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ON THE PROBABILITY OF ZERO DIVISOR ELEMENTS IN GROUP RINGS

HAVAL M. MOHAMMED SALIH

Abstract. Let R be a non trivial finite commutative ring with identity and G be a non trivial group.

We denote by P (RG) the probability that the product of two randomly chosen elements of a finite

group ring RG is zero. We show that P (RG) < 1
4

if and only if RG � Z2C2,Z3C2,Z2C3. Furthermore,

we give the upper bound and lower bound for P (RG). In particular, we present the general formula

for P (RG), where R is a finite field of characteristic p and |G| ≤ 4.

1. Introduction

Throughout this paper, a ring R will denote a non trivial finite commutative ring with identity 1.

The set of all invertible elements of a ring R form a group called the unit group of R denoted by

U(R). Let G be a non trivial finite group and RG denote the group ring of group G over the ring

R. If R = K is a field then KG is the group algebra of G over the field K. Let Cn denote the cyclic

group of order n. There are many known results about the group unit of KG in [1, 3, 6, 7, 8]. The

main objects of study here will be the nullity degree (probability) of RG, is the probability that the

multipication of two randomly chosen elements of RG is zero. That is

P (RG) =
|(a, b) ∈ RG×RG : ab = 0|

|RG|2
.

where a :=
∑

g∈G rgg and b :=
∑

g∈G r̄gg (r̄g, rg ∈ R, g ∈ G). Since RG contains an identity, then

we have that RG = {0} ∪ U(RG) ∪ ZD(RG), where ZD(RG) is the set of nonzero zero divisors of

RG. The homomorphsim ε : RG → R given by ε(
∑

g∈G agg) =
∑

g∈G ag is called the augmentation

mapping of RG. Its kernel, denoted by 4(G) is called the augmentation ideal of RG. It is clear that
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ε is surjective and RG/4(G) ∼= R. Furthermore, it sends unit elements (zero divisors) in RG to unit

elements (zero divisors) in R. For x ∈ RG, Ann(x) = {b ∈ RG : xb = 0} denote the annihilator of x

in RG. Now

P (RG) =

∑
x∈RG |Ann(x)|
|RG|2

(1.1)

=
|Ann(0)|+

∑
x∈U(RG) |Ann(x)|+

∑
06=x∈ZD(RG) |Ann(x)|

|RG|2
(1.2)

=
|RG|+ |U(RG)|+

∑
06=x∈ZD(RG) |Ann(x)|

|RG|2
.(1.3)

It obvious that P (RG) = 1 if and only if R is a trivial ring. Also if RG is a semi simple and G is a

trivial group, then RG ∼= R. The probability of RG can be found in [2].

2. Preliminary

Of course, our goal is to find the upper and lower bound of the probability of group ring. For that

purpose, we will first need the known results of the unit groups in the group ring.

Theorem 2.1. [1] U(F3k(C3 × C2)) ∼= C4k
3 × C2

3k−1.

Theorem 2.2. [1] U(F3k(C3 ×D6)) ∼= [(C9k
3 o C3k

3 )o (C4k
3 × C3k−1)]× C3k−1.

Theorem 2.3. [4] U(F3kD6) = ((C3k
3 o Ck

3 )o C3k−1)× C3k−1.

Theorem 2.4. [5] U(F2kD8) = [(((Ck
2 × Ck

4 )o Ck
4 )× Ck

2 )o C2k)]× C2k−1.

Theorem 2.5. [6] |U(FpkD2pm)| = p2k(p
m−1)(pk − 1)2, where p is an odd prime and m ∈ N0.

Theorem 2.6. [8] If |F | = pn, where charF = p > 3, then the unit group U(FS4) is isomorphic to

GL(3, F )×GL(3, F )×GL(2, F )× F ∗ × F ∗.

Theorem 2.7. [7] If |F | = pn, where charF = p > 3, then the unit group U(FD12) is isomorphic to

GL(2, F )×GL(2, F )×GL(2, F )× F ∗ × F ∗ × F ∗ × F ∗.

There are some kinds of basic properties of the unit groups of group ring RG, where G is abelian

group that will be given in the following results.

Theorem 2.8. [3] If gcd(n, p) = 1 and q = pm, then U(FqCn) ∼= Cq−1 × (
∏

l|n,l>1

Cel
qdl−1) where dl is

the multiplicative order of q modulo l and el = ϕ(l)
dl

.

Now consider the case p|n.

Lemma 2.9. [3] Let k ∈ N. Then U(FpmCpk) ∼=


Cpm−1 × C

m(p−1)
p ifk = 1

Cpm−1 ×
k∏

n=1

Cnt

pt otherwise

where nk = m(p− 1) and nt = mpk−t−1(p− 1)2, for all t, 1 ≤ t < k.
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Theorem 2.10. [3] Let n = pkn1, where gcd(n1, p) = 1 and k ≥ 1. Then

U(FpmCn) ∼= U(FpmCpk)× (
∏

l|n1,l>1

U(FpmdlCpk)el)

Theorem 2.11. )[9, (Maschke’s Theorem] Let G be a group. Then the group ring RG is semi-simple

if and only if one the following conditions hold:

i) R is a semi-simple ring.

ii) G is finite.

iii) |G| is inversable in R.

3. Results

Theorem 3.1. Let R be a field of characteristic p, where q = pm. Then

P (FqC2) ∼=

{
3q−2
q3

if p|2.
4q2−4q+1

q4
if gcd(p, 2) = 1.

Proof. Since |Ann(x)| = q for all 0 6= x ∈ ZD(RG), then from Equation (3), we obtain

(3.1) P (RG) =
|RG|+ |U(RG)|+ q(|RG| − |U(RG)| − 1)

|RG|2

From Theorem 2.8, we have |U(FqC2)| = (q− 1)2 and by Lemma 2.9, we obtain |U(FqC2)| = q(q− 1).

Substituting these in Equation (3.1) and the result follows. �

Theorem 3.2. Let R be a field of characteristic p, where q = pm. Then

P (FqC3) ∼=


4q−3
q4

if p|3.
8q3−12q2+6q−1

q6
q ≡ 1 mod 3 and if gcd(p, 3) = 1.

4q3−2q2−2q+1
q6

q ≡ 2 mod 3 and if gcd(p, 3) = 1.

Proof. Let 0 6= x ∈ ZD(RG), then either |Ann(x)| = q or q2. If p|3, then there are q2 − q elements of

size q and q− 1 elements of size q2. By Lemma 2.9, we obtain |U(FqC3)| = q2(q− 1). If gcd(p, 3) = 1,

then we have two cases as follows:

Case 1 if q ≡ 1 mod 3, then there are 3(q − 1)2 elements of size q and 3(q − 1) elements of size q2.

Also, by Theorem 2.8, we obtain |U(FqC3)| = (q − 1)3.

Case 2 if q ≡ 2 mod 3, then there are q2 − 1 elements of size q and q − 1 elements of size q2. So

|U(FqC3)| = (q2 − 1)(q − 1) by Theorem 2.8.

The rest follows from Equation (1.3). �

Theorem 3.3. Let R be a field of characteristic p, where q = pm. Then

P (FqC4) ∼=


5q−4
q5

if p|4.
16q4−32q3+24q2−8q+1

q8
q ≡ 1 mod 4 and if gcd(p, 4) = 1.

8q4−8q3−2q2+4q−1
q8

q ≡ 3 mod 4 and if gcd(p, 4) = 1.

Proof. The proof is similar as Theorem 3.2. �
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Theorem 3.4. Let R be a field of characteristic p, where q = pm. Then

P (Fq(C2 × C2)) ∼=

{
q2+3q−3

q5
if p|4.

16q4−32q3+24q2−8q+1
q8

otherwise.

Proof. The proof is similar as Theorem 3.2. �

Lemma 3.5. Let RG be a finite group ring. Then
∑

x∈RG |Ann(x)| ≥
∑

x∈R |Ann(x)|.

Proof. The proof is clear. �

Lemma 3.6. If R is a ring and G is a group, then P (R) ≥ P (RG).

Proof. Since RG/4(G) ∼= R and 4(G) is non empty and non zero, then |RG|2 ≥ ( |RG|
|4(G)|)

2 and so

(
∑

x∈R |Ann(x)|)|RG|2 ≥ (
∑

x∈R |Ann(x)|)( |RG|
|4(G)|)

2 = (
∑

x∈R |Ann(x)|)|R|2. Thus P (R) =
∑

x∈R |Ann(x)|
|R|2 ≥∑

x∈R |Ann(x)|
|RG|2 =

∑
x∈RG |Ann(x)|
|RG|2 = P (RG), as required. �

Remark 3.7. Since RG is a semi-simple, then a consequence of Theorem 2.11, we have that RG ∼= Rn.

However P (RG) 6= P (Rn). For instance, R = Z3 and G = C4. So P (RG) = 425
6561 and P (R4) =

P (R)4 = 625
6561 .

Lemma 3.8. If RG is a group ring, then

P (RG) ≤ 5|RG| − 4

2|RG|2
.

Proof. Since |Ann(x)| ≤ |RG|
2 for 0 6= x ∈ RG, then

P (RG) ≤
|RG|+ |U(RG)|+ |RG|

2 (|RG| − |U(RG)| − 1)

|RG|2
=
|RG|+ |RG|2 + |U(RG)|(2− |RG|)

2|RG|2
.

Also |U(RG)| ≤ |RG| − 2. Therefore,

P (RG) ≤ |RG|+ |RG|2 + (|RG| − 2)(2− |RG|)
2|RG|2

=
5|RG| − 4

2|RG|2
.

This completes the proof. �

Lemma 3.9. If RG is a group ring, then

P (RG) ≥ 2|RG| − |ZD(RG)|
|RG|2

.

Proof. The proof is clear. �

In [4, 3, 5, 6, 1, 8], they give the size of U(RG) and then we obtain the size of ZD(RG). Thus we

achieve the lower bound of P (RG).

Theorem 3.10. Let RG be a finite group ring. Then P (RG) ≥ 1
4 if and only if RG is isomorphic to

one of the following rings: Z2C2,Z3C2,Z2C3.
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Proof. Let m = |RG|. Then Lemma 3.8 gives upper bound for P (RG) and then 1
4 ≤ P (RG) ≤ 5m−4

2m2 .

Solving this inequality gives m ≤ 9. That is m = |RG| = |R||G| ≤ 9. This force that RG is isomorphic

to one of the following rings: Z2C2,Z3C2,Z2C3.

Conversely, if RG is isomorphic to one of the following rings: Z2C2,Z3C2,Z2C3, then P (RG) ≥ 1
4

by Theorem 3.1 and Theorem 3.2. Hence the result is proved. �
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