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Abstract. A rather natural way for trying to obtain a lattice-theoretic characterization of a class of
groups X is to replace the concepts appearing in the definition of X by lattice-theoretic concepts. The
first to use this idea were Kontorovič and Plotkin who in 1954 introduced the notion of modular chain
in a lattice, as translation of a central series of a group, to determine a lattice-theoretic characterization
of the class of torsion-free nilpotent groups. The aim of this paper is to present a recent application of
this translation method to some generalized nilpotency properties.

If G is any group, the set L(G) of all subgroups of G is a complete lattice with respect to the
ordinary set-theoretic inclusion. In this lattice, the operations ∨ and ∧ are given by the rules
X ∧Y =X ∩Y
and
X ∨ Y = hX, Y i
5

for each pair (X, Y ) of subgroups of G.

6

The central theme in the Theory of Subgroup Lattices of Groups is the relation between the structure

7

of a group and that of its subgroup lattice. The oldest result of this type is a beautiful theorem due

8

to O. Ore, showing that a group has distributive subgroup lattice if and only if it is locally cyclic (see

9

[10]).
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10

Let G and Ḡ be groups. A projectivity from G onto Ḡ is an isomorphism from the lattice L(G) of all

11

subgroups of G onto the subgroup lattice L(Ḡ); if there exists such a map, Ḡ is said to be a projective

12

image of G. A group class X is invariant under projectivities if all projective images of groups in X

13

are likewise X -groups. Relevant examples of group classes invariant under projectivities are the class

14

of all finite groups, the class of all periodic groups, the class of all soluble groups (as we will point out

15

in the following).

16

Moreover, it is clear that any group class defined by a lattice-theoretic property is invariant under

17

projectivities; in particular, it follows from Ore’s theorem quoted above that the class of locally cyclic

18

groups is invariant under projectivities.

19

On the other hand, the class of all abelian groups does not have such property. In fact, the

20

elementary abelian group of order 9 and the symmetric group of degree 3 have isomorphic subgroup

21

lattices. Clearly, this example shows that also the class of nilpotent groups is not invariant under

22

projectivities.

23

There is a rather natural way for trying to obtain a lattice-theoretic characterization of a class X

24

of groups. We take a suitable definition of the groups in X and replace concepts appearing in it by

25

lattice-theoretic concepts that are equivalent to them or nearly so, for instance: finite group by finite

26

lattice, since a group G is finite if and only if L(G) is finite.

27
28

Many classes of groups are defined via properties of normal subgroups. To decide wheter such a
class is invariant under projectivities, the study of projective images of normal subgroups is crucial.
Let L be any lattice. An element m of L is said to be modular if
m ∨ (x ∧ y) = (m ∨ x) ∧ y

29

for all x, y ∈ L such that m ≤ y and
x ∨ (m ∧ y) = (x ∨ m) ∧ y
for all x, y ∈ L such that x ≤ y. The lattice L is modular if all its elements are modular, i.e. if the
identity
(x ∨ y) ∧ z = x ∨ (y ∧ z)

30

holds in L, whenever x, y, z are elements such that x ≤ z.

31

A subgroup M of a group G is called modular if M is a modular element in L(G); obviously,

32

every normal subgroup N of G is modular in G and for every projectivity φ of G, N φ is a modular

33

subgroup of Gφ . In particular, any projective image of an abelian group has modular subgroup lattice,

34

and groups with modular subgroup lattice (the so called M -groups) can be considered as suitable

35

lattice approximations of abelian groups. Locally finite groups with modular subgroup lattice have

36

been completely classified by K. Iwasawa [8] almost eighty years ago, while a full characterization of

37

periodic groups with modular subgroup lattice has been obtained by R. Schmidt [15] in 1986, after

38

that Olshanskii in 1979, using a complicated inductive construction, produced the first examples of

39

Tarski groups and extended Tarski groups. A Tarski group is an infinite simple group in which every
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40

proper non-trivial subgroup has prime order and an extended Tarski group is a group G containing a

41

cyclic normal subgroup N of prime-power order such that G/N is a Tarski group and each subgroup

42

of G either contains or is contained in N; such groups have modular subgroup lattice and they were

43

used by R. Schimdt in the final description of periodic M -groups.

44

Tarski groups show that the approximation of normal subgroups with modular subgroups cannot

45

be satisfactory in infinite groups; in the following we will see that this gap has been filled with the

46

introduction, due to G. Zacher, of the concept of permodular subgroup. Anyway, for finite groups,

47

the situation is quite different, since modularity seems to be strong enough to translate normality.

48

For instance, applying the translation method described above to one of the equivalent definitions of

49

solubility, R. Schmidt obtained the following lattice-theoretic characterization (see [12]).
Theorem 0.1. (R. Schmidt, 1968) A finite group G is soluble if and only if there exists a chain
{1} = M0 ≤ M1 ≤ · · · ≤ Mn = G

50

51

of modular subgroups of G such that [Mi+1 /Mi ] is modular, for every i < n.
The proof of Theorem 0.1, as well as a lattice characterization of the class of finite simple groups,

52

is based on the following basic result (see [13]).

53

Theorem 0.2. (R. Schimdt, 1969) If M is a maximal proper modular subgroup of a finite group G,

54

then either M is normal in G or G/MG is nonabelian of order pq for primes p and q.

55

As we said before, in order to give lattice translations of results involving normality in the universe

56

of infinite groups, a turning point has been reached when G. Zacher introduced permodularity, which

57

is a condition intermediate between modularity and normality (see [21]). A modular subgroup M of

58

a group G is permodular if it satisfies the following condition:

59
60

(?) for every cyclic subgroup X in G and for every H ≤ G such that M ≤ H ≤ hM, Xi and the
interval [hM, Xi/H] is finite, then the index |hM, Xi : H| is finite.

61

Since cyclic subgroups of G (by Ore’s theorem) and the finiteness of the index of a subgroup (by

62

a theorem of Zacher-Rips) can be recognized in the subgroup lattice, then (?) is a lattice-theoretic

63

property.

64
65

Every normal subgroup, but even every permutable subgroup X of a group G (i.e. a subgroup such
that XH = HX for every subgroup H of G) is permodular.

66

A lattice L is permodular if every its element is modular and

67

(*) for all a, b in L such that b ≤ a, [a/b] is a finite lattice whenever it has finite length. L(G) is

68

permodular if and only if every subgroup of G is permodular.

69

Using permodularity, E. Previato, in 1978, obtained a lattice characterization of finitely generated

70

soluble groups (see [11]), while G. Busetto and G. Zacher described supersoluble groups (see [2] and

71

[21]):
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Theorem 0.3. (E. Previato, 1978) A finitely generated group G is soluble if and only if there exists
a chain
{1} = M0 ≤ M1 ≤ · · · ≤ Mn = G
72

of permodular subgroups of G such that [Mi+1 /Mi ] is a permodular lattice, for every i < n.
Theorem 0.4. (G. Busetto, 1980, G. Zacher, 1982) A group G is supersoluble if and only if there
exists a chain
{1} = M0 ≤ M1 ≤ · · · ≤ Mn = G

73

of permodular subgroups of G such that the lattice [Mi+1 /Mi ] is distributive and satisfies the maximal

74

condition, for every i < n.

75

In 1999, G. Zacher [22] obtained the following description of soluble groups, which involves only

76

lattice-theoretic properties:

77

Theorem 0.5. (G. Zacher, 1999) A group G is soluble if and only if there exist a group lattice L and

78

elements a, b of L such that the following conditions hold:

79

(1) a and b are permodular in L, a ∧ b = 0, a ∨ b = I, [a/0] ' L(G), [b/0] ' L(Q) (where 0 is the

80

minimum of L, I is the maximum of L and Q is the additive group of the rational numbers);

81

(2) [a/0] contains a chain 0 = s0 ≤ s1 ≤ · · · ≤ sn = a where si is permodular in [si+1 ∨ b/0], and

82

[si+1 /si ] is a permodular lattice, for every i < n.

83

Since there exists a non-soluble group containing a permutable subgroup M such that [M/{1}] and

84

[G/M ] are permodular (see [20]), in Theorem 0.3 the hypothesis that the group is finitely generated

85

cannot be dropped. Nevertheless, Theorem 0.5 does not put an end to the investigation in that

86

direction: while emphasizing its nature purely lattice-theoretic, R. Schmidt in [18] argues that “it

87

would be nice to find lattice-theoretic approximations of normal subgroup and abelian group for which

88

the translation method yields a lattice-theoretic characterization of the class of infinite soluble groups”.

89

In order to move from solubility to nilpotency, we have to consider the problem of the lattice

90

translation of centrality; clearly, a subgroup C of a group G is contained in Z(G) if and only if hx, Ci

91

is abelian for all x ∈ G.

92

Replacing commutativity by modularity, or permodularity, in this property, a subgroup M of a

93

group G is said to be (per)modularly embedded in G if the subgroup lattice of hx, M i is (per)modular

94

for each element x of G.

95
96
97
98

The first to use this idea, in 1954, were Kontorovič and Plotkin, introducing the concept of a
permodular chain as translation of central series of groups.
The definition of (per)modular chain is done in a general (complete) lattice and it is quite technical
(see for instance [4]). For groups, substantially we have:
a (per)modular chain of a group G is a chain
{1} = M0 ≤ M1 ≤ · · · ≤ Mn = G
http://dx.doi.org/10.22108/IJGT.2022.132076.1771
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of

G

such

that

for

any

x

∈

G

the

5

interval

100

[hMi+1 , xi/Mi ] is (per)modular for every i < n (Mi+1 is (per)modularly embedded in [G/Mi ], for

101

every i < n)

102
103

P. G. Kontorovič and B. I. Plotkin used this notion to obtain the following lattice-theoretic characterization of the class of torsion-free nilpotent groups (see [9]):
Theorem 0.6. (P.G. Kontorovič and B.I. Plotkin, 1954) A torsion-free group is nilpotent if and only
if there exists a modular chain
{1} = M0 ≤ M1 ≤ · · · ≤ Mn = G

104

such that for every i = 0, . . . , n, the index |hxi : hxi ∩ Mi | is infinite for each element of G \ Mi .

105

Recall that a group G is said to be a P -group if it is a semidirect product of an abelian group A of

106

prime exponent and of a group of prime order which induces a non-trivial power automorphism on A.

107

We have already noted that the symmetric group of degree 3 is lattice-isomorphic to the elementary

108

abelian group of order 9. More in general, if G is a P -group, the subgroup lattice of G is isomorphic to

109

the subgroup lattice of an abelian group (see [16, Theorem 2.2.3]). The situation is not better in the

110

mixed case; in fact, we can consider that the semidirect product Ḡ of an abelian Prüfer group T and

111

an infinite cyclic group hzi with respect to the automorphism tφ = t1+p (t ∈ T ) is lattice-isomorphic

112

to the direct product G = T × hzi. Clearly, G is abelian and |ζn (Ḡ)| = pn for all n, so that Ḡ is not

113

nilpotent.

114

For a finite group G, there are some properties that are equivalent to the fact that G is nilpotent;

115

this fact suggests a different approach to obtain group classes which are interesting from a lattice

116

point of view and are related with nilpotency. More precisely, we can turn our attention to some given

117

characterizations of nilpotency, applying the usual process of translation to the property stated in it,

118

and then we can examine the lattice theoretic condition that emerges. This was the approach applied

119

by R. Schmidt to the classical Wielandt’s Theorem, stating that a finite group is nilpotent if and only

120

if every maximal subgroup is normal: translating this latter property in a lattice-theoretic condition,

121

he obtained the following description of the class of finite groups in which every maximal subgroup is

122

modular (see [14]).

123

Theorem 0.7. (R. Schmidt, 1970) Every maximal subgroup of a finite group G is modular if and only

124

if G is supersoluble and induces an automorphism group of order 1 or prime in every complemented

125

chief factor of G.

126
127

Clearly, for a finite group, also the condition that in each subgroup every maximal subgroup is
normal, is equivalent to nilpotency. If we translate this, we obtain the condition for a group G that

128

(·) every maximal subgroup of every subgroup H of G is modular in H.

129

Moreover, since a subgroup M is modular in G if and only if for every subgroup K of G, the lattices

130

[(M ∨ K)/M ] and [K/K ∧ M ] are isomorphic, the condition (·) is equivalent to the following:
http://dx.doi.org/10.22108/IJGT.2022.132076.1771
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131

if K, M ≤ G and M is maximal in hM, Ki, then M ∩ K is maximal in K

132

The groups with that property are called lower semimodular and were characterized by Ito (see [7]).

133

Theorem 0.8. (N. Ito, 1951) A finite group G is lower semimodular if and only if G is supersoluble

134

and induces an automorphism group of order 1 or prime in every chief factor of G.

135

The relation with groups with a (per)modular chain is established in the following result (see [17]):

136

Theorem 0.9. (R. Schimdt, 2013) If G is a finite group with a modular chain, then G is lower

137

semimodular.

138
139

The converse is not true and R. Schmidt in [17] shows that the structure of finite groups with a
modular chain is much more restricted than the structure of lower semimodular groups.

140

In 2011 a pupil of R. Schmidt, S. Andreeva, developed in her PhD dissertation a new method

141

consisting in the translation of well-known group-theoretical theorems into the theory of subgroup

142

lattices of groups and applied it on results based on finite minimal non-nilpotent groups and on finite

143

p-nilpotent groups.

144

Andreeva traced back her point of view to the paper [3], which contains a lattice translation of

145

the famous theorem of I. Schur stating that in a group whose centre has finite index the commutator

146

subgroup is finite (see [19]).

147

Theorem 0.10. Let G be a group containing a modularly embedded subgroup of finite index. Then G

148

has a finite normal subgroup N such that the subgroup lattice L(G/N ) is modular.

149

Schur’s theorem was generalized by R. Baer [1], by proving that if G is a group whose k-th centre

150

ζk (G) has finite index for some positive integer k, then the corresponding term γk+1 (G) of the lower

151

central series of G is finite.
If a group G has the k-th centre of finite index, then from a lattice point of view, it satisfies the
property that there exists a finite chain
{1} ≤ · · · ≤ Mi ≤ Mi+1 ≤ · · · ≤ Mk

152

of permodular subgroups of G such that each Mi+1 is permodularly embedded in [G/Mi ] and Mk has

153

finite index in G; in this case, Mk is k-permodularly embedded in G, and G has a k-permodularly

154

embedded subgroup of finite index (see [4]). A partial converse of Baer’s Theorem was obtained by P.

155

Hall [5], while it is known that for a finitely generated group the condition that G/ζk (G) is finite is

156

equivalent to the fact that γk+1 (G) is finite (see for instance [6, Theorem 2.10]). For this latter result,

157

the following translation has been recently obtained:

158

Theorem 0.11. [4] Let G be a finitely generated group and let k be a positive integer. Then G

159

contains a k-permodularly embedded subgroup of finite index if and only if there exist a finite permodular

160

subgroup L and a finite chain L = L0 ≤ · · · ≤ Li ≤ Li+1 ≤ · · · ≤ Lk = G of permodular subgroups of

161

G such that each Li+1 is permodularly embedded in [G/Li ].
http://dx.doi.org/10.22108/IJGT.2022.132076.1771
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162

Let’s put our attention again on Wielandt’s Theorem, which, in the finite case, characterizes nilpo-

163

tent groups as the groups in which every maximal subgroup is normal. This latter condition, in the

164

general case, is equivalent to the fact that the factor group G/Φ(G) is abelian, where Φ(G) is the

165

Frattini subgroup of G (i.e. the intersection of all maximal subgroups of G, with the assumption

166

Φ(G) = G if G has no maximal subgroups).

167

We have seen that for finite groups, the descritpion of groups in which every maximal subgroup

168

is modular gives rise to an interesting class of groups, in which the behaviour of complemented chief

169

factors plays a crucial role. A similar phenomenon appears in infinite groups, as the following theorem

170

shows (see [4]):

171

Theorem 0.12. Let G be a group. Then every maximal subgroup of G is permodular if and only if

172

G/Φ(G) is metabelian and for every complemented chief factor X/Y of G with Φ(G) ≤ X, X/Y has

173

prime order and G/CG (X/Y ) is either trivial or of prime order.

174

Proof. Assume first that every maximal subgroup of G is permodular, so that it follows from [4,

175

Lemma 4.3] that G/Φ(G) is metabelian; therefore if X/Y is a chief factor of G such that Φ(G) ≤ X,

176

then X/Y is abelian, and hence the statement follows from [4, Lemma 4.4].

177
178

Conversely, if G/Φ(G) has the structure described in the statement, then [4, Lemma 4.6] yields that
every maximal subgroup of G/Φ(G) is permodular, and hence the same happens to G.



179

A natural generalization, for an infinite group G, of the condition that every maximal subgroup

180

is normal, is the property that G has finitely many non-normal maximal subgroups. Let δ(G) be

181

the intersection of all non-normal maximal subgroups of G (with the assumption δ(G) = G if every

182

maximal subgroup is normal in G). When all but finitely many maximal subgroups of the group G

183

are normal, then each non-normal maximal subgroup of G has finite index; in fact, notice that all

184

conjugates of non-normal maximal subgroups have the same property, and so they have finite index,

185

since they are self-normalizing. It follows that a group G has finitely many non-normal maximal

186

subgroups if and only if δ(G) has finite index in G.

187

Proposition 0.13. A group G has finitely many non-normal maximal subgroups if and only if the

188

Frattini factor group G/Φ(G) is central-by-finite.

189

Proof. The subgroup [G, δ(G)] is contained in δ(G), and hence in every non-normal maximal sub-

190

groups; moreover, every maximal normal subgroup of G contains G0 , so that [G, δ(G)] ≤ Φ(G), i.e.

191

δ(G)/Φ(G) ≤ ζ(G/Φ(G)).

192
193
194
195

On the other hand, if M is any maximal non-normal subgroup of G, then M ζ(G) < G, so that
ζ(G) ≤ M ; therefore ζ(G) ≤ δ(G).
It follows that δ(G)/Φ(G) = ζ(G/Φ(G)), and hence G has finitely many non-normal maximal
subgroups if and only if G/Φ(G) is central-by-finite.



196

In [4] groups G with finitely many non-permodular maximal subgroups have been characterized

197

in terms of the existence in G/Φ(G) of a subgroup of finite index with an embedding property that
http://dx.doi.org/10.22108/IJGT.2022.132076.1771
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198

generalizes the property of being central. More precisely, a normal subgroup N of a group G is θ-

199

embedded in G if every abelian complemented chief factor X/Y of G with X ≤ N has prime order

200

and G/CG (X/Y ) is either trivial or of prime order. Let now θ(G) be the intersection of all maximal

201

subgroups of a group G which are not permodular (again, we put θ(G) = G if all maximal subgroups

202

of G are permodular). Then (θ(G))00 ≤ Φ(G) ≤ θ(G) by [4, Lemma 4.3] and θ(G) is θ-embedded

203

in G by [4, Lemma 4.4]. Moreover, keeping in mind that all conjugates of non-permodular maximal

204

subgroups have the same property, it follows that a group G has finitely many non-permodular maximal

205

subgroups if and only if θ(G) has finite index in G.

206

Theorem 0.14. A group G has finitely many non-permodular maximal sugroups if and only if G/Φ(G)

207

contains a normal subgroup L/Φ(G) of finite index such that L/Φ(G) is metabelian and θ-embedded

208

in G/Φ(G).

209

If a group G is finite over its hypercentre, then there are only finitely many non-normal maximal

210

subgroups. The proof of the lattice translation of this result, stated in the following Theorem 0.16,

211

naturally involves the consideration of k-permodularly embedded subgroups of finite groups; in par-

212

ticular, it is relevant the fact that any k-permodularly embedded normal subgroup of a finite group

213

G is contained in θ(G) (see [4, Lemma 4.8]). A crucial step in the proof of this latter property is the

214

following Lemma, which slightly generalizes the statement and the [17, proof of Theorem 2.11]. Here,

215

we present it in details, for the convenience of the reader.

216

Proposition 0.15. Let G be a finite group and let X be a normal subgroup which is k-permodularly

217

embedded in G for some positive integer k. Then there exists a normal subgroup N of G of prime

218

order such that N ≤ X and the factor group G/CG (N ) is either trivial or of prime order.

219

Proof. Clearly, we can assume that X ∩ Z(G) = {1}.

220

Let {1} = X0 < X1 ≤ · · · ≤ Xi ≤ Xi+1 ≤ · · · ≤ Xk = X be a finite chain of permodular subgroups

221

of G such that each Xi+1 is permodularly embedded in [G/Xi ], and let A be a subgroup of X1 of

222

prime order p.

223

Suppose first that A is normal in G, so that G/CG (A) is cyclic, and there exists an element x ∈ G

224

such that G = CG (A)hxi. Since X1 is permodularly embedded in L(G), the group Ahxi has modular

225

subgroup lattice, and hence Ahxi/Chxi (A) is a nonabelian group of order pq for some prime q (see [16,

226

Theorem 2.4.4]); therefore G/CG (A) has order q.

227

Suppose now that A is not normal in G. Since AG ≤ X, we have that AG ∩ Z(G) = {1}, so that

228

A is not permutable in G (see [16, Theorem 5.2.9]). Since A is permodular in G (see [4, Corollary

229

2.7]), it follows from [16, Lemma 5.1.9] that AG is a nonabelian P -group and G = AG × K with

230

(|AG |, |K|) = 1. Let N be a normal subgroup of prime order of AG ; then AG /CAG (N ) has prime

231

order, so that N is normal in G and G/CG (N ) has prime order.

232

Theorem 0.16. Let G be a group containing a k-permodularly embedded subgroup of finite index for

233

some positive integer k. Then G has only finitely many maximal subgroups which are not permodular.
http://dx.doi.org/10.22108/IJGT.2022.132076.1771
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[2] G. Busetto, Proprietà di immersione dei sottogruppi modulari localmente ciclici nei gruppi, Rend. Sem. Mat. Univ.

237
238
239
240
241

Padova, 63 (1980) 269–284.
[3] M. De Falco, F. de Giovanni and C. Musella, The Schur property for subgroup lattices of groups, Arch. Math.
(Basel), 91 (2008) 97–105.
[4] M. De Falco, F. de Giovanni and C. Musella, Modular chains in infinite groups, Arch. Math. (Basel), 117 (2021)
601–612.

242

[5] P. Hall, Finite-by-nilpotent groups, Proc. Cambridge Philos. Soc., 52 (1956) 611–616.

243

[6] N. S. Hekster, On the structure of n-isoclinism classes of groups, J. Pure Appl. Algebra, 40 (1986) 63–85.

244

[7] N. Ito, Note on (LM)-groups of finite orders, Kodei Math. Sem. Rep., (1951) 1–6.

245

[8] K. Iwasawa, On the structure of infinite M -groups, Jap. J. Math., 18 (1943) 709–728.

246
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[19] I. Schur, Über die Darstellung der endlichen Gruppen durch gebrochene linear Substitutionen, J. Reine Angew.
Math., 127 (1904) 20–50.

263

[20] S. Stonehewer, Permutable subgroups of some finite p-groups, J. Austral. Math. Soc., 16 (1973) 90–97.

264
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270

Email:

mdefalco@unina.it

271
272

Carmela Musella

273

Dipartimento di Matematica e Applicazioni, Università di Napoli Federico II Napoli, Italy
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