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SOLVABLE GROUPS WHOSE MONOMIAL, MONOLITHIC CHARACTERS
HAVE PRIME POWER CODEGREES

XIAOYOU CHEN® AND MARK L. LEWIS

ABSTRACT. In this note, we prove that if G is solvable and cod(x) is a p-power for every nonlinear,
monomial, monolithic x € Irr(G) or every nonlinear, monomial, monolithic x € IBr(G), then P is

normal in G, where p is a prime and P is a Sylow p-subgroup of G.

1. INTRODUCTION

All groups in this paper are finite. We refer the reader for notation to [10]. Let G be a group, and
we write Irr(G) for the set of irreducible characters of G. For a fixed prime p, we use IBr(G) to denote
the set of irreducible p-Brauer characters of G.

A number of papers have recently considered the following general question: let G be a solvable
group and let A be a fixed subset of either Irr(G) or IBr(G); if all the elements in A have a given
property, what can be said about the structure of G? In [11], [14], and [15], the set A considered
is a subset of nonlinear monomial characters. Whereas in [12], they consider the set A of nonlinear
monolithic characters. For characters in the given subset, they may further consider those whose
degrees are divisible by a prime p or not divisible by a prime p. The properties they look at whether
the group include nilpotent, p-nilpotent, and p-closed. Recall that a character is monomial if it induced
from a linear character of a subgroup. A character y is said to be monolithic if G/ ker(x) has a unique
minimal normal subgroup. A group is p-closed if it has a normal Sylow p-subgroup and it is p-nilpotent
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if it has a normal p-complement. In [1], [2], [3], and [4], similar questions are considered for similar
subsets of the Brauer characters and the characters in [5].

Given a character y € A, we define the codegree of x by cod(x) = |G : ker x|/x(1). This usage of the
term codegree is due to Qian, Wang and Wei in [16], although the term codegree of x had previously
been applied to the quotient |G|/x (1) by Chillag, Mann, and Manz in [6].

Let G be a nontrivial group and p be a prime divisor of |G|. Qian for solvable groups in [17, Theorem
1.1] and Isaacs for nonsolvable groups in [9] have proved that for every element g in the group G there
exists a character y € Irr(G) so that cod(x) is divisible by every prime divisor of o(g). It follows that
cod(x) is a p-power for every character x € Irr(G) if and only if G is a p-group.

We now restrict our attention to either nonlinear irreducible characters or nonlinear irreducible
Brauer characters that are monomial and monolithic. We now show that if we assume that the
characters or Brauer characters in the given set all have codegrees that are p-powers, then G is p-

closed. Recall that a group is p-closed if it has a normal Sylow p-subgroup.

Theorem 1.1. Let G be a solvable nontrivial group, and let p be a prime divisor of |G|. Let A be either
the set of nonlinear, monomial, monolithic characters in Irr(G) or the set of nonlinear, monomial,

monolithic Brauer characters in IBr(G). If cod(x) is a p-power for every x € A, then G is p-closed.

Observe that if G has no nonlinear monomial irreducible characters, then by [14, Theorem 1.1]
that G is abelian. Also, under the condition that P is a normal Sylow p-subgroup in G we do not
necessarily have that cod(x) are p-powers for all nonlinear monomial ¢ € Irr(G). For example, let
G = (3 x Qg and p = 3; then G has a normal Sylow 3-group, however, cod(x) are not 3-powers for
the nonlinear, monomial, monolithic characters x € Irr(G).

Also, if cod(x) are p-powers for all nonlinear monomial irreducible characters of G, we do not have
that the Sylow p-subgroup P of G is abelian. For example, let G = SL(2, 3) and note that cod(yx) = 4
for the nonlinear monomial character x € Irr(SL(2,3)) with degree 3; however, the Sylow 2-subgroup
of G is not abelian.

Since the following proof is very similar to the proof of [2, Theorem 1], the solvable part of the proof
of [3, Theorem 1.3], and [4, Theorem 1], we will suppress many of the details of this proof. Hence, we

will leave out many of the usual details.

2. PROOF

Proof of Theorem 1.1. Suppose that cod(x) are all p-powers for either the characters or the Brauer
characters in A. Let G be a counterexample of minimal order.

Let M be a minimal normal subgroup of GG. Using the inductive hypothesis, we can show that M is
a p/-group and the unique minimal normal subgroup of G. Applying the Frattini argument, we obtain
G = MNg(P) and M NNg(P) = 1. Since M is the unique minimal normal subgroup, we obtain
Cp(M) =1, so P acts faithfully on M. It follows that P acts faithfully on Irr(M). (Since M is a
p'-group, Irr(M) = IBr(M).)
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It follows by Isaacs’ large orbit result ([8, Theorem B]) that there exists a nonprincipal character
A € Trr(M) = IBr(M) so that |Cp()\)| < 4/|P]. Thus, |P : Cp(\)| > /|P] and then |P : Cp()\)> >
|P|. Write T for the inertia group of A\ in G. Write S = MCp(A). Observe that S is the stabilizer
of \in N = MP and S < T. In particular, S = TN N. Since N/M is the Sylow p-subgroup of
G/M, it follows that S/M is the Sylow p-subgroup of T'/M. We have that [N : S| = |P : Cp()\)| and
|P| =|N: M| =|G: M|, =|G|p, where |G|, denotes the p-part of |G|. We deduce that

|G :T|, =|P:Cp(\)| > /|P].

Observe that M is complemented in T. It follows from a result of Gallagher (see [7, Lemma 1])
that there exists some character o € Irr(T") such that ppy = A or a Brauer character p* € IBr(T") so
that p}, = X. By the Clifford correspondence ([10, Theorem 6.11] for characters and [13, Theorem
8.9] for Brauer characters), ¢ = u& € Irr(G) and ¢* = (*)¢. Since p and p* are linear, we have that
¢ and ¢* are monomial and (1) = ¢*(1) = |G : T.

Since M is the unique minimal normal subgroup of G, it follows that ker o = ker * = 1. Otherwise,
M C ker ¢ and then M C ker p or M C ker ¢* and M C ker pi*, so pupr or i, is the principal character
of M, which is impossible. Since M is the unique minimal normal subgroup of G, it follows that ¢
and ¢* are monolithic. Notice that p(1)2 = ¢*(1)2 = |G : T|2 > |P| = |G|,. So

P(W|Gly = " (1)|Gly > 1GlolGly =G| = |Gly-

By hypothesis, we have that
|G ikerg| |G
e e
is a p-power. Note that p(1)? < |G| and (|G|, ¢(1)p)? < |G|. Therefore,

cod(p) = cod(¢”)

Gy > ¢(1)3]Gly,

a contradiction with the previous paragraph. O
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