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IRREDUNDANT FAMILIES OF MAXIMAL SUBGROUPS OF FINITE
SOLVABLE GROUPS

AGNIESZKA STOCKA

ABSTRACT. Let M be a family of maximal subgroups of a group G. We say that M is irredundant if
its intersection is not equal to the intersection of any proper subfamily of M. The maximal dimension
of GG is the maximal size of an irredundant family of maximal subgroups of G. In this paper we study
a class of solvable groups, called M-groups, in which the maximal dimension has properties analogous
to that of the dimension of a vector space such as the span property, the extension property and the

basis exchange property.

1. Introduction

All groups considered in this paper are finite. If G is a finite group, then we denote by ®(G) the
Frattini subgroup of G and by F(G) the Fitting subgroup of G. If H and K are subgroups of G, then
HV H = (H, K) is the subgroup generated by H and K. For other notation, terminology and results
one can consult for example [6, 12, 13].

Let I ={1,2,...}. Following [5, 7] we say that a family H = {H; : i € I} of subgroups of a group

G is irredundant, if for any i € 1

(1.1) N H < () H;

jer i#jel
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It is easy to see that if H is a family of maximal subgroups of a group G, then H is irredundant if

and only if, for any ¢ € 1

(1.2) () Hi| vVH =G.
i#jel
The mazimal dimension of a group G, denoted by M axdim(G), is the maximal size of an irredundant
family of maximal subgroups of G (see [7]). The minimal dimension of a group G, denoted by
Mindim(G), is the minimal size of a maximal irredundant family of maximal subgroups of G (see [8]).
These invariants were investigated for example in [3, 5, 7, 8, 16, 17].
A family H = {H;,...,H,} of subgroups of a group G is said to be sequentially irredundant (s-

irredundant for short) if for any 2 <i <mn,

(1.3) th < Hj.

(1.4) (H|VH =G

for all 2 < i <n.

Conditions (1.2) and (1.4) arise from the study of the dual Goldie dimension of dually balanced
lattices. The notion of the dual Goldie (uniform) dimension was introduced in [9] for modular lattices.
In [11] it was proved that the Goldie dimension has the same property in a larger class of lattices,
called permutable in [11] or balanced in [10]. So we can consider the dual Goldie dimension in dually
balanced lattices (see [2]). If G is a group, H = {Hi,...,Hy} is a family of subgroups of G' and
I ={1,2,...,n}, then the subgroup lattice L(G) of G is dually balanced if the following implication
holds

i—1

(H | VH =G, ieI\{1} = () Hj | VH: =G, iel

j=1 i#jel
In the paper we restrict our attention to maximal subgroups. We say that a group G has property M
(is an M-group for short) if every s-irredundant family of maximal subgroups of G is irredundant. It
turns out that the maximal dimension of M-groups and the dual Goldie dimension of groups with a
dually balanced subgroup lattice have properties analogous to that of the dimension of vector spaces.
That is why we borrow the terminology from linear algebra. We say that an irredundant family of
maximal subgroups of G whose intersection is the Frattini subgroup of G is an m-base of G.

The aim of this paper is to initiate studies of M-groups. In every finite group there exist maximal

irredundant sets, but the intersections of these sets may properly contain the Frattini subgroup. We

begin Section 2 by proving the following theorem.
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Theorem 1.1. If G is an M-group then every maximal irredundant set of maximal subgroups of G

is an m-base of G.

Next we show that every M-group is a minmax group. A minmax group, a notion introduced in
[3], is a group with Mindim(G) = Maxdim(G). We give examples of minmax groups which are not
M-groups. Thus the class of minmax groups is essentially larger then the class of M-groups. However

in M-groups the maximal dimension satisfies additionally properties as described in the following.

Theorem 1.2. Let G be an M-group, M(G) be a set of all maximal subgroups of G and T be a family
of all irredundant subsets of M(G). Then the pair (M(G),Z) forms a matroid. In particular, m-bases
of G are bases of (M(G),Z) and Mazxdim(G) is equal to the rank of (M(G),T).

Section 3 is devoted to study the structure of solvable M-groups. We characterize M-groups using
the notion of the Fitting series. It is the sequence of subgroups F;(G) of G defined inductively (see
[13]), by Fo(G) =1 and

Fin(G)/Fi(G) = F(G/Fi(G))

for ¢ > 0. The main results of this section are the following.

Theorem 1.3. If G is a Frattini-free solvable M-group, then there exists a subgroup H of G such that
G = F(G) x H, where HN H* is a maximal subgroup of H or H = H®, for all a € F(G). Moreover,
O(G/F;(GQ)) =1, for alli > 0.

Theorem 1.4. Let G be a Frattini-free solvable group. If one of the following holds:

(1) G is an elementary abelian p-group;
(2) G = F(G) x H, where H is a group of prime order;

(3) G is a direct product of groups given in (1) or in (2) with pair-wise coprime orders,

then G is an M-group.

In Section 4 we focus on invariants introduced in [1] and studied in [1, 4], which are related to
irredundant sets of maximal subgroups. For a non-trivial group G, the intersection number of G,
denoted ¢(G), is the minimum number of maximal subgroups whose intersection equals ®(G) and the
inconjugate intersection number of G, denoted i(G), is the minimum number of inconjugate maximal
subgroups whose intersection equals ®(G). If G has no inconjugate maximal subgroups whose inter-
section is equal to ®(G), then we set i(G) = co. Moreover, it is proved in [1] that if G is a non-trivial

nilpotent group, then +(G) = i(G). The authors also posed there the following question.
Question 1.5. What structural characteristics of G imply that (G) = i(G)?
In the next theorem we give a partial answer to the above question.

Theorem 1.6. If G is a solvable M-group, then i(G) < oo and 1(G) = i(G).
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2. Irredundant sets of M-groups

Let us start with two examples. They illustrate that Theorems 1.2 and Theorem 1.6 do not hold

for general groups which are not M-groups.

Example 2.1. Let p, ¢ be primes and &k > 1 be an integer such that ¢* divides p — 1. Let also s be a

primitive root of 1 modulo p of degree ¢*. Then in the group
G1 = {(a,z | d’ =2 =1,4" =a’)

M = {a,x?) is the unique maximal subgroup containing a; all other maximal subgroups are cyclic,
generated by conjugates of x, i.e. they are of the form M; = (a'z), i =0,1,...,p — 1. Hence:

o M;NM;=1=®(Gy) for i # j, and

o M N M; = (bjx?) for some b; € (a).
So {M;, M;} is an m-base for all i # j and {M, M;} is a maximal irredundant set of Gy, which is
not contained in any m-base. So M(G1) is not a matroid. However, G is a minmax group and
Mindim = Maxdim(G1) = 2. Additionally, we obtain that «(G1) = 2 and i(G1) = oo, because the
intersection of any two inconjugate maximal subgroups properly contains ®(G1).

On the other hand for i =0,1,...,p — 1,

MV M; = (MQMZ')\/M]' =G1, but (MIQMJ)VM:M
So (G1 is not an M-group.

Example 2.2. Let p, q,r be different primes such that gr | (p — 1) and let s and ¢ be positive integers

which are primitive roots of unity modulo p of degree ¢ and r respectively. Let
Gy = (a,z,y|a’ =27=y" =1,a" = a’,ad¥ = ', vy = yz).

Then G has the following maximal subgroups: M, = (a,z), M, = (a,y), M; = <ar,y)“i, i =
0,1,...,p— 1. Since

M:DVMO:(MmﬂMo)\/Ml:GQ, (M(]li)\/Mx:Mz,

it follows that G35 is not an M-group.

Moreover, {M,, M,, My} and {My, M;} are m-bases such that M, N M, N My = ®(G2) = 1,
My N M; = 1. So G2 is not a minmax group and M(G2) is not a matroid. However, it is easy to
calculate that every maximal irredundant set of G2 is an m-base of G5. Additionally, we obtain that
1(G2) = 2 and (G2) = 3.

Proof. of Theorem 1.1. Let M = {M;j,...,M,} be a maximal irredundant family of G such that
Myn---N M, > ®G). If for any maximal subgroup M of G, My N My N --- N M, < M, then
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MinNMyn---N M, < (\ycagM = ®(G), a contradiction. Hence there exists a maximal subgroup
M,y 41 of G such that

(2.1) (Ml n---N Mn) V My =G.

Since M is an irredundant family of G, it follows by (2.1) that MU{M,, 11} is s-irredundant. However,
M is a maximal irredundant family of G, so M U {My41} is not irredundant. This implies that G is

not an M-group, which contradicts our assumption. O

Lemma 2.3. Let G be an M-group and M be an m-base of G. If N is an irredundant family of G
then IN'| < |M]|.

Proof. Assume that M = {My, ..., M, } is an m-base of G, N' = { Ny, ..., Ni} is an irredundant family
of maximal subgroups of G and k > n. Suppose, by induction, that M; := {My,..., M;, Njy1,..., Ni}

is irredundant. We want to show that there exists M € M such that M; 1 = {My, ..., M;, M, N;yo,..., Ni}

is irredundant.

For this purpose set H = M; N --- N M; N Njgo N -+ N Ng. Then, by assumption, we deduce
H V N;11 = G. Hence H is not contained in ®(G).

Suppose that H Vv M; = M;, for j = 1,...,n. Then, by Theorem 1.1, H < (\j_; M; = ®(G), a
contradiction. Thus there exists j € {i + 1,...,n} such that

(22) H\/Mj:(Mlﬂ---ﬁMiﬂNi+2ﬂ"'me)\/Mj:G.

Set M1 ={Mi,...,M;, Mj, Niyo,...,Ni}. By induction hypothesis, we know that {M;, ..., M;, Nito, ...

is irredundant. This and the equation (2.2) imply that M, is s-irredundant. Since G is an M-group,
M1 is irredundant.

Finally, we obtain an irredundant set M, such that M C M,,. This contradicts the assumption
that M is an m-base of GG. The proof is complete. O

Corollary 2.4. Every M-group is a minmaz group. In particular, the size of any m-base of an

M-group is equal to Maxdim(G).

The above facts show that the maximal dimension of M-groups shares some properties with the
dimension of vector spaces. Further we show that we can associate a matroid with a family of maximal
subgroups such that Maxzdim(G) is a rank of this matroid. A matroid is a structure that generalizes
the properties of independence of sets. We recall the definition of a matroid from [15, Chapter 7].
Although this definition can be given in a number of equivalent ways, in this text we concentrate on
the one which characterizes a matroid in terms of bases.

Let S be a set and B be a non-empty family of subsets of S called bases, satisfying the axioms

(B1) No proper subset of a base is a base.
(B2) If By, By € B, then for any b € By \ Ba, there exists ¢ € By \ By, such that (B;\ {b})U{c} € B.

( this condition is known as the exchange bases property).
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Proof of Theorem 1.2. Let M(G) be a set of all maximal subgroups of a group G and B be a family
of all m-bases of G. Then the set B obviously satisfies the axiom (Bj).

Now let B; and Bs be different m-bases of G. By Corollary 2.4, |Bi| = |Bz|. So we may assume that
By ={Xi,...,X,} and By = {Y1,...,Y,}. Moreover, suppose that for some X; € By,

B\A{X}) VY =Y,
forall 5 =1,...,n. Then
BXD) <()B2 = 2(G),
a contradiction. Hence there exists j € {1,...,k} such that ((B:1 \ {X;}) VY; = G. It follows that
(B1 \ {X;})UYj is s-irredundant, as (B \ {X;}) is an irredundant family of G. Since G is an M-group,
(B1\ {X;}) UYj is irredundant so is an m-base of G. Hence the axiom (Bz) holds. Thus the proof is
complete. O

A matroid in which § is the set of all maximal subgroups of a group was considered for example in
[14].

3. The structure of M-groups

We start this section with proving that the class of M-groups is closed due to taking homomorphic

images and direct products of groups of coprime orders.

Theorem 3.1. If G is an M-group then every its homomorphic image is an M-group. Moreover, if
H is a normal subgroup of G, then Maxdim(G/H) < Maxdim(G).

Proof. Let H be a normal subgroup of G and set G = G/H. Then, by the Correspondence Theorem
(see [12, 1.4.6]), M is a maximal subgroup of G if and only if M is a maximal subgroup of G that
contain H. Moreover, X is an irredundant (an s-irredundant) family of maximal subgroups of G if and
only if X' is an irredundant (an s-irredundant) family of maximal subgroups of G containing H. So G
is an M-group.

Furthermore, if X is an m-base of G, then X is an irredundant family of G. By Theorem 2.3,
|X| < Maxdim(G). Hence Maxdim(G/H) < Mazxdim(G). O

Since the Frattini subgroup of a group G is properly contained in every maximal subgroup of G,

using the Correspondence Theorem we can formulate the following.

Corollary 3.2. Let G be a group. G is an M-group if and only if G/®(G) is an M-group. In
particular, in this case Maxdim(G) = Maxdim(G/®(G)).

Theorem 3.3. Let Gy, Ga be groups with coprime orders. Then Gy, Go are M-groups if and only if
G1 x Gq is an M-group. In particular

Maxdim (G x G2) = Maxdim(G1) + Maxdim(G2).

http://dx.doi.org/10.22108/IJGT.2022.130778.1751
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Proof. By the Goursat Lemma, M is a maximal subgroup of G1 x Gs if and only if M = M; x Go
or M = G1 X My, where M7, M> are maximal subgroups of G1, G2 respectively. Assume that M =
{M1 x Ga,..., M, x G3,G1 x Np,...,G1 x N} is an s-irredundant family of maximal subgroups of
Gi1 xGa. Let I ={1,...,r}, J={1,...,s}. Then
ﬂ(Ml X GQ) N m(Gl X Nl) = li X ﬂ Nj.
lel leJ lel leJ
Since G, G2 are M-groups, for alli e I ={1,...,r}and j € J={1,...,s}
(M < () M and [N < (] M
lel lel\{i} leJ leJ\{j}
Hence for all 7 € I and for all j € J
ﬂMl ﬂNl< ﬂ MlXﬂNl, ﬂMlXﬂNl<liX ﬂ N;.
lel leJ lel\{:} leJ lel leJ lel leJ\{j}

And further
m(Ml x Ga) N ﬂ(Gl x Np) < m (M; x G2) N m(Gl x Np),

lel leJ lel\{i} leJ
ﬂ(Ml X GQ) N ﬂ(Gl X Nl) < ﬂ(Ml X Gg) N m (Gl X Nl).
lel leJ lel leJ\{j}

It follows that M is irredundant so G; X G2 is an M-group.
By Theorem 3.1 the proof is complete. O

Lemma 3.4. Let G be an abelian group and H = {Hy,...,H} be a set of subgroups of G. If for
ie{2,...,k}, (ﬂl VH, ) V H; = G then (ﬂi# Hj> VH; =G, forallie€{l,...,k}. In particular, G
is an M-group.

Proof. Let I = {1,...,1l}. Suppose that ( 2;% Hl) VH =G, forie {2...,k}. We show that
(ﬂl# Hl) V H; = G for i € I, using induction on k and Dedekind’s Modular Law (see [12, 1.3.14.])

ﬂ H; |VH; = m H; |V ﬂ H, |VH; = m H | N | HV ﬂ H; VH; =
len\{i} len\{i} len\{k} len\{ik} len\{k}
= ﬂ H |nG|VH;= ﬂ H | VH =G.
1en\{ik} le\{ik}

Moreover, we assume that # is an s-irredundant family of maximal subgroups of G. Then by (1.2)
and (1.4), H is irredundant. So G is an M-group. O

The following theorem is proved by applying Theorem 3.2 and Lemma 3.4.

Theorem 3.5. Every nilpotent group is an M-group.
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Proof of Theorem 1.3. If G is an abelian group, then we have Fy(G) = 1 and F;(G) = G for
i€{1,2,...}. So ®(G/F;(G)) =1 for all i € {0,1,2,...}.

Assume that G is a non-abelian M-group. By [6, Theorem A.10.6], F(G) = F} x - - - x F},, where F;
is a minimal normal subgroup of G for ¢ € {1,...,n}. Moreover, there exists a non-trivial subgroup
H of G which is a complement of F(G) in G. Hence G is a semidirect product G = F(G) x H, that
is each Fj is a simple F),[H]-module. In particular, H acts faithfully on each Fj.

For arbitrary ¢ € I we consider a group G; = F; x H. From the above paragraph, it follows that H is a
maximal subgroup of G;. By Theorem 3.1, G; is an M-group. Let a € F;\CF,(H) and K be a maximal
subgroup of H properly containing H N H®. By [6, Lemma A.16.3] we know that H N H* = Cg(a).
Set M1 =F;x K, My=H, Ms=H®" Since H> K >HNH®*and H* # HN H® # H, we obtain
that (K vV H*) N F; # 1. It implies My V My = (M1 N Ma) V M3 = G;, but (My N M)V My = M;.
Hence { M, My, M3} is s-irredundant but is not irredundant in G;, which contradicts our assumption.

It follows that for all a € F;\ CF,(H), HNH® = Cy(a) is a maximal subgroup of H. Hence C(a) is
a maximal subgroup of H or Cy(a) = H, for all a € F;. Thus for any i € I Cy(F;) = (\,efp, Cr(a) >
®(H). By [6, Theorem A.13.8] we conclude

F(G) = ﬁCG(FZ-) > ﬁCH(Fi) > O(H).

Hence ®(H) = 1. So the statement ®(G/F;(G)) = 1 is true for ¢ = 1. Let ¢ > 1, and suppose
inductively that it is true for all ¢ < i 4 1. Hence G/F;(QG) is Frattini-free. By Theorem 3.1, G/ F;(G)
is an M-group. Since G/F;(G) is solvable, by induction assumption

1 = O((G/F(G))/F(G/FAG))) = B(G/Fi11(G)).
The proof is complete. O

Lemma 3.6. Let G = A x H, where A, H are subgroups of G. If A1, As are subgroups of A and K is
a conjugate of H, then
AIKNAK = (Al N AQ)K

Proof. Let g € AiKNA3K. Then g = a1ky = agks for some a; € Ay, as € As and ky, ko € K. Observe
that aglal = kzkl_l € ANK = 1. Hence a; = az € A1 N Az. So g € (A1 N Ag)K. It implies that
AIKNAK C (A1 NA9)K.

The inclusion (A; N A2)K C A1 K N A2 K is obvious. So the proof is complete. O

Lemma 3.7. Let G be a Frattini-free solvable group and H be a complement of F(G) in G. Assume
further that { My, ..., My} is a set of mazimal subgroups of G supplementing F(G). If M;NF(G) = N;
and N = {Nu,..., N} is an s-irredundant family of F(G), then

(1) N is an irredundant family of F(G);

(2) there ezists a conjugate K of H such that K < ﬂle M;;

(3) {M,..., My} is an irredundant family of G.
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Proof. Let N'={Ni,..., Ny} and I = {1,...,k}. By [6, Theorem A.10.6], G = F(G) x H and every
N; is a maximal H-invariant subgroup of F(G).
(1) By assumption we have ﬂ;zl N; < ﬂ;;ll Nj. Since N; is a maximal H-invariant subgroup of

F(G) and (ﬂ;;ll Nj> V N; is also H-invariant in F'(G), we conclude that ﬂ;;ll N; VvV N; = F(G), for
all i € I. By Lemma 3.4

(3.1) (N, | vNi=F(G),
i#j

as F(G) is abelian. So N is irredundant in F(G).

(2) Clearly, M; = N;H% for some a; € F(G). In view of (3.1), we may suppose that a; € [, ; N;.
This means that a; € N; for all j € I and j # 4. From this we conclude that H* % < M; for j € I.
Hence H® "% < (o, M;. Set K = H" "%,

(3) From the above consideration, it follows that M; = N; K, for i € I. Then

M| vM;=[(NK|VNE= [(\N;VN: | K=G.
i i i#i

This completes the proof. O

Proof of Theorem 1.4 If G is an elementary abelian p-group, the proof follows from Theorem 3.5.

Assume that G is non-abelian, that is H # 1. Let M = {Mj, ..., M}} be an s-irredundant family of
maximal subgroups of G and I = {1,...,k}. Suppose first that M; € M is a supplement of F/(G) and
N; = M;NF(G), for all j € I. Then Nj is a maximal H-invariant subgroup of F/(G) and M; = N; H%,
where a; € F(G), for j € I. Set N' = {Ny,...,Ni}. If N is s-irredundant in F(G), then by Lemma
3.7, M ={M,..., M} is an irredundant family of G.

So we assume that A is not s-irredundant. This means that there exists ¢ € I, such that ﬂ;;i N =
ﬂ§:1 N;. Suppose that ¢ is minimal in I with this property. Since ﬂ§:1 M; > ﬂ;;% M;, we conclude
that (i_, M; < F(G) and (;Z] M; contains a conjugate of H. If ﬂ{:—ll N, = ﬂ{zl N, for some j € I,
j > i then F(G) > ﬂ{zl M, = {:—11 M, a contradiction. So there exists at most one index ¢ such that

li;% Ny = ﬂle Nj. Tt follows that N\ {N;} is an s-irredundant family of subgroups of F(G). So again
by Lemma 3.7, N'\ {IV;} is an irredundant family of H-invariant subgroups of F(G) and M\ {M;} is
an irredundant family of maximal subgroups of G.

We have to show that M is irredundant. By Lemma 3.7, there exists b € F(G) satisfying H® <
Mier iy Mi- Since Ni_, M; < F(G), H® £ M;. This and Lemma 3.6 yield

(M| v M= |(\NHE | vM=|(\N|VH VvM=G.
I#i I#i I#i

http://dx.doi.org/10.22108/IJGT.2022.130778.1751
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Let j € I and j # 4. If j > i, then

N\ M| vM; = [N VN, vHS = F(G) v HY =G.
I#j 1£§

So suppose that j <. If <ﬂl¢j Nl) V N; = F(G), then

(M| vM; > [ (N | VN;vVHY =F(G)vH" =G.
L] I#]

Hence we assume that (., N; < Nj. If <ﬂl¢jz‘Nl) < Nj, then F(G) = (ﬂl;éjz‘Nl) V N; =

(ﬂl £ Nl> V Nj, a contradiction. Thus we may further assume that

(3.2) (M| vNi=F(G).

15,
It follows that a; = c¢i1co, b = b1by, where c1,b1 € ﬂl;ﬁj,i Ny and co,by € N;. If hbl(hcl)_1 € N; for
all h € H, then h?' = hP1(h)~1h®1) where h®t € M;. Hence h’* € M; for all h € H. So H" C
M; and further H® C M;, which contradicts the choice of H. So hb1(h1)~1 ¢ N;. Tt implies that
RPL(Re1)~L ¢ Nj. Otherwise hbt(he1)~t = bflcl(blcfl)}f1
Rb1(he)~t € Heb2 v {P1b2 | we obtain

€ (Nizi Ni < Ni, a contradiction. Since

(M| vM= || () NE | nNH" | vNH = || () N | H92 nNHO | v NH?? =
1] 14, 4

= | (Vi | E*? v N;H"? = HOP v H"%2 v N = G,
I#j
We proved that M is irredundant.

Assume now that MU{F(G)} is s-irredundant in G. First suppose that MU{F(G)} = {My, ..., My, F(G)}
is s-irredundant. Thus M is s-irredundant and (ﬂje I Mj> V F(G) = G. Then, there exists K a con-
jugate of H such that K < ﬂje ;1 M;. By a first part of the proof we know that M is irredundant. It
implies, by the Dedekind Modular Law that

MNF@G) | vM=|[)MK)NF(G)|VNK =
I#j I#j

=l (MK |nF@G) | vNK=||(\N]|VENFG)|VNK =
I1#j | \!#J

=N | VNK=[WEK)|VNEK=[(M|VM=0G.
I#j5 I#j I#5
This completes the proof in this case.
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Suppose now that M U{F(G)} = {My,...,M;_1,F(G), M, ..., My} is s-irredundant. Then M is
s-irredundant and so irredundant.
Since (ﬂ;;} Ml) V F(G) = G, there exists a conjugate K of H such that K < ﬂ;;% M;. Let j € 1.
If j < i, then
Jj—1 Jj—1 Jj—1
G:(ﬂMOvM:(ﬂNM)vMK:(ﬂMvM)K
=1 =1 =1
Hence (ﬂ{;ll Nl> Vv N; = F(G).
If j >4, then
j—1 j—1
G= (m MlﬂF(G)) \/Mj = (ﬂ Nl> \/Nj\/Haj.
=1 =1
Hence (m{;} Nl> V N; = F(G).
It follows that {Ni,..., N} is s-irredundant in F(G) and again, by Lemma 3.7, there exists a
conjugate R of H such that R < (.., M;. Thus (ﬂjel Mj) V F(G) = @G. Furthermore, by the
Dedekind Modular Law we have

jel

FG)N(\M, | vM;=|F(G)N(\NR|VNR=
I#£j I#j

=|F@Gn||(N|R])|VNR=|[\NV(F(G)NR)| VN;R=
I1#] I#]

(N | vNR=[[NR|VNR=G.
] ]
It follows that {My,...,M;_1, F(G), M;, ..., My} is irredundant in G. Thus the statement (2) fol-

lows.

The statement (3) is an immediate consequence of Theorem 3.3. O

4. Inconjugate Intersection Number

The intersection number and the inconjugate intersection number correspond to the notion of an

m-base.

Lemma 4.1. Let G be a group.
(1) If «(G) = n for some positive integer n then there exists an m-base B of G with |B| = n.
(2) If i(G) = n for some positive integer n then there exists an m-base B of G with |B| = n and

elements of B are pairwise inconjugate.

Proof. (1) Let «(G) = n. Then, by definition, there exists a family B of maximal subgroups of G for
which B = ®(G) and N > ®(G) for any proper subset N of B. Moreover |B| = n. Hence B is a
maximal irredundant set of maximal subgroups of G which intersect on the Frattini subgroup. So B

is an m-base.
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(2) If i(G) = n, we can repeat the argument applied in (1). Moreover, we know that any two of

elements of B are inconjugate. O
In [1] it was proved the following

Proposition 4.2. Let N be a normal subgroup of a non-trivial group G. If N C ®(G), then «(G/N) =
L(G).

Analogous property holds in the case of the inconjugate intersection number.

Proposition 4.3. Let N be a normal subgroup of the non-trivial group G. If N C ®(G), then i(G/N) =
Q).

Proof. First we observe that M9 = N if and only if (M/®(G))9®¢) = N®(G), where M, N are
maximal subgroups of G and g € G\ M. Hence M and N are inconjugate if and only if M/®(G) and
N/®(G) are inconjugate.

If i(G) = n, then, by Lemma 4.1, there exists an m-base of G with n elements. Assume that
{My,...,M,} is such an m-base. Additionally subgroups of this m-base are inconjugate. Then by the
Correspondence Theorem (see [12, 1.4.6]), {M1/®(G), ..., M,/®(G)} is an m-base of G/®(G) and its
subgroups are inconjugate. So i(G/®(G)) < i(G). Conversely if {(G/®(G)) = n, then again by Lemma
4.1, there exists an m-base of G/®(G) with n inconjugate elements. Let {M;/®(G),...,M,/®(G)}
be this m-base. By the Correspondence Theorem, {Mj,..., M,} is an m-base of G with inconjugate
elements. So i(G) < i(G/®(G)). Thus we conclude that i(G) = i(G/P(G)). O

Proof of Theorem 1.6 If G is a nilpotent group, then by [1, Proposition 5.1, ¢«(G) = i(G).

So assume that G is a non-nilpotent solvable M-group. By Propositions 4.2 and 4.3, we may assume
that ®(G) = 1. Hence by [6, Theorem A.10.6], F(G) = Fy X --- x Fy, where F; is a minimal normal
subgroup of G. Moreover, there exists a non-trivial subgroup H of G such that G = F(G) x H.

We use induction on |G|. From Theorem 3.1 and 1.3 we know that H is a Frattini-free solvable
Me-group. Since |H| < |G|, by induction «(H) = i(H). Let «(H) = i(H) = n, for some positive integer
n. Suppose that H = {Hy,..., H,} is an irredundant family of inconjugate maximal subgroups of H
such that for any i € I ={1,...,n}, (e, Hi =1 and (Nep g Hi > 1.

We show that M; = F(G)Hy, ..., M, = F(G)H, are inconjugate maximal subgroups of G. To this
purpose assume that for some i, j € I there exists g € G such that (F'(G)H;)? = F(G)H;. Let g = ha,
h € H,a€ F(G). Then F(G)H; = (F(G)H;)? = F(G)H! = F(G)H[" and further by the Dedekind’s
Modular Law

H; = (F(G)NH)H; = F(G)H;NH = F(G)H! N H = (F(G) N H)H! = H!".

which contradicts the choice of H; and H;. It follows that subgroups M, ..., M, are inconjugate.
Let g € (;e; M;. Then g = a;h;, where a; € F(G) and h; € H;, for i € I. Hence for i,j € I,
i #j,a; e = hjh;' € F(G)NH = 1. So hy = hj and h; € (;¢; H = 1. Thus g € F(G) and
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(Mier Mi = F(G). Since (Njep 3 Hi > 1, for any i € 1

(4.1) (| M >F(@G).
leI\{i}
Let J ={1,...,k} and N; = F} X -+ x F;_1 X Fj41 X --- X Fy, for i € J. Then Ny,..., Ny are
maximal H-invariant subgroups of F'(G) such that (),c; N; = 1 and

(4.2) (| N>1L

lel\{:}
Suppose that My4+1 = Ny x H, ..., M+ = N x H. It is clear that subgroups Mp41,..., M, are
inconjugate and by Lemma 3.6, M1 NN My = (N1N---NNg)H = H.

Set M = {M,..., My, My41,...,Mpi}. Obviously for any ¢ € I and j € J, M; and M; are
inconjugate. From this and the above paragraphs we conclude that M is a set of inconjugate maximal
subgroups of G and My N ---N M, N Mp11 0 -+ N My = 1. Moreover, for i =1,...,k by (4.1) and
fori=n+1,...,n+k by (4.2) follows My N---NM;_1 " M1 NN Myyp > 1.

So 1(G) < oo. Since G is an M-group, all m-bases have the same size by Theorem 1.2. Hence
1(G) = i(G) = n + k. The proof is complete. O
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