only if RG 2 Z2Ca, Z3C5, Z2Cs. Furthermore,
we give the upper bound and lower bound for P(RG). In particular, we present the general formula
for P(RG), where R is a finite field of characteristic p and |G| < 4.

1. Introduction

Throughout this paper, a ring R will denote a non trivial finite commutative ring with identity 1.
The set of all invertible elements of a ring R form a group called the unit group of R denoted by
U(R). Let G be a non trivial finite group and RG denote the group ring of group G over the ring
R. If R = K is a field then KG is the group algebra of G over the field K. Let C,, denote the cyclic
group of order n. There are many known results about the group unit of KG in [1, 3, 6, 7, 8]. The
main objects of study here will be the nullity degree (probability) of RG, is the probability that the
multipication of two randomly chosen elements of RG is zero. That is
|(a,b) € RG x RG : ab=0|

|RG|?
where a := 3 corgg and b=} oTgg (Tg,7g € R,g € G). Since RG contains an identity, then
we have that RG = {0} UU(RG) U ZD(RG), where ZD(RG) is the set of nonzero zero divisors of
RG. The homomorphsim e: RG — R given by e(} cqa99) = D ycc
mapping of RG. Its kernel, denoted by A(G) is called the augmentation ideal of RG. It is clear that

P(RG) =

ag is called the augmentation
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e is surjective and RG/A(G) = R. Furthermore, it sends unit elements (zero divisors) in RG to unit
elements (zero divisors) in R. For x € RG, Ann(x) = {b € RG : b = 0} denote the annihilator of x
in RG. Now

>_werg [Ann(z)|

1.1 P —

(1.1) (RG) ek

(1 2) _ |A7m(0)‘ + ZCEGZ/{(RG) ]Ann(x)| + ZO#ZEZD(RG) ‘ATLTZ(LU”
| [RGP?

(1.3) _ |RGI+ URG)| + X ozeez(re) \A”n(ﬁf)!'

|RG|?
It obvious that P(RG) = 1 if and only if R is a trivial ring. Also if RG is a semi simple and G is a
trivial group, then RG = R. The probability of RG can be found in [2].

2. Preliminary

Of course, our goal is to find the upper and lower bound of the probability of group ring. For that

purpose, we will first need the known results of the unit groups in the group ring.

Theorem 2.1. [1] U(F4:(C3 x Ca)) = C4* x C§k_1-

Theorem 2.2. [1] U(F41(C3 x Dg)) = [(CF x C3F) x (C4F x Car_;)] x Ca_yq.

Theorem 2.3. [4] U(F4:Dg) = ((C3F x C§) x Cyr_1) x Ca_y.

Theorem 2.4. [5] U(FqxDg) = [(((C5 x CF) x CF) x C§) x Cor)] x Cop_.

Theorem 2.5. [6] [U(F,xDopm)| = p2R@E" =D (pk —1)2, where p is an odd prime and m € Nj.

Theorem 2.6. [8] If |F| = p", where charF = p > 3, then the unit group U(FSy) is isomorphic to
GL(3,F) x GL(3,F) x GL(2,F) x F* x F*.

Theorem 2.7. [7] If |F| = p", where charF = p > 3, then the unit group U(F D12) is isomorphic to
GL(2,F) x GL(2,F) x GL(2,F) x F* x F* x F* x F*.

There are some kinds of basic properties of the unit groups of group ring RG, where G is abelian

group that will be given in the following results.

Theorem 2.8. [3] If ged(n,p) = 1 and q = p™, then U(F,C,) = Cy—1 X ( H qul ) where d; is

d_q
{n,>1

the multiplicative order of ¢ modulo | and e} = #.

Now consider the case p|n.

Com_1 x CP™Y ifl =1
Lemma 2.9. [3| Let k € N. Then U(FpmC i) = k
3] (F pk) Cpm_1 X H cnt otherwise
n=1 P
where ny = m(p — 1) and ng = mp*~t"1(p — 1)%, for all t,1 <t < k.
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Theorem 2.10. [3] Let n = p*ny, where ged(ny,p) =1 and k > 1. Then
UFpnCr) = UFymCp) x ( [] UE may Cp))
lny,l>1
Theorem 2.11. )[9, (Maschke’s Theorem| Let G be a group. Then the group ring RG is semi-simple
if and only if one the following conditions hold:
i) R is a semi-simple ring.
ii) G is finite.

iii) |G| is inversable in R.

3. Results

Theorem 3.1. Let R be a field of characteristic p, where ¢ = p™. Then

3q—2 .
~ 3 if p|2.
P(FQCQ) = { 4(;1274q+1 . d 2) = 1
St if ged(p,2) = 1.
Proof. Since |Ann(z)| = ¢ for all 0 # = € ZD(RG), then from Equation (3), we obtain

(3.1) P(RG) = BCI+ U(RG)| +a(RG| -~ U(RG)| ~ 1)

|RG?
From Theorem 2.8, we have |U(F,C3)| = (¢ — 1) and by Lemma 2.9, we obtain [U(F,C2)| = q(q — 1).
Substituting these in Equation (3.1) and the result follows. O

Theorem 3.2. Let R be a field of characteristic p, where ¢ = p™. Then
S if pl3.
P(F,C3) = w g=1 mod 3 and if ged(p,3) = 1.

4
4"”3_22# qg=2 mod 3 andif ged(p,3) = 1.

Proof. Let 0 # x € ZD(RG), then either |Ann(z)| = q or ¢*. If p|3, then there are ¢> — ¢ elements of

size ¢ and ¢ — 1 elements of size ¢°>. By Lemma 2.9, we obtain |U(F,Cs)| = ¢*(¢ — 1). If ged(p, 3) = 1,

then we have two cases as follows:

Case 1 if ¢ = 1 mod 3, then there are 3(q — 1)? elements of size ¢ and 3(¢ — 1) elements of size ¢2.
Also, by Theorem 2.8, we obtain |U(F,C3)| = (¢ — 1)3.

Case 2 if ¢ = 2 mod 3, then there are ¢> — 1 elements of size ¢ and ¢ — 1 elements of size ¢>. So
lU(F,C5)| = (¢> — 1)(¢ — 1) by Theorem 2.8.

The rest follows from Equation (1.3). O

Theorem 3.3. Let R be a field of characteristic p, where ¢ = p™. Then
2 if pl4.
P(F,Cy) = 16q4_32q3+824q2_8q+1 g=1 mod 4 and if ged(p,4) = 1.

.4
Bq“*gqszng“q*l g=3 mod 4 and if ged(p,4) = 1.

Proof. The proof is similar as Theorem 3.2. U
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Theorem 3.4. Let R be a field of characteristic p, where ¢ = p™. Then
q2+3q_3 . 4
~ 5 if pl4.
PFy(C2 x C2)) = 1641304910402 —s8g41
q8

otherwise.

Proof. The proof is similar as Theorem 3.2. 0
Lemma 3.5. Let RG be a finite group ring. Then ) po |Ann(x)| > > 5 |Ann(z)].
Proof. The proof is clear. O

Lemma 3.6. If R is a ring and G is a group, then P(R) > P(RG).

Proof. Since RG//A(G) = R and A(G) is non empty and non zero, then |RG|? > (H;Zg‘)‘)Q and so

(Cocr [Ann(@)) RG> (Zep |Ann(@)) ((KE)? = (Coen | Ann(a))) | R2. Thus P(R) = sl >

zzeﬁ%lér;n(x)l = Zzeﬁéﬁ‘?"(’”' = P(RG), as required. O

Remark 3.7. Since RG is a semi-simple, then a consequence of Theorem 2.11, we have that RG = R™.
However P(RG) # P(R"). For instance, R = Z3 and G = Cy. So P(RG) = 2% and P(R') =

P(R)* = &5

Lemma 3.8. If RG is a group ring, then

5|RG| — 4

<
P(RG) = —5rpap

Proof. Since |Ann(z)| < @ for 0 # =z € RG, then

IRG| + [U(RG)| + "CL(|RG| ~ [U(RG) ~ 1) _ |RG| + RG] + U(RG)|(2 — |RG])
|RG|? 2|RG|?

Also [U(RG)| < |RG| — 2. Therefore,

|RG| + |RG|* + (|[RG| — 2)(2 — |[RG|) _ 5|RG|—4
2| RG|? - 2|RGJ?

P(RG) <

P(RG) <

This completes the proof. O

Lemma 3.9. If RG is a group ring, then

2|RG| — |ZD(RG))|
|RG?

P(RG) =
Proof. The proof is clear. O

In [4, 3, 5, 6, 1, 8], they give the size of U(RG) and then we obtain the size of ZD(RG). Thus we
achieve the lower bound of P(RG).

Theorem 3.10. Let RG be a finite group ring. Then P(RG) > i if and only if RG is isomorphic to
one of the following rings: ZoCs, Z3Cs, ZoCs.
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Proof. Let m = |RG|. Then Lemma 3.8 gives upper bound for P(RG) and then } < P(RG) < 224,

2m

Solving this inequality gives m < 9. That is m = |RG| = |R|I¢l < 9. This force that RG is isomorphic

to one of the following rings: ZoCs, Z3Cs, ZoCs.
Conversely, if RG is isomorphic to one of the following rings: ZyCo, Z3Cs, ZoC3, then P(RG) > %
by Theorem 3.1 and Theorem 3.2. Hence the result is proved. (|
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