International Journal of Group Theory

ISSN (print): 2251-7650, ISSN (on-line): 2251-7669
Vol. 12 No. 3 (2023), pp. 123-151.

(© 2023 University of Isfahan

Group

http://ijgt.ui.ac.ir www.ui.ac.ir

MINIMAL DETERMINING SETS FOR CERTAIN W-GRAPH IDEALS

THOMAS P. MCDONOUGH AND CHRISTOS A. PALLIKAROS*

ABSTRACT. We consider Kazhdan-Lusztig cells of the symmetric group S, containing the longest element
of a standard parabolic subgroup of S,. Extending some of the ideas in [Beitrdge zur Algebra und
Geometrie, 59 (2018), no. 3, 523-547] and [Journal of Algebra and Its Applications, 20 (2021), no. 10,
2150181], we determine the rim of some additional families of cells and also of certain induced unions of
cells. These rims provide minimal determining sets for certain W-graph ideals introduced in [Journal of
Algebra, 361 (2012), 188—-212].

1. Introduction

In [9] Kazhdan and Lusztig introduced the left cells, the right cells and the two-sided cells of a
Coxeter group W as a means of investigating the representation theory of W and its associated Hecke
algebra #H. It is also shown in [9] that in the case W = S,, the Robinson-Schensted correspondence
gives a combinatorial description of the Kazhdan-Lusztig cells. However, this does not lead to some
straightforward way of obtaining reduced forms for the elements in these cells.

The present paper is a continuation of the work in [12, 13, 14, 15] and it is concerned with the problem
of determining reduced expressions for all the elements in a given cell and also in certain induced unions
of cells. (See [1], [18] and [3] for the induction of Kazhdan-Lusztig cells.) The focus is on (right) cells
containing the longest element of a Young subgroup of S,, and also on the union of cells obtained by

inducing such cells to S,+1. By extending certain ideas in [14, 15] we are able to determine the rim of
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some additional families of Kazhdan-Lusztig cells and also of the corresponding induced union of cells.
As a result, reduced forms for all the elements in these subsets of \S,, can be obtained directly.
Motivated by the W-graph structure with which the regular representation of # is endowed in [9],
Howlett and Nguyen [6] introduced a notion of W-graph ideal in WW. The work in this paper is closely
connected with the work in [6, 16, 17, 7], as the elements of the rims obtained for the various subsets of
W = S,, we investigate in fact provide minimal determining sets for certain (right) W-graph ideals.
The paper is organized as follows: In Section 2 our aim is to investigate the connection between right
ideals in W and root systems and, via this approach, in Proposition 2.10 we show how the minimal
determining set of the right ideal ZX; in W can be obtained explicitly given the minimal determining
set of a right ideal Z in W;. (By W we denote a standard parabolic subgroup of W and by X; the
set of distinguished right coset representatives of W; in W.) In Section 3 we recall some background
on ordered k-paths and admissible diagrams from [14, 15], while Section 4 is mainly concerned with the
identification and investigation of certain key ordered k-paths having an admissible diagram as their
support. Finally, in Section 5, using the ideas developed in the earlier parts of the paper, we obtain
explicit descriptions for the minimal determining sets of certain W-graph ideals in 5, corresponding to

Kazhdan-Lusztig cells and induced unions of such cells (see Theorem 5.1 and Remark 5.2).

2. Root systems and ideals in W

For a Coxeter system (W, S), Kazhdan and Lusztig [9] introduced the notion of a W-graph and used
this notion to define three preorders <, <gr and <y g, with corresponding equivalence relations ~p,, ~r
and ~ r, whose equivalence classes are called left cells, right cells and two-sided cells, respectively. Each
cell of W provides a representation of W, with the C-basis of the Hecke algebra H of (W,S) playing
an important role in the construction of this representation; see [9, § 1]. The C-basis equips the regular
representation of H with a W-graph structure, one of the facts playing an important role in [9].

For the rest of this section we assume that (W, S) is a Coxeter system with W finite. Also let J C S.
Then (W, J) is a Coxeter system, where W; = (.J) denotes the standard parabolic subgroup determined
by a subset J of S. We denote by w; the longest element of W; and by X the set of minimum length
elements in the right cosets of Wy in W (the distinguished right coset representatives). Recall the prefix
relation on the elements of W: if x,y € W we say that z is a prefix of y if y has a reduced form beginning
with a reduced form for x. We then have that X; is the set of prefixes of d; where d; is the longest
element of X (see [4, Lemma 2.2.1]). Also recall that the right cell containing w; is contained in w;X
(see [10, 5.26.1]).

A right ideal in W is a subset in W which is closed under the taking of prefixes. Given a right ideal .
in W, we call the set Y (.#) = {z € .#: x is not the prefix of any other y € .#} the minimal determining
set for .7 since knowledge of Y (.#) leads directly to .# by taking all prefixes.

The W-graphs introduced in [9] encode in a very concise way the structure of certain representations
of H. Motivated by the ideas in [9], Howlett and Nguyen in [6] introduced the notion of a W-graph ideal
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in W and produced, for any such ideal, a W-graph via an algorithm like the Kazhdan-Lusztig algorithm.
A W-graph ideal is an ideal in W with the additional property that it admits a module structure in a
very particular way (see [6, Definition 5.1]). In particular, the subsets Z; = {d € X;: wjd ~r w;} and
ZXj (where Z is a W-graph ideal with respect to J in W) of W are W-graph ideals (with respect to
J) in W (see [16, Theorem 5.4] and [6, Theorem 9.2]).

As a consequence, if (W, S ) is a Coxeter system with S C S and X is the set of distinguished right
coset representatives of W in W, the set Z J.% is a W-graph ideal with respect to J in W. Note that the
set wyZ;X is the union of Kazhdan-Lusztig cells in W obtained from inducing to W the cell containing
wy in W.

Considering the connection between right ideals and root systems, our aim in this section is to relate
explicitly, via this approach, the minimal determining sets of the right ideals Z and ZX; of W; and W
respectively (see Proposition 2.10).

Let ® be the root system corresponding to (W, S) and let V = (®); let X be a set of fundamental
roots for ®, let ®* be the positive roots in ® and ®~ = —P T the negative roots. Also let ®; be the
subsystem of @ corresponding to the subsystem (W, J) of (W, S).

For each s € S, let s be the root corresponding to s and let ps; be the reflection corresponding to s.
2(a,a5)
(as,os)

injective group homomorphism p: W — GL(V) defined by = — p, = py, - - pu, Where uy,...,u, € S

So aps = o — o, for each a € V' (we suppose that GL(V') acts on V on the right). There is an
and uq - - - u, is any reduced word for x € W. It will be convenient to write va for vp, where v € V' and
xeW.

For any 8 € V, B # 0, the reflection pg is given by apg = a — 2((;’55))6 for each o € V. So ps = pa,.

For z € W, let N(x) be the set of positive roots of W which are mapped by x to negative roots. That
is, N(z) =®tn® 2z~ L.
Below we collect some basic results on roots and the length function.
Result 1. [8, Theorem p.111, Lemma p.116] Let x € W, s € S and o, B € ®.
(i) If I(sz) > I(z) then asx € ®1. If I(sx) < I(x) then asx € D~ .
(ii) If az = B then 2~ pax = pgs.
Result 2. [4, Proposition 1.3.5] Let x € W and write © = uy - - - u, where uy,...,u, € S and r = I(x);

that is, x is written as a reduced word. Let B; = ay,ui—1---uy for 1 < i < r, interpreting B1 to be oy, .
Then |N(z)| =l(z) and N(z) ={B;: 1 <i<r}.

Corollary 2.1. Let z € W and let 2’ be a prefix of x. Then N(z') C N(z).

Proof. We may write ' = wuy---up and = uy - - - up - - - up, where uy,...,u, € S, l(z') = p and l(z) =r.
Using the notation in Result 2, we get N(z) = {#;: 1 < i < r} and N(2') = {B;: 1 < i < p}. Hence,
N(2') € N(x). O

Corollary 2.2. Let z € W, s € S and suppose that l(sx) < l(z). Then N(z) = (N(sz))sU{as}.
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Proof. Write © = u; - - - u, where ui,...,u, € S, u; = s and l(x) =r. Let v; = ay,ui—1---u2, 2 < i < r.
By Result 2, N(sx) = {v;: 2 <i < r}. Since 5; =58, 2 < i < r, and 1 = o, = o, we get the desired
result. O

Corollary 2.3. Let z,2' € W and suppose that N(z') C N(z). Then x' is a prefix of x.

Proof. Write © = uy -+ - u, and &' = u} - - -uj, where uy, ..., up,uy,...,u, €S, l(x) =r and I(2') = p. If
[(z) = 0 then 2/ = 1 which is trivially a prefix of z. So we may suppose that I(z’) > 0.

Let i = ay,ui—1---uj for 1 < i < r and let v, = au;ugfl---u’l, 1 <i < p. By Result 2, N(x) =
{Bir1<i<r}and N(@') = {y:1<i<p} Since ay, = € N(2') C N(z), apy = f; for some
1 < i < r. That is, Q= Oy Ui+~ U By Result 1(ii), wy -« wi—1 - i - Uj—q + U = u’l Sowuyp---u; =
u) -uy -+ - ui—1. Replacing uy - - - u; in the original reduced word for by u} - uy - - - u;—1, we get a reduced
word for z starting with wj. That is, [(ujz) < I(z). By Corollary 2.2, N(z) = (N (u}2)) uj U {ay }.

Also by Corollary 2.2, N(z') = (N(uj2’)) uj U{ay } since [(ujz’) < (2'). Hence, N(ujz’) C N(ujz).

By induction, v}z’ is a prefix of ujz. Hence, ' is a prefix of . O
Combining Corollaries 2.1 and 2.3, we get the following proposition.

Proposition 2.4. Let z,2' € W. Then N(z') C N(z) if, and only if, 2’ is a prefix of x. In particular,
N(z') = N(x) if, and only if, ' = x.

Proposition 2.5. Let + = ud € W with u € Wy and d € X;. Then N(z) = N(u) U N(d)u™! and
N@)NN(du!=a.

Proof. Let u = uy ---uqy and d = ugy1 - - - up, where u; € S for 1 <7 < r, be reduced words for u € Wy
and d € X;. Then x = wu;---u, is also a reduced word. Let ; = ayui—1---u; for 1 < ¢ < r.
By Result 2, N(z) = {f;i: 1 < i < r}and N(u) = {Bi: 1 < i < ¢q}. Let v; = oy ui—1---ugq1 for
q+1<i<r. Thenyu!=p;for g+1<i<r and, again by Result 2, N(d) = {vi: ¢ +1<i <7}
Thus, N(z) is the disjoint union of N(u) and N(d)u~?. O

Proposition 2.6. Let ®7 = ®;,N®". Ifv e W then (8T — @5)v C &1 — &7

Proof. Recall that N (v) is the set of positive roots of W which are mapped by v to negative roots; that
is, N(v) = ®T N ® v~'. Moreover, I(v) = |[N(v)| = [T Nn® v7}.

Let ¥ = &, let ¥ be the positive roots of ®; and ¥~ = —W¥* be the corresponding negative
roots. Let Nj(v) be the set of positive roots of W; which are mapped by v to negative roots and let
l; be the length function of (W, J). So Ny(v) = T N® v~ ! and I;(v) = [N;(v)] = [T N v
Since ¥ C ®, ¥' C & and ¥~ C &, we have Nyj(v) = T N¥ v 1 C® T N@® v ! = N(v). As
IN;(v)] = 1;(v) = I(v) = |[N(v)], it follows that N;(v) = N(v). So T N¥ v~ ! = dTN® v~ and
TroNn® = ToNd.

Now let « € @ ¥, Thenav € @ vandav ¢ . Ifav € 7, then av € DTvN®~ = NPT,
contrary to av ¢ ¥y, Hence av ¢ @~ . Asa ¢ ¥, av ¢ ¥. Soav € &7 — ¥ =+ — ¥, O
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Proposition 2.7. N(d;)v = N(d;) = ®" — @} for allv € W;. In particular, N(d)v C ®* — @7 for
alld e X5 and v e Wj.

Proof. We denote by wg the element of maximum length in W. Then w? =1 and N(wg) = &7 (see [4,
p. 27)).

Continuing with the notation of Proposition 2.6, we also get N(w;) = ¥*. We can write wg = w d.
By Proposition 2.5, " = N(wg) = N(wydy) = N(wy) UN(dy)w;" and N(wy) N N(dj)w;' = @. So
N(dj)w;' = ®&* — ®*. By Proposition 2.6, (#+* — ¥ )w; C &+ — ®*. Hence, N(d;) C " — T*.
Comparing the sizes of these sets, we get N(d;) = & — ¥,

Now let v € W;. From Proposition 2.6, N(dj)v = (7 — 1)y C T — ¥ = N(d;). Again
comparing sizes, we get N(dj)v = N(dy). O

Corollary 2.8. Suppose that d € X; and uy,us € Wy with uy a prefix of us. Then uid is a prefiz of

UQdJ.

Proof. From Proposition 2.5, N(uzdy) = N(uz) U N(dy)uy'. Hence N(uady) = N(up) U (BT — &1)
by Proposition 2.7. Again, by Proposition 2.5, N(u1d) = N(u1) U N(d)u;*. But N(u;) € N(ug) and
N(d) € N(dy) from Proposition 2.4. In view of Propositions 2.4 and 2.6, it follows that N(d)u; C
N(dj)u;' = & — ®F. This leads to N(uid) = N(u1) U N(d)uj* C N(uz) U (BT — ®F) = N(uady).

The desired result is now immediate from Proposition 2.4. ]

Result 3. Compare with [6, Lemma 9.1] Let x = ud € W withuw € W; and d € X;, and let ' = u'd’ be
a prefiz of x with v’ € Wy and d' € Xj. Then u' is a prefiz of u and d' is a prefix of d. In particular, if
Z 1is a right ideal in Wy, then ZXj is a right ideal in W .

Remark 2.9. The converse of Result 3 is false. Let W = S3 = (S) where S = {s1, s2} with s1 = (1,2)
and sy = (2,3). Let J = {s1}. Then Wy = {1,s1} and X; = {1, s2,s281}. Consider x = s1s2. Then
u=5s1 and d = s9. Let ' = so = u/d where v' =1 and d' = sy. Then v is a prefiz of v and d' is a
prefir of d. However, (z') "'z = 595159 has length 3. So x' is not a prefiz of x. In Corollary 2.8 we have

seen that the converse of Result 3 is true in the special case d = dj.

Proposition 2.10. Let Y be the minimal determining set of the right ideal Z of Wj;. Then Yd; =
{zdj: x € Y} is the minimal determining set of the right ideal ZX; of W.

Proof. Let t € ZX ;. Then t = zd for some z € Z and d € X, with z a prefix of & for some & € Y. By
Corollary 2.8, t = zd is a prefix of zd;. It follows that the set Y'd; contains the minimal determining
set of ZX ;. In order to complete the proof it is enough to establish that x1d; is not a prefix of xa2d;
whenever x1,z9 € Y (21 # x2). Suppose, on the contrary, that x1, xo are distinct elements of Y and
x1dy is a prefix of xed ;. By Proposition 2.4, N(z1dy) € N(xedy). But N(z1ds) (resp., N(xady)) is the
disjoint union of N(z1) (resp., N(z2)) and (®* — @) in view of Propositions 2.5 and 2.7. It follows
that N(z1) C N(x2), that is, z1 is a prefix of x9, which is the desired contradiction. O
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3. Symmetric group background

For the rest of this paper we focus on the symmetric group. For the basic definitions and background
concerning partitions, compositions, Young diagrams, Young tableaux and the Robinson-Schensted
correspondence we refer to [19].

The symmetric group S, (acting on the right) on {1,...,n} is a Coxeter group with Coxeter system
(W, S) where W = S,, S = {s1,...,8,-1}, and s; is the transposition (i,7 + 1).

All our partitions and compositions will be assumed to be proper (that is, with no zero parts). We
use the notation A E n (respectively, A F n) to say that A is a composition (respectively, partition) of n.
Ifv,pbnwithv = (v,...,0p) and pp = (p1,...,ps), write v d pif r > s and Yy v < D01 cicp i
for all k£ with 1 < k < s. This is the dominance order of partitions (see [19, p. 58]).

Let A = (A1,...,\) be a composition of n with r parts. Recall that the conjugate composition
N = (A,...,AL) of Xis defined by X; = |[{j : 1 <j<randi<\}| for1<i <7, where v’ is the
maximum part of the composition \. It is immediate that A is a partition of n with ' parts. We
also define the subset J(A) of S to be S\{sx,, S\ 4a0»---»SM\+-+A._q - Thus, corresponding to the
composition A, there is a standard parabolic subgroup of W, also known as a Young subgroup, whose
Coxeter generator set is J(\).

It was shown in [9] that in the case of the symmetric group S,,, the Robinson-Schensted correspondence
gives a combinatorial method of identifying the Kazhdan-Lusztig cells. In describing the connection
between the Kazhdan-Lusztig left and right cells of S, and the tableaux arising from the Robinson-
Schensted process one needs to be careful since this is affected by how the elements of the (abstract)
Coxeter group act on the set {1,...,n}, whether on the right or on the left.

At this point we recall briefly the generalizations of the notions of diagram and tableau, commonly
used in the basic theory, see [13] for a more detailed description. A diagram D is a non-empty finite
subset of Z2?. We will assume that D has no empty rows or columns. These are the principal diagrams
of [13]. We will also assume that both rows and columns of D are indexed consecutively from 1; a node
in D will be given coordinates (a,b) where a and b are the indices respectively of the row and column
which the node belongs to (rows are indexed from top to bottom and columns from left to right). The
row-composition Ap (respectively, column-composition pp) of D is defined by setting Ap j (respectively,
ip k) to be the number of nodes on the k-th row (respectively, column) of D. If X and p are compositions
of n, we will write D) for the set of (principal) diagrams D with Ap = A and pp = . We also define
DY = Um:n DWW If v + n, the Young diagram associated with v is the unique element of D®").
A special diagram is a diagram obtained from a Young diagram by permuting the rows and columns
(see [13, Proposition 3.1] for a characterization of special diagrams).

We say that a diagram D has size n if it consists of precisely n nodes. We also define the length of a
column of a diagram D to be the number of nodes D has on this column. If D has exactly m columns,
we set ap = (aq,...,q,) where «; equals the length of column i of D, for 1 < ¢ < m. We call the

m-tuple ap the tuple of column-lengths of D.
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If D is a diagram of size n, a D-tableau is a bijection t : D — {1,...,n} and we refer to (i, j)t, where
(i,j) € D, as the (i, j)-entry of t. The group W acts on the set of D-tableaux in the obvious way—if
w € W, an entry 17 is replaced by ‘w and tw denotes the tableau resulting from the action of w on the
tableau t. We denote by t© and tp the two D-tableaux obtained by filling the nodes of D with 1,...,n
by rows and by columns, respectively, and we write wp for the element of W defined by tPwp = tp.

Now let D be a diagram and let ¢ be a D-tableau. We say t is row-standard if it is increasing on
rows. Similarly, we say t is column-standard if it is increasing on columns. We say that ¢ is standard if
(', 3"t < (4", 7t for any (¢, 5", (i",5") € D with i/ <’ and j/ < j”. Clearly a standard D-tableau is
row-standard and column-standard, however the converse is not true, in general.

The following result will turn out to be useful in various arguments in Sections 4 and 5.

Result 4. [13, Proposition 3.5]. See also [15, Section 2]. Compare [2, Lemma 1.5|] Let D be a diagram.
Then the mapping u — tPu is a bijection of the set of prefizes of wp to the set of standard D-tableaux.

[]

Since X (\p) = {w € Sp: tPw is row-standard}, see [2, Lemma 1.1], it follows that wp and all its
prefixes belong to Xy ,)-

In general, an element of W has an expression of the form wp for many different diagrams D of size
n. If \F n and d € X;()), a way to locate suitable diagrams D € DW with d = wp is given in [13,
Proposition 3.7]. The proof involves the construction of a very particular diagram D = D(d,\) € DX
with wp = d. Moreover, in [13, Proposition 3.8] it is shown that among all diagrams E € DY with
wg = d, diagram D(d, \) is the unique one with the minimum number of columns.

As in [14], for a composition A of n, we define the following subsets of X ;) and DN,

Z(A) = {eeX;n):wine ~rwink
Zs\) = {e€ Z(\):e=wp for some special diagram D € DM},
Y(A) = {x € Z()\): xis not a prefix of any other y € Z(\)},
Ys(A) Y(A)NZs(A\) ={y € Y(\): D(y,\) is special},

)

EXN = (D(y,\):yeY(\)} and e = {D e £EW: D is special}.

As we have already seen in Section 2, Z()) is a right ideal in W. Moreover, the set w ;) Z(A) is
the right cell of W containing w;(y). We denote this right cell by €()). The set Y'()) is the minimal
determining set of the right ideal Z(\). We also call Y (\) the rim of the cell €(A). The map y — D(y, A)
from Y (X\) to £V is a bijection, so Y(A) = {wp: D € EM}. Hence, in order to give an explicit
description of Y'(\) or €(\) it is enough to locate the diagrams in ™).

The work in [20] and [5] motivates the following definition.

Definition 3.1 (Compare with [14, Lemma 3.2], the definition before Remark 3.3 in [14], and [15,
Definition 3.6]). Let D be a diagram of size n.
(i) A path of length m in D is a non-empty sequence of nodes ((a;,b;))i", of D such that a; < aj41
and by < by fori=1,...,m—1.
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(ii) For k € N, a k-path in D is a sequence of k mutually disjoint paths in D; the paths in this sequence
are the constituent paths of the k-path. The length of a k-path is the sum of the lengths of its
constituent paths; this is the total number of nodes in the k-path. The type of a k-path is the
sequence of lengths of its paths in non-strictly decreasing order—in particular, the type of a k-path
is a k-part partition. The support of a k-path I, which we denote by s(II), is the set of nodes
occurring in its paths.

(11i) Let 11 be a k-path in D and let k' < k. A K'-subpath of II is a k’'-path in D whose constituent
paths are also constituent paths of I1.

(i) Let II = (m1,...,m) be a k-path in D where ; = ((a;;,bi;))iry, for 1 < j < k. 1 is said to be
ordered if whenever j,j' € {1,...,k} with j < j" and (a;;,bi;) and (ay j,by j7) are nodes of m;
and T, respectively, with a; j < ay j, then b; j < by j.

(v) A k-path and a k'-path in D are said to be equivalent to one another if they have the same support.

(vi) The diagram D is said to be of subsequence type v, where v = (v1,...,v,) b n, if the maximum

length of a k-path in D is v1 + --- 4+ v, whenever 1 < k < r. We call D admissible if it is of

subsequence type \p,.

Below we collect some results in [14] and [15] about paths and admissible diagrams which will play

some part in Sections 4 and 5.

Result 5. See [14, Propositions 3.5 and 3.6 and Corollary 3.7] Let D be a diagram of size n and let v
be a partition of n.

(1) If D is of subsequence type v then pf, v < Np,.

(ii) We have wj\,ywp ~r wy(xp) if, and only if, D is admissible.
(tii) If D = s(II) for some k-path II in D of type Ny, then D is admissible. In particular, if D is a

special diagram then D is admissible.

Note, however, that for composition A it is not true in general that every admissible diagram D € DWW
X X

is the support of some k-path in D of type A — consider for example the diagram * y in D((21.1,2)),

X X

Result 6. [15, Theorem 3.13] Let k > 1 and suppose I1 is a k-path in a diagram D. Then II is equivalent
to an ordered k-path in D.

Result 7. [15, Corollary 3.16] Let Il = (1, ..., mx) be an ordered k-path in a diagram D, and let (a}, V),

1 <i <1, bel distinct nodes of D which are not in 11. If no path m;, 1 < j < k, contains a pair of

nodes of the form (a;;i,b;), (aij2,b]

) with a; ;1 < a < a;j2 for any i satisfying 1 < i < I, then the
paths ((a},b.)) may be inserted into the sequence 11 to give an ordered (k + l)-path.

177

Finally for this section we recall two results from [14] which relate the sets €M and £®) when

composition p is obtained from composition A in some particular ways.
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The reverse composition A of a composition A = (A1,...,\,) of n is the composition (Ay,..., A1) of n
obtained by reversing the order of the entries. For a diagram D € D™, the diagram D € D™ is the
diagram obtained by rotating D through 180°. If D € DX#) | then D € DM,

Result 8. [14, Proposition 3.9] and [15, Remark 2.10] Let A E n. The map D — D from D™ to DN

induces a bijection between the sets EN and N,

Given a composition A = (A1,...,A\) En, let Ay = (A1,..., A, 1) En+ 1. In [14, Section 4], there is
a well-defined mapping v from the set of admissible diagrams in D™ to the set of admissible diagrams
in D). For a given admissible diagram D in D™, the diagram D) is obtained by examining all
diagrams constructed from D by appending an (r + 1)-th row with a single node to D and selecting the

diagram which is admissible and such that the column index of the new node is minimal.

Result 9. [15, Proposition 4.2] Let r > 2, letn > 2 and let A = (A1, ..., A\r) E n be an r-part composition

with A\, = 1. Let 1 be the mapping described in [14, Section 4]. Then 1) induces a bijection from EM to
S(}\*)'

4. Ordered k-path structure of admissible diagrams

Most of the work in this section is concerned with the identification and investigation of certain key
ordered k-paths which have as their support an admissible diagram D € D). Later on in the paper
we show how these particular ordered k-paths lead to the determination of the set €™ and thus to the
determination of the rim of the Kazhdan-Lusztig cell €(\) (or, equivalently, to the determination of
the minimal determining set of the W-graph ideal Z(\)). Some motivation in taking this approach is
given by the proof of [15, Theorem 4.6] as one of its main ingredients is that, in the case A is a 3-part
composition, any admissible diagram in D™ is the support of an ordered k-path of type X.

Next, we focus on compositions A of the form (A1, A2, A3,1"). We begin by fixing some notation.

Hypothesis (*): Let s > t > v > 1. We say that the composition A\ satisfies Hypothesis (*) if
A = (A1, A2, A3, 1) is a composition of s 4t 4+ u + 1 where A = (A1, A2, A3) is a permutation of (s, ,u).

We continue with a study of the ordered k-paths in an admissible diagram D € DX where A is a
composition satisfying Hypothesis (*). Clearly, these diagrams have no paths of length greater than 4.
If IT is a k-path in D, we let z;(II) be the number of constituent paths in II of length i for 1 < i < 4.
We make the following technical definition of two forms of ordered k-path in the diagram D. We justify

this definition in Lemma 4.4.

Definition 4.1. Suppose that composition A satisfies Hypothesis (x) and that D € DX is an admissible
diagram. An ordered s-path 11 in D of length s+t 4w+ 1 which contains a t-subpath of length 2t +u+1
is said to be a form-A s-path if z1(Il) = s —t, 2o(I) =t —w, 23(II) = u — 1, and z4(II) = 1 and a
form-B s-path if z1(I1) = s — ¢, zo(II) =t —u — 1, z3(I1) = u + 1, and z4(I1) = 0.

Remark 4.2. Under the hypothesis and notation of Definition 4.1 we can make the following observa-

tions.
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(i) If the constituents of the t-subpath in Definition 4.1 are listed in the same order as they appear in
the s-path then the t-path is also ordered.
(i1) Any form-A s-path in D has type N'. In particular, if D has a form-A s-path then D is admissible
(see Result 5 (iii)).
(iii) If D has a form-B s-path then t > w.

It is possible for an admissible diagram D € DY, with A satisfying Hypothesis (*), to have both

form-A and form-B s-paths as the following example shows.

X X

X X

. X X
Example 4.3. Let D € D((463.1) pe the diagram . The 6-paths 111,115 €
X

X
X X X X

D where Il = { { {(2,1)}, {(1,2), (2,3), (3,5), (4,6)}, {(1,3), (2,4), (3,6)}, {(2,6)}, {(1,6), (2,7),
(3,8)} {(1,7), (2,8)} } and Iy = { { {(2,1)}, {(1,2), (2,3), (4,6)}, {(1,3), (2,4), 3,5)}, {(1,6), (2,6),
(3,6)}, {(1,7), (2,7), (3,8)}, {(2,8)}} are form-A and form-B, respectively.

In the next two lemmas, which will play an important part in the discussion that follows, we inves-
tigate the existence of form-A or form-B s-paths in admissible diagrams D € D™ with X satisfying
Hypothesis (*).

Lemma 4.4. Assume that composition \ satisfies Hypothesis (x) and that D € DX s an admissible
diagram. Then D is the support of an ordered s-path I1 of length s+t + u+ 1 which is either a form-A

s-path or a form-B s-path. Moreover,

(i) if there are paths in I1 of length 1 then s >t and all nodes occurring in such paths are
in a row of D of length s,

(ii) if there are paths in I1 of length 2 then t > u and all nodes occurring in such paths are
in the rows of D of lengths s and t,

(iii) all nodes occurring in paths of length 3 are in the first three rows of D, except in the
case that Il is a form-B s-path, when one of these paths has its nodes on the rows of
lengths s and t and on the fourth row of D.

Proof. We assume the hypothesis in the statement of the lemma. Choose distinct iy, 49,3 € {1,2,3} so
that \;, = s, \j, =t and \;; = u. First note that an s-path in D of length s +¢ + u + 1 contains all
nodes of D. We will construct an s-path II of this length in D with the stated properties.

Let N = (4,1) be the fourth row node of D. Since D is an admissible diagram it has subsequence
type N = 413v=12t=v15=t Thus D has a path of length 4 and every path in D of length 4 contains N.

Since D is admissible it has ¢-paths of length 2¢t4+u+1 and no t-paths of greater length (see Result 5(i)).
Let II" = (n},...,m;) be one of these ¢-paths. Using Result 4 we may take II" to be an ordered ¢-path
of length 2¢ + u + 1. Using the notation introduced before Definition 4.1, let 2} = z;(I') for 1 < i < 4.
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Counting paths and nodes in 1T,

(4.1) A 2h sty =t 21 +225+325+42 =2t +u+ 1.
So,

(4.2) Zh+225+32) =t+u+1, 32] +22h+25=2t—u—1.
Hence,

(4.3) 2+ b+ <t 2422 >u+ 1.

Since every path of length 4 in D contains N, zj < 1. Below we will consider the cases zj = 0 and
z) = 1 separately.

As D contains no t-paths with more than 2t 4+ v 4+ 1 nodes, none of the nodes of D which are not
nodes of II' can be inserted into a path of II' to form a larger path. Hence, by Result 7, II' may be
extended to an ordered s-path II by the appropriate insertion of the s — ¢ paths of length 1 determined
by the remaining nodes.

Case zj; = 0: Then t —u — 1 = 22] + 25 > 0 from (4.2) and (4.3), so the choice of iz is unique.
Moreover, from (4.3) we get z5 > u + 1. Since any path in II of length 3, avoiding row i3 must contain
N, the u nodes of row i3 must all lie in paths of length 3, thus giving us u of the paths of length 3.
Hence, there is exactly one additional path of length 3, its nodes being on rows ij, i2 and 4 (all the
remaining paths of length 3 necessarily have their nodes on rows i1, io and i3). In particular, we have
zh = u+ 1. From (4.3) we now get z, =t —u — 1, hence 2}, = 2z} + z,. It follows that 2] = 0. Since
all nodes on rows i3 and 4 are on paths of length 3, the paths of length 2 only involve nodes on rows i
and ¢5. The u+ 1 paths of length 3 contain w4+ 1 nodes on row i3. Hence the remaining ¢ —u — 1 nodes
on row i are on the ¢ — u — 1 paths of length 2. Moreover, the s —t nodes of D which are not nodes of
IT" are all on row 1. If it is possible to choose 71 in more than one way then s = ¢ and 21 (IT) = 0. So
an apparent ambiguity arises concerning the rows of D containing the nodes of paths in II of length 1
only if such paths do not exist.

Case zj = 1: The path in II" of length 4 contains one node on row iz and each path in II' of length
3 contains a node of row i3. Hence 2z < u — 1. From (4.3) we get 25 = u — 1, and from (4.2) we get
zh, =t —w and 2] = 0. Since all nodes on rows i3 and 4 are on paths of lengths 3 and 4, the paths of
length 2 involve only nodes on rows i1 and 5. If it is possible to choose i3 in more than one way, then
t = u and 25, = 0. So an apparent ambiguity arises concerning the rows of D containing the nodes of
paths in I’ of length 2 only if such paths do not exist. The path of length 4 and the u — 1 paths of
length 3 contain u nodes on row 72. Hence the remaining ¢ — « nodes on row iy are on the ¢ — u paths
of length 2. Thus the s — ¢ nodes of D which are not nodes of IT" are all on row ;. If it is possible to
choose i1 in more than one way then s = ¢ and z;(II) = 0. So an apparent ambiguity arises concerning

the rows of D containing the nodes of paths in II of length 1 only if such paths do not exist.
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Since IT is ordered and either 2z (II) = s — ¢, 2zo(Il) = t — w, 23(II) = uw — 1, and 24(II) = 1 or
21(II) = s—t, 29(Il) =t —u—1, 23(I1) = u+ 1, and z4(IT) = 0, II is either a form-A s-path or a form-B
s-path. O

Remark 4.5. Keeping the hypothesis of Lemma 4.4, it follows from the proof of Lemma 4.4 that if " is
an ordered s-path in D of length s+t + u+ 1 which is either a form-A s-path or a form-B s-path, then
the distribution of the nodes of the paths in I" in the rows of D are as set out in Lemma 4.4(3), (i), (iii).
This is because I' necessarily contains an ordered t-subpath of length 2t +u+1 (see also Remark 4.2(i)).

Lemma 4.6. Assume that composition \ satisfies Hypothesis () and that D € D™ is an admissible
diagram. If Ay = s ort, then D is the support of a form-A s-path.

Proof. We assume the hypothesis in the statement of the lemma and suppose further that D has no
form-A s-paths. By Lemma 4.4, D has a form-B s-path II. In particular, ¢ > w since zo(Il) =
t —u—12> 0. Moreover, the nodes of the paths in II are distributed as set out in the statement again
of Lemma 4.4. Write Il = (7, ..., 7). Also since D is admissible it has a path 7 of length 4. Suppose
s(m) ={(1,01),(2,12), (3,13),(4,1)} where N = (4,1) is the unique node of D on the fourth row; among
all such paths of length 4 we will choose 7™ to be the path which first minimizes [;, then minimizes
l2 and finally minimizes /3. Let m; be the path in II which contains N. Then 7; has length 3 and its
remaining nodes are on rows of lengths s and ¢ (recall ¢ > ). Since z3(II) = u+1 > 2 and the remaining
paths in IT of length 3 have their nodes on the first three rows there is a path 7 in II of length 3 with
s(mir) = {(1,11),(2,15), (3,15)}. If I5 < I, we would get a form-A s-path in D by replacing the paths
and 7; in II by the paths with support s(m;) U {/N} and s(m;) — { N}, respectively. Since this is not so,
every path in II of length 3 ending on row 3 ends in a column strictly to the right of V.

If u = A3, the node (3,13) is on a path in II of length 3 by Lemma 4.4(iii). Since I3 < [, this is
excluded by the previous paragraph. Hence u # As.

Suppose now that u = Ag. Then the node (2,l2) is on a path mj» in II of length 3 by Lemma 4.4
(iii) and j” # j. Write mjn = {(1,1{),(2,12),(3,15)} and m; = {(1,17),(3,15), (4,0)}. As above | < I§
and so j < 77, If <1 (< l2) and 1§ < I§. Since {(1,17),(2,12),(3,13),(4,1)} is the support of a path
of length 4 in D, we have that [ < [} by the minimal choice of 7. Hence I} < I] <5 <1< lg and
<l <la<lz<i<ly.

Next we choose j' minimal subject to j < j' < j” and 7 has length 3 and let s(7;) = {(1,1}), (2,15),
(3,15)}. Combining with our observations in the last paragraph we get that Iy < If <1} <1} <ls <
I3 <1 <1y It follows that {(1,01), (2,15), (3,13), (4,1)} is the support of a path in D of length 4. The
minimal choice of 7 forces l5 > la, and since I}, < Iy from above, we get that l5 = l;. We conclude that
j' = j", so mj = mjn. In particular, the choice of 7; ensures that no path m; with j < i < j” has length
3. Hence, by Lemma 4.4 (i), (ii), no path m; with j < ¢ < j” has a second row node.

Suppose for a moment that I < [5. Then there are paths 7; and 7;» in D with support s(m;)U{(2,12)}
and s(mjn) — {(2,12)} respectively. The assumption that Iy < I3, together with the observation that no
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path 7; with j < ¢ < j” has a second row node, ensure that the s-path obtained by replacing the paths
m; and 7;» in II by the paths 7; and 7, respectively, is a form-A s-path. Since this is excluded, we
have I3 < lo.

Let ;o0 be the path in II containing the node (3,13). Since I3 < I3 and I3 < l3, we get I<iz<i<ly
(by combining with certain inequalities obtained above). It follows that j < j° < j”. Hence, from the
discussion in the last-but-one paragraph, ;o has length at most 2 and does not contain any node in the
second row.

Suppose first that 70 has length 2, so s(mjo) = {(1,19),(3,13)} for some I{ satisfying I} < I < If.
Recalling that 1] < la < I3, we see that the s-path obtained from II by replacing

(i) m; by @; where s(7;) = s(m;) — {(4,1)},
(ii) 70 by 7jo where s(7j0) = s(m;0) U{(2,12), (4,1)}, and

(iii) T by 7~le/ where 8( ) ( ) {(2 lg)},

is an (ordered) form-A s-path in D, a contradiction.

It follows that ;0 has length 1, so s(m;0) = {(3,3)}. Let ¥ be the ordered ¢-subpath of II of length
2t + u + 1 consisting precisely of the paths of length > 1 in II (keeping the order these paths have in
IT). Also let U be the t-path of length 2¢ + u — 1 in D obtained from ¥ by replacing

(i) mj by @t; where s(7;) = {(1,17), (3,13)}, and
(11) 7Tj// by ﬂ'j// Where S(ﬂ'j//) = {(1,”{), (3,lg)}

In particular, s(U)U{(3,13), (4,1), (2,12)} = s(¥)U{(3,13)}. Let T be the (r+2)-subpath of ¥ consisting
of 7tj, wj» and all the r paths (with » > 0) of ¥ of length 2 which lie strictly between 7; and 7~ in the
ordering of W. Clearly I" has length 2r + 4. By Result 4 T is equivalent to an ordered (r + 2)-path I'* in
D (of length 2r +4). Since s(I'*) (= s(I')) does not contain any second row nodes, the maximum length
of a path in I'* is 2. Hence I'* consists of precisely r + 2 paths each of length 2. Let 7r",‘0 be the path in
' containing (3,13), so s(mjo) = {(1,11), (3,13)} for some I; with I} <1} (<l <l3 <1). Also let 7* be
the path in D of length 4 with s(7*) = s(7rj0) u{(2,02), (4,0)}.
Next, we construct the ¢-path I' in D with s(I') = (s(¥) U{(3,13)}) — {(3,13)} as follows.

(i) Keeping the order the paths appear in ¥, include all paths beginning from the first one up to and
including the path immediately before 7; (but not including ;).
(ii) Then include all the paths in I'*, in the order they appear in I'*, but with 77;0 replaced by 7*.
(ili) Finally, include all the paths in W appearing strictly after 7;» keeping the order these paths have
in .

By its construction, I is an ordered t-path in D of length 2¢ + u + 1. Using Result 7, we can construct
an ordered s-path II of length s+t +wu+ 1 in D by inserting in the sequence I the s —t paths of length
1, each having support a node of D — s(I'). To justify this, observe that if the node (a,b) belongs to

D —s(I"), then the existence of nodes (ay,b) and (ag,b) in I’ with a; < a < az would imply the existence
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of a t-path in D of length 2t 4+ u + 2 which is not possible by Result 5(i). Clearly IT is a form-A s-path
in D. Hence u # As.
Summing up, we have shown that the assumption that D has no form-A s-paths implies that ¢ > u

and v = A\1. The required result now follows easily. ]

In the following remark we recall a definition and some results in [15] which will turn out to be useful

in the the discussion that follows.

Remark 4.7. Let A be a composition of n and let D € DX . Also assume that D = s(II) for some k-path
Il = (71,...,m) in D. As in [15, Definition 3.8] we denote by D(I) the diagram in DX constructed

from D by replacing each node of m; by a node on the same row but in column j, for j =1,..., k. Then

(i) If 11 is ordered, we have from [15, Lemma 3.9] that t”Wwp is a standard D(IT)-tableau.
(ii) In the special case \ satisfies Hypothesis (*) and I1 is a form-A s-path in D (then 11 is ordered and
has type N'), we have that D(II) is a special diagram in D).

since from item (i) of this remark, t°Mwp is a standard D(I1)-tableau (see Result 4).

Moreover, wp is a prefiz of wp)

Example 4.8. Suppose the composition A satisfies Hypothesis (*). Suppose further that Ay = s ort. By
Lemma 4.6 we know that any admissible diagram D € DX has a form-A s-path, hence by Remark 4.7 (i1)
we know that wp is a prefiz of wg for some special diagram E € DX . Given now an admissible diagram
D € DY, below we consider some particular examples of special diagrams E € D™ which could serve

this purpose.

(i) If X = (s,u,t) and C C {1,...,t} with |C| = u and v = min(C), let Fo = {(1,i): 1 < i <
stU{(2,i): 1€ CU{(3,i): 1 <i<t}U{(4,v)}. Clearly, the list of lengths of columns of F¢ is
a rearrangement of X. It follows that Fo is a special and hence admissible diagram in DX,
X X X X X X X X
If\= (8,3,5) and C ={2,3,4}, then F¢ is the diagram e
X X X X X
X
Let C" C {1,...,t} with |C'| = u and suppose that wr,,, is a prefix of wg,.. Then the Fc-tableau
tFCwFC, is standard (and can be constructed by moving the entries of the Foi-tableau tr,, along the
rows keeping their order, to the nodes of Fc). Observe that row 1 (resp., row 3) of Fo coincides
with row 1 (resp., row 8) of For from the way these diagrams are constructed. Moreover, in order
to preserve standardness, we see that the nodes in row 2 of Fo are in exactly the same positions
as the nodes in row 2 of For. This forces C = C'. We conclude that Fo = Feo.
(i) If X = (t,s,u), C C {1,...,5s —t +u} with |C| = u and v = min(C), then Go = {(1,i): i €
(CU{s—t+u+1,....sH)}U{(2,9): 1 <i<s}U{(3,i): i€ CrU{(4,v)} is a special and hence

admissible diagram in DX,
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X X X X

< X X X X X X X
If A= (5,8,3) and C = {2,4,5}, then G¢ is the diagram
X X

X X X X

Suppose now that C' C {1,...,s —t + u} with |C’'| = u and that t““we,, is a standard G-
tableau. From the way diagrams G¢o and Geor are defined, we see that their second rows coincide.
Moreover, the last t — u nodes in row 1 of these diagrams are in exactly the same positions. In
order to preserve standardness, the nodes in row 2 of these diagrams must also occupy the same
positions. Hence C' = C' and this forces Go = Ger.

(iii) If X = (t,u,s), let C = {v}UC with |C| =u—1,C C {s—t+2,...,s} andv € {1,..., min(C)—1}.
(In particular, v = min(C) and |C| =u.) Let v =v or s —t+ 1 according as v < s —t+ 1 or not.
Then Ho ={(1,i):i=0 ors—t+2<i<s}U{(2,i): i€ C}U{(3,i): 1 <i<stU{(4,v)} isa
special and hence admissible diagram in D™,

X X X X X

If\= (5,3,8) and C = {3,6,8}, then H¢ is the diagram 8 . x
X X X X X X X X
X
Suppose now that tHCwHC, is a standard Hc-tableau for permitted choices of C and C' above.

From the construction of Ho and Hcor, the nodes in their third rows and moreover, the last t — 1

nodes in their first rows, occupy eractly the same positions. To preserve standardness, the last

u—1 nodes in row 2 of the two diagrams must also be in exactly the same positions. For the same

reason, the node in row 4 (resp., first node in row 2) of H¢ is in exactly the same position as

the node in row 4 (resp., first node in row 2) of Her. Finally, from the way these diagrams are
defined, their first nodes in row 1 are also forced to be in exactly the same position, proving that

He = He.

Next, we introduce some more notation.

Definition 4.9. Suppose composition \ satisfies Hypothesis (*) with the additional constraints t > u
and A\; = u. We then say that the diagram D € DY satisfies Hypothesis (1) if in the associated tuple
ap = (ai1,...,am) of column-lengths of D there is a single 4, exactly (u — 1) 3’s and, in addition, the
4 occurs before all the 8’s. We also define the determining tuple &p of D by &p = (&1, ..., Gy ), where
&j = o if aj € {2,3,4}, and &; = 1 or 1 according as the single node in a column j of length 1 in D
is on row 2 or 3. [Clearly the tuple &p determines a diagram satisfying Hypothesis (1) uniquely, since
all columns in D having length 2 (resp., length 3) necessarily have their nodes on rows 2 and 3 (resp.,
on rows 1, 2 and 3).]

Remark 4.10. Let E € DY satisfy Hypothesis (1) (with composition X as in Definition 4.9) and let
ag = (Q1,...,4y) be the determining tuple for E. Suppose now that diagram E' has been obtained from
E via any one of the operations (C1)-(C5) below.
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Operations (C1)-(C4): If (&, &j41) = (1,2) or (3,2) or (2,1) or (3,1) for some j > 1, diagram E' is
obtained from E by interchanging the j-th and (j+1)-th columns. Suppose for convenience that the first
j—1 columns of E contain exactly w—1 nodes (where w > 1). Then, from the way they are constructed,

the tableaux tg and tg: differ only on these two columns, which respectively take the form

w w—+2
ww+l1 w w+2 w+1 w+3 w w+3
and after operation (C1), and after operation (C2),
w2 w+1 w+2 w+4 w+1l w+4
w w41
+1 +1 +2
“ and v after operation (C3), v and “ after operation (C4). Since
w+1l w+2 w w2 w+2 w+3 w w43

! . .
tFwg is standard, wg is a prefix of wgr.

Operation (C5): If &; = 2 for some j, diagram E' is obtained from E after replacing the j-th column
of E by two adjacent columns each having a single node; the single node of the first one (resp., second
w w+1

one) being on row 3 (resp., row 2). The difference intg and tg can be described by ) and ,
w—+ w

respectively. In particular, E' has m + 1 columns.
Clearly, in all of the above cases E' € DN and E' satisfies Hypothesis (t). Moreover, tHwg is a

standard E’'-tableau, so wg is a prefix of wg.

Example 4.11. Let composition \ satisfy Hypothesis (*). Suppose further that w <t and \y = u. In
this ezample we introduce certain types of admissible diagrams D € DX satisfying Hypothesis (t)- In
particular, such diagrams D cannot be transformed using operations (C1)-(C4) to an admissible diagram
K such that t*wp is a standard K-tableau. Moreover, in all cases, they are the support of a form-B
s-path.
(i) If A = (u,s,t), let e, n, 0, ¢ and ¥ be non-negative integers satisfying s = e +n+ 14+ ¢+ 1,
t=e+0+(+u,v>u—1,andn >0, letC be a (u—1)-subset of {s+0—1+1,...,s+60}, and
let S = (e,1,0,(,4,C). Define M'S) to be the diagram with nodes

(1,49) i=e+n+1loriedC,

(2,i) : 1<i<e4+n+lore+n+0+2<i<s+0,

(3,1) 1<i<core+n+1<i<e+n+0+C+1oriec,
(4,1) t=c¢+n+1

Then M) € DY) it has s + 6 columns and it is easy to check that it satisfies Hypothesis (T). In
the determining tuple of M) there is a single 4 and the tuple occurring before the 4 consists of
an e-tuple of 2’s followed by an n-tuple of 1’s. Following the 4 there is a O-tuple of 1’s followed by
a (-tuple of 2’s followed by a -tuple of 1’s and 3’s containing ezxactly (u — 1) 3’s.
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Schematically, M(S) takes the form

f—fﬁf—yﬁf}\z—fﬁr—’ﬁ X
X X X
X X X X X - X
X X X X - X X X X X
X

From the construction of MS) we see that MS) is special if, and only if, = 0. It is immediate
that MS) is special if 6 = 0. Conversely, if M) is special and s > t, it is clear that 6 = 0.
Finally, if s = t, the relations in line 2 of this example imply that n = 0 and ¢ = uw — 1, so the
additional constraint that MS) is special, now implies that n=0=0. In particular we have that
MS) s admissible if 6 = 0.

Ifn>6>1, letll = (m,...,ms) and II' = (7},...,7.) be the s-paths defined by

{(2,7),3.5)} if 1<j<e,
{(2,7), 3,5 +n+1)} if e+1<j<e+,
{(2.0)} if e+0+1<j<e+n,
mi =94 {(1,7),(2,7),3,5), (4,5)} if j=et+n+l,
{(2,j+6),3,5+0)} if e+n+2<j<s—1,
{1, +0),(2,7+6),3,7+0)} if s—vp+1<j<sandj+0€eC,
{(2,j+ )} if s—+1<j<sandj+0¢C.
and
{(2,7),3.5)} if 1<j<e,
{(2,9), (3,5 +m), (4,7 +n)} if j=e+1,
{(2,7), 3,5 +m)} if e+2<j<e+0,
, ) @29 if e+0+1<j<etn,
) W @i+ § og=etntl,
{(2,j+6),3,5+0)} if e+n+2<j<s—1,
{1, +0),(2,7+6),3,7+0)} if s—vp+1<j<sandj+0€eC,
| {27+ 0)} if s—¢+1<j<sandj+0¢C.

Then 11 has type N, so that M'S) is an admissible dzagmm (see Remark J.2). Also, II' is a
form-B s-path.
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We look at a specific case. If X\ = (3,8,5) and S = (1,3,1,0,3,{7,8}) then
X

X X X
X X X
X

X
X X X
X
LetIT = {{(2,1),(3,1)},{(2,2), (3,6)}, {(2.3)}, {(2,},{(1,9).(2,5).(3,5).(4,9)}, {(1,7), (2,7),
3,7} {(1,8).(2.8).(3,8)}, {(2,9)}} and I = { {(2,1).(3,1)}, {(2,2), (3,5), (4,5)}, {(2.3)},
() {(15).25),5,6) {L7), 27, G DL {(L8).(28),(58)}, (2,9} Then Tl and 1
are 8-paths in the diagram M) of types N = 41322213 and 31213, respectively. Thus M) is
admissible. Moreover I is a form-B 8-path.
(i) If A= (u,t,s), letn, €, 0, ¢, and ¢ be non-negative integers satisfying s =n+¢e+ ¢ + ¢ +u and
t=c+0+C+u, and p >0. Let S = (n,¢,0,¢,(). Define NS to be the diagram with nodes

(1,1) i=n+e+O0+1lors+0—-—u+2<i<s+0,

(2,1) n+l1<i<n+e+0+lors+0—u—(+2<i<s+0,
(3,4) 1<i<n+eorn+e+0+1<i<s+0,

(4,4) i=n+e+0+1.

Then N € DN it has s + 0 columns and it is easy to check that it satisfies Hypothesis (1)
The determining tuple of N'S) consists, going from left to right, of an n-tuple of 1’s followed by
an e-tuple of 2’s, a O-tuple of 1’s, a single 4, a p-tuple of 1’s, a (-tuple of 2’s and, finally, a
(u — 1)-tuple of 3’s.

Schematically, NS takes the form

—t— N AN —— N —

X X X

X X X X X X X X X

X X X X X X X X X
X

It is easy to see that N is special if, and only if, 0 = 0. It follows that N'S) is admissible if
0 = 0. Observe also that the relations s and t satisfy, force ¢ =0 andn =0 if s =t. So in the
case s =t the shape of M'S) in fact coincides with the shape of NS,

Ifop>20>21,letll = (m,...,7s) and II' = (7}, ..., 7.) be the s-paths defined by

’ s
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{(3.9)}

(3,4)

{(2.5),3.9)}
{(2.5),3.j+0+1)}
{(1.5),(2.7), (3,4), (4,7)}
{(3.j+0)}
{(2,5+0),(3,5+0)}

(

{(L,7+0),(2,5+0),(3,7

and

{3,5)}
J)}

(3,4)

{(2.7), (3,
{(2.7), (3,7 +0), (4,5 +0)}
{(2.7), (3,5 +0)}
{(1,7),(2,5), 3,5 +0)}
{(3,5+0)}
{(2,j+6),3.5+0)}

{(1,j+0),(2,j+0),3,5+
Then I has type N, so that N

T. P. McDonough and C. A. Pallikaros 141

if 1<j<n,
if n+1<j<n+e,
if n+e+1<j<n+e+6,
if j=mn+e+0+1,
if n+e+0+2<j<n+et+ep+1,
if n+et+e+2<j<nt+e+ep+(+1,
+0)} if n+e+p+(+2<ij<n+e+p+{+u,
if 1<j<n,
if n+1<j<n+e,
if j=n+e+1,
if ntet+2<j<nte+,
if j=n+e+0+1,
if n+e+0+2<i<n+e+e+1,
if ntet+e+2<j<nt+e+e+(+1,
O} if n+ete+(+2<j<n+e+e+(+u.

1s an admissible diagram. Also, Il is a form-B s-path.

We look at a specific case. If X = (3,5,8) and S = (3,0,1,1,1,3) then
X X X
NS _ X X X X X
X X X X X X X X
X
Let T = { {(3, )}, {3, 2)}, {(3,3)}, {(2,4), (3,6)}, {(1,5), (2,5), (3,5), (4,5)}, {(2,7), (3,7},
{(1,8), (2,8), (3,8)}, {(1,9), (2,9), (3,9)} } and II" = { {(3,1)}, {(3,2)}, {(3,3)}, {(2,4), (3,5),
(4,5)}, {(1,5), (2,5), (3,6)}, {(2,7), (3, H{GS)( 8), (3,8)}, {(1,9), (2,9), (3,9)} }.

Then I and II' are 8-paths in the diagram NS

) of types N = 41322213 and 32113, respectively.

Thus NS is admissible. Moreover I' is a form-B 8-path.

In the course of the proof of Theorem 5.

1 we will show that any diagram D satisfying Hypothesis (),

and which also satisfies some additional constraints, can be transformed using operations (C1)—(C5) to

a diagram which either equals M) or N

turn out to be useful.

(S) for a suitable tuple S. The following two lemmas will also

Lemma 4.12. Under the hypothesis and notation of Example 4.11(1), let K = MS) gnd K' = M(S")

be the diagrams corresponding to S =

(8?

n,0,(,¢,C) and 8’ = (¢',7,0',{', ¢, C"), respectively, where
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n >0 andn' > 0. Suppose that the further constraints ( =0 if n > 60 and ' =0 if o’ > 6" are in force.
If wg is a prefix of wi, then K = K'.

Proof. We assume the hypothesis and we suppose that wg- is a prefix of wr. Then tXwg is a standard
K-tableau (see Result 4). Observe that t®wpg is obtained from the K’-tableau tz+ by moving the
entries of each row of ¢, keeping their order, to the nodes of K on the same row. This forces the entry
on row 4 of tx to move to the single node on row 4 of K and, moreover the first entry (starting from
the left) on row 1 of tx/ to move to the first node on row 1 of K.

Thus, in order to preserve standardness, the column of length 4 in ¢gs must move to the column of
length 4 in K. Counting nodes on rows 3 and 2 of K and K’ lying to the left of the column of length
4 in each of the two diagrams, we immediately get ¢ = ¢’ and n = 7’. On the other hand, counting
nodes on rows 2 and 3 lying to the right of the column of length 4 in each of the two diagrams, we get
C+y=C+Y and 0+ =0+ (since 0+ ¢+ (u—1)=0 + + (u—1)).

In order to show that § = ¢, ( = ¢’ and ¢ = ¢/, it is convenient to consider the four subcases (a)
n>60,7>6¢, (b)yn>0,7=0,(c)n=0,7>6,and (d)n=20,n =6 In (a) we have ( =0 =,
so 0 = ¢’ and ¢ = 1)’ as required. In (b), we have ( =0 hence 0 =0+ =0+ >0 =1 =n>0,a
contradiction, so this case cannot occur. Similarly in (c), we have ' =0+’ =0+ >0=n=n" >0,
again a contradiction. Finally in (d) we have § = n =17' =6, hence ( = (' and 1) = 1}'.

It remains to look at at the last 1) (= ¢') columns of tx+ and K, which contain precisely u— 1 columns
of length 3 in each case. A similar argument as for the case of the column of length 4 shows that the
u — 1 columns of length 3 in ¢ move to the u — 1 columns of length 3 in K. This completes the proof
in the case s = t, since ¢y = u — 1 in this case as we have seen. If s > ¢, counting the number of columns
of length 1 in K and K’ occurring between the block of ¢ columns each having length 2 and the first
column of length 3, we see that the first column of length 3 occurs in exactly the same position in both
diagrams. Similarly, by looking at the number of columns of length 1 between any pair of consecutive
columns of length 3 in K and K’, we conclude that K = K. O

Lemma 4.13. Under the hypothesis and notation of Example 4.11 (i), let K = N®) gnd K = N
be the diagrams corresponding to S = (n,¢,60,,¢) and S" = (n/,&',0',¢', ('), respectively, where ¢ > 0
and ¢ > 0. Suppose that the further constraints € = 0 if o > 0 and ¢’ = 0 if @' > 0" are in force. If
wg s a prefiv of wi, then K = K'.

Proof. We assume the hypothesis, and suppose that wg is a prefix of wg. Then t¥wg is a standard
K-tableau. Since this tableau is obtained by moving the entries of each row of {x to the nodes of K on
the same row, keeping the order these entries appear, the column of length 4 in ¢x/ must move to the
column of length 4 in K by a similar argument to that in the previous lemma. It is also clear that the last
u— 1 columns of tg-, each having length 3, move to the last © — 1 columns of K. Considering the second
row nodes (resp., third row nodes) lying to the left of the column of length 4 in each diagram, we see that

e+0=¢"+6 (resp., n+e =n"+¢'). Similarly, considering the second row nodes lying to the right of
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the column of length 4 in each diagram, we see that ( = ¢’ and o+ = ¢/ +{’ from which it follows that
¢ = ¢'. In order to obtain the desired result we will consider the four subcases (a) ¢ > 6, ¢’ > ¢, (b)
>0, =0, (c)p=0,¢ >0 and (d) p =0, ¢ =6 In (a), we get £ = 0 = £’ from the hypothesis,
so =6 and n =1n'. In (b) we have ¢ = 0, hence § = 0’ +&' > 0 = ¢/ = ¢ > 0, a contradiction, so
this case cannot occur. Similarly, in (¢), we have ¢’ = 0, hence ' =ec+60 >0 = ¢ = ¢’ > ¢, again
a contradiction. Finally in (d) we have § = ¢ = ¢ = €', so e = & and n = 7. We conclude that
K =K' ]

5. Explicit results on minimal determining sets

In this section we obtain explicit descriptions of the minimal determining sets of certain W-graph
ideals in the symmetric group. These are (right) W-graph ideals corresponding to the Kazhdan-Lusztig
cell €(A) for A = (A1, A, A3, 17) or (17, uq, po, p3), or to the union of cells obtained by inducing such a
Kazhdan-Lusztig cell €(\).

Theorem 5.1. Letr > 4 and s >t > u > 1. Let A\ = (A1,..., ) be a composition where \ =
(A1, A2, A3) is a permutation of (s,t,u) and N\; =1 if i > 3. Then E(N) = E(N) if, and only if, \ = s
ort.

Ezplicit descriptions of the elements of E(\) and E5(N) are given in the proof and the values of |Es(N)|
and |E(N)| = |Es(N)| are given in Tables 3 and 4.

Proof. Since the results for r > 4 can be obtained easily by induction on r using Result 9 assuming the
results for r = 4, we consider the case r = 4. In particular, we have that \ satisfies Hypothesis (*). We
suppose further that d € Z(\) and we let D = D(d, \) (€ D™), so d = wp. Then D is an admissible
diagram by Result 5(ii). Below, the cases (I) Ay = s or Ay = ¢, and (II) \y = w and ¢t > u, will be
considered separately.

Case (I): A\; = s or t: By Lemma 4.6, we have D = s(IT') for some form-A s-path II'. Moreover, d is
a prefix of wps for some special diagram D’ € DY) by Remark 4.7(ii). In particular, Y/ (\) = Ys()\) if
A1 = s or t. Diagram D’ has s columns and the nodes on any row of D’ of length s have column indices
j, for 1 < j < s. The node on row 4 of D' is (4,1), where 1 <1 < s. Let A be the set of column indices
of the nodes of D’ of any row of D’ of length ¢, and let B be the set of column indices of the nodes of D’
on any one of its rows of length w. Thenl € B C A C {1,...,s}. Clearly, |A| =t and |B| = u. Finally,
let m = min(B).

The case A is a partition is already covered in [11, Lemma 3.3] and in this case £ has a single
element , the Young diagram associated to A. It will be convenient, in order to complete case (I), to
consider the subcases (i) A = (s, u,t), (i) A = (¢, s,u), and (iii) A = (¢,u,s) (even though these subcases
are not disjoint and there are also intersections with the partition case already considered).

Subcase (I)(i): A = (s,u,t): Let 6: A — {1,...,t} be the order preserving bijection and let C' = BS.
Consider the diagram E = Fg as in Example 4.8(1). Then E is a special, and hence admissible,

diagram such that t"wp/ is a standard E-tableau. So wpr is a prefix of wg. Also from the discussion in
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Example 4.8(i) we can deduce that £ () is precisely the set of diagrams F¢ for all the different permitted
choices of C. In particular, |Y/(\)| = |Ys(\)| = (fb) in this case. (For example in the case t = u there is
a unique choice for F and this is the Young diagram associated to the partition A.)

Subcase (I)(ii): A = (t,s,u): Let C be the set of u smallest indices in A and consider the diagram
E = G¢ as in Example 4.8(ii). Clearly, wps is a prefix of wg. From the discussion in Example 4.8(ii)
we see that £ consists precisely of the diagrams G¢ for all the different permitted choices of C. It
follows that in this case [V/(\)| = [Ys(\)| = (*72F%).

Subcase (I)(iii): A = (t,u, s): We will need to split this case into two subcases

(a) m(=min(B)) > s—t+ 1, and
(b) m<s—t+1.

Ifm>s—t+1, weset C = B and v = m (so v = min(B) = min(C)) and let C = C — {v}, (so
C C{s—t+2,...,s}). Comparing with Example 4.8(iii) we also let & = s —t+1 (since v > s —t+1). If
m<s—t+1,1letd: A— {m}U{s—t+2,...,s} be the order preserving bijection. We also set v = m,
C = (B—-{m})é and C = C U {v}. Hence v (= m) = min(C) and C C {s —t +2,...,s}. Comparing
with Example 4.8(iii), we set © = v in this subcase.

In either of the subcases (a) or (b) above we get, by setting E = H¢, that tPwps is a standard
E-tableau, with E € DY) being a special (and hence admissible) diagram. Thus, combining with the
last paragraph of Example 4.8(iii) we conclude that in the case A = (¢, u, s), the set £ consists of the
diagrams H¢ for all the different permitted choices of C'. For the subcase m > s —t + 1 there are (2)
such diagrams H¢, which is the number of u-sets in {s—t+1,..., s} as these determine v uniquely. For
the subcase m < s —t+ 1 there are (s —t) (2:11) such diagrams H¢ since, here, we can combine each of
the s — t choices of v with each of the (i:ll) choices of C' — {v} in {s —t+2,...,s}. We conclude that
for A = (t,u,s) we have [Y(\)| = [Y;(\)] = (s — t)(;:ll) + (5) Observe that in the special case t = s
(here s —t+1 =1, so we cannot have m < s —t + 1), the (Z) different diagrams Hc which occur are
precisely the (!) different diagrams Fo occurring in subcase (I)(i) with s = ¢.

Case (IT): Ay = v and ¢ > u (which is equivalent to A\; # s and A\; # t): Recall that d denotes an
arbitrary element of Z(\) and D = D(d, \), but in this case diagram D may or may not have form-A
s-paths. Our upshot is to show that d is a prefix of wg for some admissible diagram K of shape M)
or NS (as these are defined in Example 4.11) according as A = (u, s,t) or (u,t,s). As an intermediate
goal, we aim to show that d is a prefix of wg, for some diagram E € DX satisfying Hypothesis (1), but
also having some additional properties as we will see later.

First, we consider the case D does not have a form-A s-path. Since D is admissible, Lemma 4.4
ensures that D has a form-B s-path. Choose one such form-B s-path II = (7q,...,7s) and define the
s-tuple @ = (a1,...,as) by setting a; to be the length of 7; for 1 < j < s. Let j; be the first j with
aj = 3 and let jo be the second such j.

Comparing with Lemma 4.4 we see that 7, is the path of length 3 in II containing the node on row

4 (otherwise II would be equivalent to a form-A s-path in D). Next, we form the diagram E = D(II),
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see Remark 4.7. From the same remark we see that t£d is a standard E-tableau, since II is ordered.
Clearly E is not admissible since it has no path of length 4. The E-tableau t2d has exactly s columns
and takes the form given in Table 1. In this table we denote by b; or c¢; the entries on rows 2 or 3,
accordingly, of column j of tEd for 1 < j < s. Symbol C denotes the columns with index J > jo; these
have entries either on rows 1, 2 and 3, or on rows 2 and 3 or on a single row (row 2 if A= (u,s,t) or
row 3 if A = (u,t,s)). See Lemma 4.4 for the distribution of the nodes of E in its columns, taking into
account the way E has been constructed. In particular, E has no columns of length 1 if s = ¢.

Entries b; or ¢; may be blank if j & {j1,j2}, however b; (resp., ¢;) cannot be blank if A = (u,s,t)
(resp., A= (u,t,s)) again by Lemma 4.4. None of b;,, bj,, ¢j,, ¢j, is blank from our hypothesis that they
belong to columns of length 3. Entry y is not blank and it is the sole entry on row 4 of tEq. Moreover,
z is not blank and it is the first entry on row 1 of tEq. Hence, y is the entry occupying the node (4, j1)
of E and z is the entry occupying the node (1, j2) of E‘, with j; < js.

TABLE 1. tE d

X
C
i by --- bj bj1+1 bj’ bj2
t*d =
c1 o le Cj1+1'“ Cj,... cj2
Y

The fact that D has no form-A s-paths ensures that > b;, and y < ¢;,. (If z < b;; this would mean
that x lies in a column of tableau tp of weakly smaller index than the index of the column containing
b;,, which would mean in turn that D has a form-A s-path. We can exclude the possibility y > ¢;, by
using similar argument.)

Now let N7 be the node in D with Nitp = z. Clearly N; is the first node on row 1 of D from the
way t2d is related to tp. Since D is admissible, it contains a path 7 of length 4 with N; € s(m). Also
let N;, with N; on row i of D for 2 < i < 4, be the remaining nodes of 7. So s(mw) = {N1, No, N3, Ny}
with Nitp = x and Natp = y (the last equality follows from the fact that Ny is the only node on row
4 of D). We also have that Notp = by and Nstp = ¢; for some k, [ with 1 < k,1 < s. Since 7 is a path
in D, it follows from the way tp is constructed, that = < by < ¢; < y. Hence, the relations b;, < x and
y < c¢j, obtained above, together with the standardness of tE d, give that j; < k and I < js.

!

Claim. There exist j/, j” with j; < j” <j < joand z < by < ¢jn < y.

Proof of Claim. Recall that x < b, < ¢; <y and also that b;, < x where j; <k and y < ¢;, where
[ < js.

Suppose first that £ < I. Then j; < k <[ < jo. Now at least one of the entries b; or ¢ is non-
empty according as \ = (u,s,t) or (u,t,s). The claim is now proved, using the standardness of tEd7
by setting j' = j” =l or j/ = j” = k accordingly. [If b; is non-empty, then by < b; < ¢ since k < 1
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and t£d is standard. So z < (br
r<bp<cp(<g)<yandj <k(

Yoy < ¢ <y and j1 < (k <)l < ja. If ¢ is non-empty, then
1) <o
Suppose now that k > [. We will consider separately the four subcases

<
<

(a) k < joand I > j1,
(b) k < jo and I < ji,
(¢) k> joand I > j1, and
(d) k> jpand [ < j;.

In subcase (a), we have j; <1 < k < ja. Since x < by < ¢; < y, the claim is proved by setting k = j
and [ = j”.

In subcase (b), we have | < ji < k < j2, s0 & < by < ¢ < ¢j; < y, again using the standardness of
t£d. By setting j = ji and j' = k, we see that j1 < j” < j' < jo and < by < ¢jn <y as required.

In subcase (c), we have j; <1 < ja < k, so by setting j' = jo and j” =1 we get j1 < j” < j' = j2 and
x < bj, (=bj) < by <c(=cjr) <y as required.

Finally, in subcase (d), we have | < j; < jo < k so bj, < by and ¢ < ¢;,. Moreover, using the
standardness of t£d, we get © < bj, < by < ¢ < ¢j, <vy. By setting ;' = jo and j” = ji, we have
71 <j" <j <joand x < by < c¢jn <y, thus completing the proof of the claim.

Now let E € DV be the underlying diagram of the tableau ¢ obtained by moving the entries in
tableau t£d according to the scheme in Table 2, where any blank column, that is one corresponding to a

blank ¢; (with 57 < j < j') or b; (with j” < j < j') according as A = (u, s,t) or A\ = (u,t, ), is removed.

TABLE 2. t = tEd

Z
by - b q b banaq -+ b by - b c
p=| g1 5" P+l J J'+1 J
cl DR cj”—l cj” CJN+1 ... cj/ cj/—‘rl DR 6]2
Yy

Clearly, from the construction, t = tEq. Moreover, E satisfies Hypothesis () and t is a standard
E-tableau. So, by setting F = E, the intermediate goal of showing that d is a prefix of wg for some
diagram E € DM satisfying Hypothesis (1) has been achieved in the case D has no form-A s-path. So
we assume now that D has a form-A s-path, say II, and we aim to show that D(f[) can be transformed
into a diagram E € DO satisfying Hypothesis (1) and which also satisfies the additional requirement
that d is a prefix of wg. First observe that D(II) is special and 7 (Mg is a standard D(IT)-tableau by
Remark 4.7. The construction of E from D(IT) is as follows: If the column of length 4 in D(IT) lies to
the left of all columns of length 3 in D(II), set E = D(II). Otherwise, let £ be the diagram obtained
from D(II) by moving the single node on row 4 of D(II) to the first column of D(II) having length 3
(keeping this node on row 4). In either case diagram F satisfies Hypothesis (1) and tEd is a standard

E-tableau by its construction.
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For the rest of the proof we denote by F any diagram of shape E or E which has been obtained from
D via any of the above processes. In particular, irrespective of whether F is of ‘type E’ or of ‘type E,
diagram E satisfies Hypothesis (1) and d is a prefix of wg since t¥d is standard. Moreover, the columns
of length 1 in E (excluding the regions in E containing the nodes corresponding to the entries b; in
tableau t for j” < j < j’ and entries ¢; in tableau ¢ for j” < j < j° — these regions can be considered
to be ‘empty’ in E) have their single node on row 2 if A= (u, s,t), and on row 3 if A= (u,t,s). We can
also observe that E has s’ columns, where s’ = s in the case E is of ‘type E’, and s’ = s + ny where
ng = {j:a; =2and j” <j < j'}| (resp., ng = {j:a; =2 and j” < j <j'})if A = (u,s,t) (vesp.,
A = (u,t,s)) in the case E is of ‘type E’. (Note that in the special case s = ¢ we have ny = j' — j".)

Let ap = (&1,...,4y) be the determining tuple for diagram E. For the rest of the proof it will
be convenient to consider the subcases A = (u, s,t) and A = (u, t, s) separately. Operations (C1)—(C5)
discussed in Remark 4.10 will play a key role.

Subcase (IT)(i): X = (u, s,t): Applying operations of type (C1) to the columns in the region of E
which lies to the left of the (unique) column of length 4 in E, and also operations of types (C2) and
(C3) to the columns in the region of E which lies to the right of the column of length 4, we see that
wg is a prefix of wgs for some diagram K’ € DW satisfying Hypothesis () which can be described
as follows: Diagram K’ has s’ columns (same number of columns as F) and its determining tuple &g
begins with an &’-tuple of 2’s, followed by an n’-tuple of 1’s, then has a single 4 and, following the 4, it
has a @'-tuple of 1’s (¢’ = 0 if E is of ‘type E’), followed by a ¢’-tuple of 2’s, followed by a t/-tuple of
I’s and 3’s containing exactly (u — 1) 3’s. From the construction, we see that n’ > #’. [This is obvious
if F is of ‘type E’ since # = 0 in this case. If E is of ‘type E’, observe that n’ > j' — j” > @', since by
Lemma 4.4 none of the b;’s for j” < j < j’ is empty, whereas we could possibly have some empty ¢;’s
for j/ <j<j =0 or =0, weset K=K’ If y/ >6" and ¢’ > 0, we apply operation (C5) to
the first column of length 2 occurring from the left in the block of ¢’ columns of length 2, and then by
repeated applications of operation (C1) we can ‘carry’ the column of length 1 (with a single node on row
2) which has resulted from the application of (C5), to the position immediately to the left of the block
of 1" columns of length 1 or 3. Next, we set ¢'(0) = ¢/, /(0) = ¢ and, for k > 1, {'(k) = {'(k—1)—1 and
0'(k) = 0'(k—1)+1, where k is the number of repetitions of the above routine. The process stops after r
repetitions of the routine, where r is the smallest integer such that either ¢'(r) = 0 or ’ = 6'(r) and we
let K be the diagram obtained from K’ at this stage of the process. Clearly K has s’ + r columns and
¢'(r) =01if o > @ (r). Moreover K satisfies Hypothesis (1) and d is a prefix of wx (see Remark 4.10).
Comparing with Example 4.11(i) we see that K = M) for some permitted tuple S = (£,1,6,¢,v,C)
with 1 > 6 and the further constraint ( =0 if n > 6. (In fact we havee =¢', n=1n',0=0'(r) =60 +r,
C=¢(r)=C¢ —r, =1 +7r.) Also recall from Example 4.11(i) that for such tuples S, diagram M ()
is an admissible diagram and, in addition, M) is special if, and only if, # = 0. It now follows from

Lemma 4.12 that £ is precisely the set of diagrams M(S) where the tuple S of non-negative integers
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satisfies the above constraints n > 6 and ¢ = 0 if n > 6. (Clearly & M is the subset of £ obtained by
imposing the further restriction 6 = 0.)

Counting nodes on the second and third rows, we get s=e+n+1+(+¢Y andt =ec+60+(+u. So,
O+(<t—wandyp=s—t—(u—1)—n, where 0 <77 =n—0 < s—t. Thus, by setting v =s—t+u, we
see that for M) to belong to X — 53(” (resp., for M) to belong to 5§/\)), the number of permitted

determining tuples with ¢ > 1 is

EE D) e () oo

=1

and the number of permitted determining tuples with ¢ = 0 is

R (W50 (5050 -0)

=0 6=1 7=0

=

Thus, we have determined |E5(\)| and |E(N\) — Es(A)] to be the values given in Tables 3 and 4 and the
corresponding diagrams take the form M) where S = (,1,0,¢,1,C) and C denotes an arbitrary set
of u — 1 columns among the last ¥ columns.

Subcase (II)(ii): A = (u,t,s): We use similar arguments as for subcase (IT)(i) but this time we begin
by first applying a sequence of operations from types (C2), (C3) and (C4) to the columns lying in the
region of E' which is to the right of the column of length 4 and a sequence of operations of type (C3) to
the columns of F lying in the region to the left of the column of length 4, in order to obtain a diagram
K’ € DV with the following properties: Diagram K’ satisfies Hypothesis (1), the K’-tableau t%'d is
standard, K’ has exactly s’ columns and the determining tuple &g of K’ begins with an n’-tuple of 1’s,
followed by an &’-tuple of 2’s, followed by a €’-tuple of 1’s, followed by a single 4, and following the 4, a
¢'-tuple of 1’s followed by a ¢’-tuple of 2’s, followed by a (u — 1)-tuple of 3’s. From the construction of
E and the types of operation used to obtain K’ from FE, we also see that ¢’ > j/ — j” > ' if E is ‘of
type E’. In the case E is ‘of type E’, the relation ¢’ > 6’ holds trivially since 8’ = 0 in this case.

Finally, in a similar fashion as in case (II)(i), now applying operations of types (C5) and (C3) to
the columns of K’ corresponding to the &’-tuple of 2’s which lie in the region to the left of the column
of length 4 (but working from right to the left on this block of columns) we obtain a diagram K
from K’ with wg a prefix of wg (hence with d a prefix of wg) such that K = N for some tuple
S = (n,&,0,¢,() of non-negative integers satisfying the further constraints ¢ > 6 and ¢ = 0 if p > 6.
(Compare with Example 4.11(ii).) Lemma 4.13 now ensures that the set £*) is precisely the set of
diagrams N(S) for which the conditions ¢ > 6 and € > 0 if ¢ > @ are satisfied by S. For the subset s ™)
we need the further restriction # = 0 since from Example 4.11(ii) we know that N (5) is special if, and
only if, § = 0.

Counting nodes on the second and third rows, we get t =ec+0+(+uand s=n+ec+p+ C +u. So,
0+(<t—uvand p=s5—t—n where p =9 —0. Given § and ¢ with 0 <O <t—uvand 0 < p < s—1,
the quantities 1, ¢ and € + ¢ are determined. If additionally, @ > 0 then € = 0, so ( is determmed,
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whereas if = 0 then 0 < & < ¢t —u — 0. Thus, for N©) to belong to EX) — ESQ) (resp., for N to
belong to SS(A)) the number of permitted determining tuples with @ > 1 is

t—u s—t s—t
Zle(t—u)(s—t) (resp.,les—t)
=1 p=1 =1

and the number of permitted deternining tuples with ¢ = 0 is

t—u t—u—0 t—u
t— 1
E 1:< Z+ > (resp., E 1:t—u+1).

=1 =0 e=0
Thus, we have determined |E5(\)| and |E(N\) — Es(A)] to be the values given in Tables 3 and 4 and the
corresponding diagrams take the form N(S) where & = (n,€,0,¢,0). g

TABLE 3. Values of |53(A)|, s>t>wu,r>3. (Theorem 5.1)

A (s, t,u) (s,u,t) (t,s,u) (t,u,s) (u, s,t) (u,t,s)

TABLE 4. Values of [EY) — SS(A)], s>t >u,r>3. (Theorem 5.1)

>

(u,s,t) (u,t,s)

(t;u> (8_3:1;_1) +(t—u)<8_i+u> (t—u)(s —t) + <t_g+1>.

Remark 5.2. (i) In view of Result 8, we immediately get from Theorem 5.1 (and Tables 3 and 4) all

the corresponding information about the set EM where the composition p has the form (17, w1, po, pi3).-

(ii) Let X be a composition of n with r parts. Recall that Z(\) is a right ideal in Sy, = (S1,...,Sn—1)
and that Z()\)i is a right ideal in Sp41 = (S1,...,8n), where s; is the basic transposition (i, i+1), and X
denotes the set of distinguished right coset representatives of Sy in Snp11. The longest element of% is the
element spsp_1---s1 (= (1, 2,...,n+1) in cycle-notation). Given D € EW, we define D = {(r+1,1)}U
{(#,7+1): (i,7) € D}, so D is a diagram of size n+ 1. By Proposition 2.10, the minimal determining
set of the right ideal Z(\)X in Spy1 is the set {wp: D € EWNY. (Comparing with the discussion in
Section 3, we can consider this set to be the rim of the induced union of cells ’LU(]Z()\)%.) Thus, the
explicit results in [14], [15] and also in Section 5 of the present paper on the minimal determining
sets of various families of right ideals of the form Z(\) lead to an explicit description of the minimal

determining sets of the corresponding induced right ideals Z(\)X.
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(iii) The results of this paper together with the results of [14] and [15] give complete information about
the set EXN for all compositions \ of n for n < 6. Using similar methods we have also completed the
case n = T. More detailed information about the sizes of the rims of the corresponding cells in the form

of tables can be obtained from any of the authors on request.
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