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A CHEEGER-BUSER-TYPE INEQUALITY ON CW COMPLEXES

GREGOIRE SCHNEEBERGER

ABSTRACT. We extend the definition of boundary expansion to CW complexes and prove a Cheeger-
Buser-type relation between the spectral gap of the Laplacian and the boundary expansion of an

orientable CW complex.

1. Introduction

The expander graphs have been a prolific field of research in the last four decades (see for example
[11] for an excellent survey). For a graph X with a vertex set V' the classical expansion constant (or

Cheeger constant) is defined by

hX) = min{ 194 '@QAQV}

min {|A[, [A°[}
where 0A is the set of edges with one vertex in A and the other in A°. A central result of this field is
the Cheeger-Buser inequality, which describes the relation between the expansion and the spectrum

of the Laplacian.

Theorem 1.1 (Cheeger-Buser inequality). Let X be a connected graph and X the first non-trivial
eigenvalue of the Laplacian, then

< h(X) < V2

| >

where d is the mazximal degree of a vertex.

For more details see [9, Theorem 2.4].
In recent years, theories for expansion of higher dimensional simplicial complexes have emerged. The

combinatorial definitions allow generalizations of the Cheeger-Buser inequality, see [4, 6, 16]. Other

Communicated by Patrizia Longobardi.

Keywords: Cheeger-Buser inequality, Boundary expansion, CW complexes.
Article Type: Ischia Group Theory 2020/2021.

Received: 31 December 2021, Accepted: 23 July 2022.
http://dx.doi.org/10.22108/IJGT.2022.132100.1773 .

197


http://ijgt.ui.ac.ir/
http://www.ui.ac.ir
http://dx.doi.org/10.22108/IJGT.2022.132100.1773

198 Int. J. Group Theory, 12 no. 3 (2023) 197-204 G. Schneeberger

results, like Expander Mixing Lemma or generalization of Alon-Boppana Theorem, can be proved using
this formalism, see [15]. We can also use homology and cohomology with coefficients in Z/2Z to define
boundary expansion, see [17], and coboundary expansion, see [3, 5, 7, 10, 14, 17]. A Cheeger-Buser-
type inequality is proved for boundary expansion in [17]. The coboundary expansion has the advantage
that it coincides with the standard Cheeger constant in the one dimensional case, but the Cheeger-
Buser inequality does not stay true in higher dimension, see [7, 17] for counterexamples. Nevertheless
there exist some indications that suggest a connection between these two notions, particularly for the
Cheeger’s part (the upper bound) which holds for Riemannian manifolds [2].

Recall that one of the first explicit constructions of expander graphs used Cayley graphs of finite
quotients of a group with Kazhdan’s Property (T), see [11, Chapter 3] and [1, Chapter 6]. There
exist higher dimensional objects which can be associated to groups in the same spirit, as, for example,
Cayley complexes [12, Chapter 3] or presentation complexes [8]. For example, the group SL3(Z) has
Property (T) and any family of its finite quotients will give an expanding family of Cayley graphs. One
can wonder whether the corresponding Cayley complexes are also expanding. More generally, it would
be interesting to establish which properties of the group may imply high-dimensional expansion in its
finite quotients. One technical issue that has to be addressed while proceeding with this program is
that high dimensional expansion has been mainly defined and studied for simplicial complexes, while
the higher-dimensional objects naturally associated to groups are typically CW-complexes. Working
out the formalism of high dimensional expansion for CW complexes is the aim of the present note.

We will begin by recalling some classical definitions about CW complexes, groups of cochains with
coefficients in an abelian group G, Laplacians and their spectra. Then, considering cochains with
coefficients in Z/2Z, we will introduce h,,(X), the n'® boundary expansion constant for every integer
n and we will prove a Cheeger-Buser-type inequality in the same spirit as the original result when n

equal to the dimension of the complex. This Theorem generalizes [17].

Main Theorem. Let X be a regular CW complex of dimension d and Aq the smallest non trivial

eigenvalue of the d™ lower Laplacian, then

(1) If X is orientable
Ai(X) < ha(X).

(2) If the mazimal degree of a (d —1)-cell is 2, then

hd(X) </ Qm)\d

where m = max{zu lef : ed=1]| s ef € Xd}.
2. Definitions

2.1. CW Complexes. We will begin by fixing some definitions and notations about CW complexes
that we will use in the following. All the details can be found in [13].
A CW complex X is a topological space obtained inductively by gluing euclidean balls, called cells,

via continuous maps called attaching maps. In what follows, all complexes will be regular, which
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means that the attaching maps are homeomorphisms on their images. The n-skeleton, denoted by
X" is the set of all the cells of dimension n which are called the n-cells. The dimension of X is the

maximal dimension of a cell.

2.2. Cohomology with coefficients. We will now define the cohomology groups with coefficients
associated to a CW complex. All the details of this classic construction can be found in [13].

The group of n-chains C,,(X) is the free abelian group generated by the n-cells:

Cu(X)= &P 2z

eneXx™

By using classical homology tools, that we will not detail here, these groups can be provided with a
structure of chain complex using boundary operators 9, : Cy,(X) — C,—1(X). In each infinite cyclic
summand in the direct sum above, one can choose between the cyclic generator and its inverse: by or
b3, This choice defines the orientation of the n-cell e}. The set {b%}) forms a basis of Cy,(X). The

boundary operator is completely determined by the values on basis elements:

On(03) =D [y ot
7

where the coefficients [bY : bzfl] are integers called the incidence numbers of the cells e} and eﬁfl with
respect to the chosen orientations. This incidence number can be thought intuitively as the number
of times an n — 1 cell appears in the boundary of an n cell, the sign depending of the consistency of
the chosen orientations. The degree of an oriented cell b} is the sum >, Hbﬁ*’l : b;\‘]!

As the gluing functions are homeomorphisms, the incidence numbers take values in {—1,0,1}. Two
oriented cells b} and b}, that have a common (n—1)-cell bz_l in their boundary are either dissimilarly
oriented if [bY < 0n~1] = [b8 : bp~'] or similarly oriented if [ : bRT'] # [bY : bp!]. If there exists
an orientation on a d-dimensional CW complex such that all the d-cells are similarly oriented, X is
said to be orientable.

The coboundary operator is defined using these incidence numbers :

St Cn(X) = Crpr (X)

I (AR e
12

We will often omit the indices of the operators.

Definition 2.1. Let G be an abelian group and X be a CW complex. The n-cochains group with

coefficients in G is the group of homomorphisms between the n-chains and G,

C™(X : G) = Hom(Cp(X), G).
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It follows from the definition that f(b}) = —f(b%) for all f € C™*(X : G) and n > 1. We define

operators, also denoted by 9, and d,, between the cochains groups:
Onf(ep™t) = FOulep™")) = _[eh - e (e)

Suf (€)= F(Oulef ™)) = D et - eRIF(eR)

A

It is sometimes more convenient to add (—1)-chains consisting only of the empty set and operators
> _gaed) =D gr and 5_1(g9) = > _ gel.
A A A

The following subgroups will be used in the following;:

B, :=1Im 041 Z, = Kero,

2.3. Laplacians and eigenvalues. Consider the case G = R. The cochains C™(X : R) can be

turned into real Hilbert spaces using
(fog) =D F(eh)g(ed).
A

In this case, @ and § are adjoint operators. Combining them, we define the n** lower Laplacian,

AT = 0,-10,.

n

It can be noted that the elements of B,, are in the kernel of A7 . Indeed, if f is in B, there exists
g in C""1(X : R) such that f = 0,119 and then A, f = 6,_10,f = 6,—10,0n+19 = 0. This part will
be called the trivial part of the spectrum and we will be interested in the smallest eigenvalue on the

other parts.
Definition 2.2. The smallest non trivial eigenvalue of A, , denoted by Ny, is defined as
An = minSpec A, |p1.

It can be computed using Rayleigh’s quotients:

— 25 1 I O 177
)\n.—mln{ HE .feBn,f#O}—mm{W.fg_iBn}

where || f + By = min{||f + g[| : g € Bn}.

2.4. Boundary expansion. Let us consider G = Z/2Z to define the notion of boundary expansion

for CW complexes. The cochains groups can be endowed with the Hamming’s norm:
|l = [supp

for a € C™"(X : Z/2Z). We can define the following notion of expansion for CW complexes.
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Definition 2.3. Let X be a CW complez. The n'* boundary expansion constant of X is:

— i [9a]l niy .
hn(X) = m1n{M.a€C (X.Z/2Z)\Bn}.

where ||a + By|| = min{||a+ 8| : B € By}

3. Proof of the Theorem

Proof of 1). Let a be an element of C4(X : Z/2Z) which realizes the minimum in hg. We can find a
cochain f in C4(X : R), which assigns 1 to every d-cells in supp o and 0 to all the others. Since X is

orientable, d;« is equivalent to Jgf. Then,

. laal
[lex]
a3
I1£13
2
> mln{Hﬁ;"q! cgeCYX:R),g¢ By = 0}
— A

g

Proof of 2). Let f be a real cochain which is an eigenvector of A} of eigenvalue \gq. We chose an
orientation on the d-cells such that all the values of f are positive. We do not assume that they are

similarly oriented. We put an order on X d— {e‘f, eg, cey e?\,} such that
0< flef) < f(ef) <--- < fleh)-
The boundary of X is the (d — 1)-cells with degree 1,
0X = {e‘)f*1 e X941 deg ef\lfl =1}

For each ef\lfl in 0X, we add another (d — 1)-cell ,ef\fl, via the attaching map ¢y = . We can add
a d-cell on X, whose attaching map goes homeomorphically into e‘ifl U ef\lfl. We denote by Xg the
set of these new d-cells and put an order Xg = {eg, eil, . ,ecll_ a} on it. The function f is defined
as f = 0 on the cells of Xg. When two d-cells have a common (d — 1)-cell in their boundary, we say
they are low adjacent and write e ~ e{. It is possible that there are more than one (d — 1)-cells in
the intersection of the boundary of two d-cells. We say that we count the cells that realize eﬁ ~ ef\l
with multiplicity in this case, i.e. the pair {e?, eg} appears a number of time equal of the number of

common (d — 1)-cells in their boundary. We define

C’i::{{e;l,eg}:1—M§j§i<k§Nand6?~ez}

counted with multiplicity. Consider the quantity

|Cil
HIf] :=

= min -
0<i<N—-1 N — 4
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We can show that H[f] > hg. Indeed, let i be the ¢ which realizes the minimum of H[f] and
a € C(X : Z/27) defined as follow,

J 1 i<k
ale)) = :
0 i>k
So the (d—1)-cells that are in the support of Jza are in the boundary of one eﬁ with k > ¢ and another
with k£ < i. Then, we have
G| _ [|0ac|

H|f] = N—i_ [a| > hg.

We can now prove our inequality. All the sums on d-cells are on X dUXg and are taken with multiplicity.

213
ST
0l
SONICIE
Setet (J(E) £ SV Sopag (16D 7 1)’
(3.1) - ]Z )2 2
A I(e5) ze;(<>¢ﬂ@)
(St L7 — (D)’
(3.2) :
NN IR e D
(St 17 — (D)’
Z J
(S Fe)2) 2 (Seten () + 1(e5)?)
(S £ — Fledy?))
>
= ) em, Fe)?)
o (S5 e - sedPie)

2m (EA f(€A> )
(S5 U - e - 9)
- 2m (X, F(e9)?)”
HIf? (S, f(e)?)’
2m (3, f(ed)?)”
_ ()

2m

2
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The equality (3.1) is a consequence of f|Xg =0 and 9gf = 0 for a (d — 1)-cell of degree 0 and (3.2)

follows from Cauchy-Schwartz. For (3.3), we want to show that

N-1
Do D = )Pl =D (fled)® = FleDDIC.
e?we? 1=0

This can be seen by counting the number of times each f (ef)2 appears on each side. On the left,

f(e)? appears

¥ = H{e?, e;-l} j <iand el ~ e;l with multiplicity}}’

- H{eg, e} i< k and ef ~ ef with multiplicity}}‘ .

On the other side, each f(e?)? appears |C;_1| — |C;| times. Remark that for j < k such that {e?, ed}

isin C;_q, {e?, eg} is also in Cj if k # ¢. Similarly, {e?, eﬁ} in C; is also in C;_1 if j # i. Then,

|Cia| = |Ci| = %4
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