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GENERALIZED NILPOTENT BRACES AND NILPOTENT GROUPS

MARTYN R. DIXON*", LEONID A. KURDACHENKO =~ AND IGOR YA. SUBBOTIN

ABSTRACT. The authors give a brief survey of some results concerning nilpotent braces and their

generalizations. Various results concerning x-hypercentral and locally *-nilpotent braces are given.

1. Introduction

A left brace (or skew left brace of abelian type) is a set A together with two binary operations,
addition denoted by + and multiplication denoted by - (which is often omitted), satisfying the following

conditions:

(LB1) A is an abelian group under addition;
(LB2) A is a group under multiplication;
(LB3) a(b+ ¢) = ab+ ac—a for all a,b,c € A.

In this paper, all braces will be left braces in this sense. In some sense braces represent a type of
fusion of two groups such that the zero element of the additive group is the identity element of the
multiplicative group and we denote this common neutral element by 0 or 1, as appropriate. We shall
sometimes denote the additive group of A by (A, +) and the multiplicative group of A by (A4, -).

Braces were first introduced by W. Rump in [10] as a generalization of Jacobson radical rings in

order to help study involutive set-theoretic solutions of the Yang-Baxter equation. Since then braces
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have been studied for their algebraic properties and have also been linked with other research areas.
The reader is referred to [3] for some elementary properties and the connections with Yang-Baxter
equations, which we do not address here.

If Ais a left brace, then a subset S of A is called a subbrace (more precisely a left subbrace) if
S is closed under addition and multiplication and is a left brace by restriction of these operations
to S. In other words, a subset S of A is a subbrace of A if and only if S is closed under addition
and multiplication and under addition S is an additive subgroup of A and under muliplication S is a
multiplicative subgroup of A.

For the left brace A and for each element a € A we define a map A\, : A — A by A\(x) = ax —a for
all z € A. Furthermore we define axb = ab—a—>b for all a,b € A. It is easy to see that axb = \,(b) —b.
The operation * plays a very important role in the study of left braces.

A left brace A is called trivial or abelian if axb =0 for all a,b € A, or equivalently, a + b = ab. In
the case of abelian braces the addition and multiplication coincide.

If A is a left brace, then a subbrace L of A is called a left ideal of A if axb € L for all elements
a € A and b € L. This means that if z,y € L, then z —y € L and if a € A and z € L, then \,(z) € L,
as in [3]. We recall that a subbrace L of a left brace A is an ideal if axz,z*a € Lforalla € A,z € L.

As with other algebraic structures it is possible to study the concept of nilpotency. In the theory
of braces there are several different approaches to this concept and we refer the reader to the papers
[3, 4, 5, 9, 12, 13]. In group theory many generalizations of nilpotency arise and so it is with braces
also. Our approach to nilpotency is based on the following concept, first introduced by Bonatto and
Jedlicka [2] and Jespers, Van Antwerpen and Vendramin [9]

Let A be a left brace. The set

((x,A)={a€ Alaxz=xzxa=0forall z € A}
={a € Alax =a+ z = za for all x € A}
={a € A|\s(z) =z and A\y(a) = a for all z € A}

is here called the x-center of A. We show in Proposition 2.3 that ((*, A) is an ideal of A which is
contained in the center, ((A), of (A,-); this known result also appears in [2] and [9] but we give a
proof for the sake of completeness.

By analogy with groups we construct the upper x-central series
0=2Co(xA) <Gl A) < Calk A) < Capi(kA) < - Gy (x, A)
as follows. We let
C1(x, A) = ((*, A) and
Cart1(%; A) [Calx, A) = (5, AfCalx, A))

for all ordinals o as usual for limit ordinals A we set () (%, A) = Uucr(u(*, A4).
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The definition, together with Proposition 2.3, implies that each term of this series is an ideal of
A. The last term (oo(*, A) = (y(*, A) of this series is called the upper x-hypercenter of A and we
denote the length of the upper x-central series of A by zl(A). Furthermore, if A = (o (%, A), then A
is called a *-hypercentral brace; in this case, if z1(A) is finite, then we say that A is x-nilpotent. This
series has also been introduced in [2, 7] and [14] but there this series is called the upper annihilator
series and the last term is then called the hyper-annihilator; a x-hypercentral brace is called in
[14] annihilator hypercentral and in [2, 9] *-nilpotency is called central nilpotency (and respecitively)
annihilator nilpotency.

If A is a left brace and K, L are subbraces, then we let K L denote the subgroup of (A, +) generated
by the elements = x y, where x € K,y € L.

When A is a left brace and B, C are ideals of A with B < C, then the factor C/B is called %-central
if AxC,CxA<B. Thus for all a € A,c € C we have axc¢,cxa € B.

Let

0=Co<Ci < Co<Cop1 < C,

be an ascending series of ideals of the the brace A. This series is called x-central if every factor of this
series is x-central; in other words A * Cyy1,Cot1 * A < O, for all o < . It is clear that the upper
*-central series is x-central.

We define two further canonical series of the left brace A. First, let A1) = A and recursively define
Aletl) — A(®) & A for all ordinals a and as usual set AN = O,KAA(“) for all limit ordinals A. As in
[4] A is called right nilpotent if A" = 0 for some natural number n.

Similarly, let A! = A, A" = A« A%, for all ordinals a and A* = Nu<xAF for all limit ordinals p.
As in [4] A is left nilpotent if A™ = 0 for some natural number m. We note that a left nilpotent brace
need not be right nilpotent and vice-versa (see [1] and [3], for example). Indeed Rump [11] gave an
example of a left brace of cardinality 6 such that A®) = 0, but A™ £ 0 for all m.

We shall say that A is Smoktunowicz-nilpotent if there are natural numbers n, k such that A = AF.
Such braces were introduced by A. Smoktunowicz in the paper [12]. In [12, Theorem 1.3] a single
criterion was given for these conditions and left braces satisfying this single criterion were in [13] called
strongly nilpotent.

We note that according to Proposition 2.10 a left brace is x-nilpotent if and only if it is Smoktunowicz-
nilpotent. Thus x-hypercentral braces are the natural generalization of Smoktunowicz-nilpotent braces.

Let A be a left brace and let M be a subset of A. The subbrace B of A generated by M is the
intersection of all subbraces C' of A that contain M. If M is a finite set, then B will be called finitely
generated. We let br(M) denote the subbrace generated by M. We refer the reader to [7, 9] for further

details and properties.
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A brace A is called locally Smoktunowicz-nilpotent if every finitely generated subbrace of A is
Smoktunowicz-nilpotent. Proposition 2.10 shows that a brace A is locally Smoktunowicz-nilpotent if
and only if it is locally x-nilpotent.

The main results of this paper are as follows.

Theorem 1.1. Let A be a left brace. Then the following results hold.

(i) If A is x-hypercentral brace then the multiplicative group of A is hypercentral.
(ii) A is x-hypercentral if and only if for each element a € A and every pair of countable subsets

{zn|n € N}, {yn|n € N} of elements of A, there exist natural numbers k,t such that
(- (axxp)*xx2) %+ ) *xj =0 forall j >k
Yix (ox (ysx (g2 x (yr*a)---) =0 forall j > t.

(iii) A is x-hypercentral if and only if each of its countable subbraces is x-hypercentral.
(iv) If A is x-hypercentral, then every subbrace is ascendant. In particular, if A is Smoktunowicz-
nilpotent, then every subbrace is a subideal.

(v) If A is x-hypercentral, then A is locally Smoktunowicz-nilpotent.

We give the definition of ascendant subbrace in Section 3.

By Theorem 1.1 the multiplicative group of a x-hypercentral left brace (and, in particular, of a
Smoktunowicz-nilpotent left brace) is hypercentral (respectively nilpotent). Hence the multiplicative
group of A has a torsion part ( the greatest periodic subgroup ) S. This naturally leads to the question
of the relationship of S with the torsion part T' of the additive group of A. Our next result gives an

answer to this question.

Theorem 1.2. Let A be a x-hypercentral left brace. Then the following results hold.

(i) The torsion part of the additive group of A coincides with the torsion part of the multiplicative
group of A.
(ii) The torsion part of the additive group of A is an ideal of A.
(iii) If the additive group of A is torsion-free, then the additive group of the factor brace A/y(x, A)
is torsion-free for each ordinal «.
(iv) If the additive group of A is torsion-free, then the additive group of every factor of the upper

*-central series is torsion-free.
Our next result gives some properties of locally Smoktunowicz-nilpotent left braces.

Theorem 1.3. Let A be a locally Smoktunowicz-nilpotent left brace. Then the following assertions
hold.

(i) The multiplicative group of A is locally nilpotent and the torsion part of the additive group of

A coincides with the torsion part of multiplicative group of A.

http://dx.doi.org/10.22108/ijgt .2023.138490. 1860


http://dx.doi.org/10.22108/ijgt.2023.138490.1860

Int. J. Group Theory, 14 no. 1 (2025) 25-45 M. R. Dixon, L. A. Kurdachenko and I. Ya. Subbotin 29

(ii) The torsion part of the additive group of A is an ideal of A.

(iii) If the additive group of A is torsion-free, then the multiplicative group of A is torsion-free.

(iv) If B < C are ideals of A such that the factor C/B is A-chief, then C/B is x-central in A. In
particular C /B has prime order.

(v) If L is a mazimal subbrace of A, then L is an ideal of A.

2. A brief survey of x-nilpotent braces

We begin by first discussing *-nilpotent left braces but also give some well-known properties of left
braces. We note the following criteria for a subset of A to be an ideal, which is well-known (see [3, 9],

for example).

Proposition 2.1. Let A be a left brace and let L be an ideal of A. Then the following conditions hold:
(I1) If v,y € L, then 2y~ € L;
(I2) ifa € A and z € L, then a 'za € L;
(I3) ifa € A and z € L, then \,(z) € L.

Conversely, if L is a non-empty subset of A satisfying (11)-(13), then L is an ideal of A.

We shall also need some of the following properties of x and A\, whose proofs can be found in [3] or
[9]-

Lemma 2.2. Let A be a left brace. Then
(i) ax(b+c)=axb+axc;
(i) (ab)*c=a*(bxc)+bxc+axc;
(iii) (a+b)*c=a* (A-1(b) xc) + (Ng=1(b) x¢) + a*¢;
(iv) Ay(bxa) = yby~ " x Ay (a);
(v) yby=t = Ay~ =yt +b) = Ay (bry ! 4 D)

for all elements a,b,c,y € A.
The following result appears in [2] and [9] but we give the proof.

Proposition 2.3. Let A be a left brace. The x-center of A is an ideal of A. In particular, every term

of the upper x-central series is an ideal of A.

Proof. We use Proposition 2.1. Let a € ((x, A) and let x € A. Then a € ((A) so a~! € ((A) and

a~'z = za~!. Furthermore, we have

r=aYar)=a Yat+z)=ala+a e —at=ate —ah.

It follows that za™! = a~ 'z = a=! + x and hence a~! € ((x, A).
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Let also b € ((x, A). Then ab € ((A) so
(ab)x = z(ab) = x(a+b) =za+ab—z=ax+a+b=x+ab

so that ab € ((*, A). Thus ((*, A) satisfies condition (I1) of Proposition 2.1.
For each a € ((%x,A) and * € A we have \;(a) = a so that ((x, A) satisfies condition (I3) of
Proposition 2.1.

Finally a € ((A) so 27 laz = a € {(x, A). O

Next we give an important property of the upper x-hypercenter, which is analogous to the well-
known result in group theory. This result appear as [2, Proposition 2.10]. There is a similar result in
[5, Proposition 2.26]

Proposition 2.4. Let A be a left brace and suppose that K is a mon-trivial ideal of A such that
K < (oo(*,A). Then K N((x, A) is non-trivial.

Proof. Let
0= CO(*a A) < Cl(*?A) <- 'Ca(*aA) <- "C’Y(*?A) = COO(*¢A)

be the upper x-central series of A. Since K < (oo (*, A), there is an ordinal « such that KNy (%, A) # 0
and we let 8 be the least such ordinal with this property. Clearly 5 is not a limit ordinal and
the definition of § gives K N (g_1(%, A) = 0. Since S = K N (g(x, A) < (g(*, A) it follows that
S* A, A% S < (g_1(%, A). On the other hand, K is an ideal of A so Sx A, AxS < K. It follows that
S*AAxS <(g_1(x,A) N K =0. Thus S < ((x, A) giving the required result. O

Corollary 2.5. Let A be a left brace. If A is x-hypercentral and K is a nontrivial ideal of A, then
K N¢(x, A) is nontrivial.

Let A be a left brace. The set

Soc(A) ={a € Alaxx =0 for all x € A}
={a € Alax =a+ x for all x € A}
is called the socle of A. In [3] it is shown that Soc(A) is an ideal of A, a result attributable to Rump.

Clearly Soc(A) contains ((x, A).

We note also the following well-known results.

Proposition 2.6. Let A be a left brace and let L be a left ideal of A. Then

(i) Ax L is a left ideal of A. Moreover, if L is an ideal of A, then L * A is an ideal of A.
(ii) If Soc(A) contains L, then Ax L is an ideal of A.

It is shown in [3] and indeed this follows from Proposition 2.6 that A" is always a left ideal of A

and A™ is an ideal of A. Using Proposition 2.6 we may generalize this to:
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Proposition 2.7. Let A be a left brace. Then A% is a left ideal for each ordinal o and A is an

ideal for each ordinal o.

Next we give the relationship between AU AJ and x-central series, analogous to the corresponding

result for groups.

Lemma 2.8. Let A be a left brace and let
0=Cr<C < <Cp=A
be a finite x-central series of A. Then
(i) AW, A7 < Cy_ji1 and hence AMTD =0 = An+L;
(i) Cj < (j(*, A) and hence (p(*, A) = A.

In particular, ZI(A) < n.
Proof. (i) We use induction on j. For j = 2 we have A2 = A®) = A« A = C, A < C,,_; so the result
holds for j = 2.

Suppose now that j > 2 and that we have already proved A(™) A™ < C,,_,,.1 for all m < j. Then
AW = AU-1) 4 A < Cn,jJrlJrl * A< Cn,jJrl and similarly Al = Ax AT < A*Cn7j+1+1 < Cn,jJrl.

(ii) We again use induction on j. For j = 1 we have C; x A =0 = A C} and hence C7 < (i(*, A).
Suppose that j > 2 and we have already proved that C, < (%, A) for all m < j. Since C;/Cj_1 is
*-central we have C; x A, A C; < Cj_1 < (j_1(*, A), by the induction hypothesis. Let a € A, c € Cj.
Then ca —c—a=c*a € (j_i(*, A) so that

Cj—l(*a A) = (CCL —c—a+ Cj—l(*a A))
=(c+ G106 A4)) * (a+(1(x A))
In a similar way we also obtain (a + (j—1(%, 4)) * (¢ + (j—1(*, 4)) = (j—1(*, A). This means that
(Cj 4 G106 A))/G-1(x, A) < C(x, A/¢-1(A)) < G (x, A)/Gia (%, A)

so that C; < (j(x, A) as required. O

The next result follows from [9, Corollary 2.15].
Lemma 2.9. Let A be a Smoktunowicz-nilpotent left brace. Then A has a finite x-central series.

Using Lemmas 2.8 and 2.9 we have:

Proposition 2.10. Let A be a left brace. Then A has a finite x-central series if and only if A is

Smoktunowicz-nilpotent.
We may easily establish the following natural corollary and give its very easy proof.

Corollary 2.11. Let A be a x-hypercentral left brace.

http://dx.doi.org/10.22108/ijgt .2023.138490.1860


http://dx.doi.org/10.22108/ijgt.2023.138490.1860

32 Int. J. Group Theory, 14 no. 1 (2025) 25-45 M. R. Dixon, L. A. Kurdachenko and I. Ya. Subbotin

(i) If S is a subbrace of A, then S is x-hypercentral and zI(S) < zl(A);
(ii) of L is an ideal of A, then A/L is x-hypercentral and zI(A/L) < zI(A).
Proof. (i) Let
0=20<Z1<Zy <+ Zo<Zop1 < Zy=A
be the upper x-central series of A and set C, = Z, NS for 0 < a < 7. Then, for each a, C, is an

ideal of S. We have S x Cot1 < Sx Zqt41 < Zg and Cpyp1 xS < Zpy1 xS < Z,, for 0 < o < 7. On the
other hand, since S is a subbrace we have S * Coy1 < S and Cpyq %S < S so that

S*xCoy1 <SNZy=0Cp,Cor1 xS <SNZ, =0Cy
for 0 < o < . These inclusions show that the series
0=C<C1 <0<+ Cy<Caq1 <---Cy =8

is a x-central series of ideals of S. Hence S is x-hypercentral and a result analogous to Lemma 2.8
shows that zI(S) < zI(A).

(ii) We note that Z, + L is an ideal of A and (Z, + L)/L is an ideal of A/L for 0 < « < 7. Since
(a+ L)*(b+ L) = (a*b)+ L we have

(A/L) % (Zo41+ L)/L = (AxZqy1+L)/L < (Zy+ L)/L,
(Zas1+ L)/Lx(AJL) = (Zoy1 * A+ L)/L < (Zy+ L)/L
for 0 < a < 7. In turn, these inclusions show that the series
0=(Zo+L)/L<(Z1+L)/]JL<---(Zo+L)/L<(Zp+1+L)/L
<o (Zun+ L)L = AL

is a *-central series of ideals for A/L. Thus A/L is x-hypercentral and a result analogous to Lemma 2.8
shows that z1(A/L) < zI(A) as required. O

We shall use the phrase “class of left braces” to be synonymous with the notion of “class of groups”
from group theory. Let 9ig denote the class of left braces which are Smoktunowicz-nilpotent. More
precisely, we let DMg(n, k) denote the class of left braces A such that A™ =0 = A, and n, k are least
with these properties.

Let A be a left brace and let X be a class of left braces. Let

A* = n{H|H is an ideal of A and A/H € X},

an ideal which is called, as usual, the X-residual of A.

There are two cases to consider, when A/A* € X and A/A* ¢ X.

In the case when A/A* € X, it follows that A* is the smallest ideal of A such that A/A* is an
X-brace.

Remak’s theorem gives us the following very useful result.
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Proposition 2.12. Let A be a left brace and let X be a class of left braces closed with respect to taking
subbraces and Cartesian products. Then AJ/A¥ € X.

In particular, if X = 2 the class of all abelian braces, then the 2-residual A% is exactly the derived
subbrace A(?). In this case we have A/A% € .

Proposition 2.13. Let n,k be fized natural numbers and let {Ax|\ € A} be a family of left braces
such that Ay € Ms(n, k) for each X € A. Then C = ,\071; Ay € Ng(n, k).
€

Proof. Clearly CU) = Cr AY) and ¢ = Cr A for all natural numbers j. It follows that C(®) =0 =
€ S
C*, so that C € RIS

O

Corollary 2.14. The class Mg(n, k) is a variety of braces for all natural numbers n, k.

3. Some properties of x-hypercentral braces

In this section we discuss sums and products of ideals in left braces. These results will be well-known

but we give the proofs. We begin with the following result.

Lemma 3.1. Let A be a left brace, let L be an ideal of A and let S be a subbrace of A. Then
S+L={s4ulseSuel}={sulseSuel}=SL=LS.

Proof. We know from [3] that if a € A, then a+ L =aL = La. Thusifz € S+ L, thenz =s+u €
s+ L=sLsoxe SL. Conversely, if t € SL,thenz=su€sL=s+Lsox=s+veES+ L. O

Lemma 3.2. Let A be a left brace and let L be an ideal of A.

(i) If S is a subbrace of A, then S + L is a subbrace of A;

(ii) of S is a left ideal of A, then S + L is a left ideal of A;
(iii) of S is an ideal of A, then S + L is an ideal of A.

Proof. (i) We have to show that (S+ L,+) and (S + L, ) are subgroups. Let s+ u,t+v € S+ L with
s,t € S,u,v € L. Then
(s+u)—(t+v)=(s—t)+(u—v)eS+L.
Also since L is an ideal we have s +u € s + L = sL so s + u = sw and likewise t + v = tx, for some
w,x € L. Then
(s +w)(t+v)' = sw(te) ™ = swr™t7! = st (twaz ™).

Since L is an ideal, (L,-) is a normal subgroup of (4,-) so we have twz~'t~! € L and since S is a
subbrace we have st~ € S. Thus (s +w)(t+v)~t € SL = S+ L. It follows that S + L is a subbrace.

(ii) Suppose S is a left ideal. We have to show further that A\,(z) € S + L whenever a € A and
r€e€S+L. Let x =s+ufor s € S,ue L. We have

M(T) =azx—a=a(s+u)—a=as+au—a—a= () + A(u)
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and since S, L are both left ideals we have Ay(s) + A\o(u) € S+ L. Thus S + L is a left ideal.

(iii) Suppose now that S is an ideal also. It remains to show that (S + L,-) is a normal subgroup
of (4,-). But S+ L = SL and both (S,-), (L, -) are normal subgroups of (4,-), so (SL, ) is a normal
subgroup of (A,-) and this completes the proof. O

Lemma 3.3. Let A be a left brace and let S be a subbrace of A. For each ordinal o, S + (o(x, A) is
an ideal of S+ Cot1(x, A).

Proof. Without loss of generality we may assume that & = 1. We already know from Lemma 3.2
that S 4 (1(x, A) is a subbrace of A. Furthermore, S + (;(*, A) = S(1(x, A) is a normal subgroup of
S+ (a(*, A) = SCa(*, A) so Proposition 2.1 shows that we only need to prove that \,(2) € S+ (i (x, A)
for all a € S+ (a(*x,A),z € S+ (2(x,A). However z = s+ x for some s € S,z € (i(x, A) and
Aa(s+ x) = Ag(s) + Aa(z). Since (i(*, A) is an ideal of A we have \,(z) € (1(*, A). Also, we may
write a = tw for some t € S;w € (a(x, A) 80 A\o(s) = tws — tw = t(ws —w) —t. But ws = w+ s
(mod (1 (*, A)) s0 Ag(s) € S+ (1(*, A) as required. This concludes the proof. O

A subbrace S of a brace A will be called ascendant in A if there is a series of subbraces
S=A <A <A< A< Ag1 <A = A

in which A, is an ideal of A,41 for all @ < . If this series is finite, then we shall say that S is a
subideal of A. Part (ii) of the next result is Proposition 5.6 of [9].

Lemma 3.4. Let A be a left brace.

(i) If A is x-hypercentral, then every subbrace is ascendant.
ii is Smoktunowicz-nilpotent, then every subbrace is a subideal.
ii) If A is Smokt ' Ipotent, th bb ' bideal

(iii) If A is x-hypercentral, then every maximal subbrace of A is an ideal.
Proof. Let S be a subbrace of A and let
0=A4 <A1 <A< Ay < Ag1 < Ay = A
be the upper *-central series of A. Then
S=S+Ag<S+ A <S+ A< S+ Ay < S+ Aar1 <A, = A.

By Lemma 3.3 each term of this series is an ideal of the next term. This implies both (i) and (ii).

Assertion (iii) is immediate from (i). O
In preparation for the next result we prove a preliminary lemma.
Lemma 3.5. Let A be a left brace and let a,y € A. Ifaxy+y =0, then y = 0.

Proof. We have 0 = a*y +y = Aq(y). Thus ay = a and hence y =1 = 0. O
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We leave as an open question whether a sum of two *-nilpotent ideals of a left brace is itself -
nilpotent and whether the corresponding analogue of a result of P. Hall (see [8, Lemma 1]) holds. It
also seems to be unclear whether there is an analogue of the Hirsch-Plotkin radical. We have been

able, however, to prove the following result in pursuit of such goals.

Theorem 3.6. Let A be a left brace and let B be an ideal of A. Then the x-center of B is a normal

subgroup of A under multiplication.

Proof. Let a be an arbitrary element of A, let b be an arbitrary element of B and let z be an arbitrary
element of ((x, B). Then b% z = zxb = 0. Since B is an ideal of A we have a~'ba € B and it follows

that (a~'ba) x z = 0. On the other hand,

(3.1) (a™ba)xz=a"tx(baxz)+baxz+a txz
—alx(bx(axz)+axz+bxz)+bx(axz)
+axz+brztalxz

—alx(bx(axz)+axz)+bx(axz)+axz

=atuxbr(axz)+atx(axz)+bx(axz)
+axz+alxz

We also have

1

(3.2) 0=0xz=1xz=alaxz=a'*(ax2)+axz+atxz

It follows from equations (3.1) and (3.2) that
0=(a"'ba)xz=a"tx(bx(axz)) +bx(axz)

and it follows from Lemma 3.5 that bx (a*z) = 0. We note that the center of the multiplicative group

of B contains ((x, B) and we now obtain

(3.3) alzaxb=a"tx(zaxb)+zaxb+alxb
—a lx(zx(axb)+axb+zxb)+zx(axb)+axb
+zxb+alxb.
Since B is an ideal of A we have axb € B, so z* (a*b) = 0 and also z x b = 0. Hence equation (3.3)
becomes
alzaxb=a"lx(axb)+axb+atxb=(a"ta)xb=0xb=0.
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It follows that (a~'za)b = a~'za + b= b+ a~'za. Furthermore, since aba~! € B we have
bla 'za) = a Y aba ™ )za = a L z(aba ) a = (a7 za)b.
Consequently, a~!za € ((x, B). This proves the result. O

Proposition 3.7. Let A be a left brace. If A is x-hypercentral, then A is locally Smoktunowicz-

nilpotent.
Proof. This follows using 2.10 and [14]. O

Proposition 3.8. Let A be a left brace. Then A is x-hypercentral if and only if for each element
a € A and every pair of countable subsets {zn|n € N}, {yn|n € N} of elements of A, there exist natural

numbers k,t such that
(«--(a*z1)*x@a) * -+ ) xw; =0 forall j >k
g (% (g3 * (g% (g1 k@) -+) = 0 for all j > 1.
Proof. Let A be a *-hypercentral brace and let
0=Cr<C1 < Cy<Cpp1 <---Cy=A

be the upper %-central series of A. Let aj = (--- (ax 1) *x2) *---) xx; for all natural numbers j and
suppose, for a contradiction, that a; # 0 for all such j. It follows that a; ¢ C,, for all j,n € N. Hence
a; ¢ C,, for all j. Let u be the largest ordinal such that a; ¢ C,, for all j € N. The choice of x implies
there is a natural number m such that a,, € Cy41. Then by definition of the upper *-central series
we have ap41 = am * Tymy1 € Cp and we obtain a contradiction. Hence there is a natural number k
such that

(- (axx) xa2) % -+ ) kx; = 0 for all j > k.

Using a similar argument we also deduce the existence of a natural number ¢ such that
yix(ox(yzx(yax(y1xa)---)=0forall j >t

To prove sufficiency of the condition we suppose, for a contradiction, that the x-center of A is trivial.
Clearly this will be sufficient to then prove Proposition 3.8. Let a = ag be an arbitrary non-zero element
of A and suppose that a ¢ Soc(A). Then there is an element x; € A such that a; = axxzy # 0. If
a1 ¢ Soc(A), then there is an element xo € A such that as = a1 x x2 = (a * x1) * x2 # 0. If we have
constructed z1,x9,...,x, and ay, ..., a, such that a; 41 = a;*x; 41 # 0 for i <n—1and if a,, ¢ Soc(A),
then there exists x,41 € A such that a,11 = an * 11 # 0 and the construction proceeds. However,

our condition implies that there exists n and elements z1, ..., z, such that
(- (axxy1)*xx2) %+ ) * Ty # 0 and
(- (a*xz1)*xx2) * -+ ) kxp) *xx =0
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for all elements x € A. Thus
anp = (---(axx1)*xx2) %+ ) * Ty € Soc(A).

Since a,, ¢ ((*, A), there is an element y; such that by = y; xa,, # 0. Since Soc(A) is an ideal of A this
means b; € Soc(A) and hence by xx = 0 for each element = € A. Since by ¢ ((x, A) there exists y2 € A
such that be = y2 x by # 0. In this way we construct an infinite family {y,|n € N} of elements such
that y, * (- * (y3 * (y2 x (y1 *a,) - -+ ) # 0 for all natural numbers n. This contradicts our conditions.
This contradiction shows that A has nontrivial x-center. By transfinite induction this shows that A

is a x-hypercentral brace. 0

Corollary 3.9. Let A be a left brace. Then A is x-hypercentral if and only if each of its countable

subbraces is x-hypercentral.

Proof. If A is a x-hypercentral brace, then every subbrace is x-hypercentral. Hence every countable
subbrace of A is x-hypercentral.

Conversely, suppose that every countable subbrace of A is x-hypercentral. Let a, x,, y, be arbitrary
elements of A for n € N. Then the subbrace of A generated by the subset {a, ., yn|n € N} is countable

and hence x-hypercentral. By Proposition 3.8 there are natural numbers k, ¢ such that
(---(axx)*xx2) % ---)*xxj =0forall j >k
yj* (- -x (yzx (yax (y1xa)---) =0 for all j > t.
Then Proposition 3.8 implies that A is a x-hypercentral brace. ]

This result is a natural analogue of the corresponding result in group theory obtained by S. N.
Chernikov in [6].

The proof of Theorem 1.1 is now easy to accomplish.

Proof of Theorem 1.1. We note that the center of the multiplicative group of a left brace A contains
the x-center of A. It follows that the upper *-central series of A is an ascending central series of the
multiplicative group of A. It follows that the multiplicative group of a x-hypercentral left brace is
hypercentral. Assertion (ii) follows from Proposition 3.8 while (iii) is immediate from Corollary 3.9.

Assertion (iv) follows from Lemma 3.4. Assertion (v) follows from Proposition 3.7. O

4. The torsion subgroups of the additive and multiplicative groups of left braces

Suppose that A is a x-hypercentral left brace. The upper *-central series is a central series of the
multiplicative group of A and hence the multiplicative group of A is a hypercentral group. Thus the
set of elements of finite order in the multiplicative group of A is a characteristic subgroup of (A4, -).
The set of elements of finite order in the additive group of A is also a characteristic subgroup of (A, +)

and there is a natural question concerning the relationship between these two subgroups.
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Proposition 4.1. Let A be a left brace. Then the torsion part of tthe additive group of A is a left
ideal of A.

Proof. Let T be the torsion part of the additive group of A and let x be an arbitrary element of T
There is a natural number n such that nz = 0. Since a(b + ¢) = ab + ac — a and a~'a = 0 for all

a,b,c € A we have
O=atz=2"Y((n+1z)=—na!

and it follows that 2~! € T.
Suppose in addition that y € T and ky = 0 for some k € N. Then xxnky = x+x0 = 0. On the other

hand, using Lemma 2.2
x*xnky = nk(zx xy) = nk(zy — z — y) = nk(zy).

Thus nk(xy) = 0, so xy € T and it follows that T is a group under multiplication. Thus T is a
subbrace of A. Moreover, by Lemma 2.2, n(axx) = a*nr =ax0=0soaxx € T for all a € A.

Thus T is a left ideal of A, as required. a

Lemma 4.2. Let A be a left brace and let x be an element of A such that x € (i(*, A), for some
natural number k. If x has finite order n in the additive group of A, then x has finite order dividing

n* in the multiplicative group of A.

Proof. We use induction on k. If k = 1, then (j(%, A) is a trivial brace so the order of the an element
x in the additive group of A coincides with the order of x in the multiplicative group of A.
Suppose now that k£ > 1 and let T" denote the torsion part of the additive group of A. It follows

from Proposition 4.1 that " € T for all integers r. Using Lemma 2.2 we obtain

errl T

0=2z"+xnx=n(z"xz)=n( " —x)

for all » € NU {0} so that for all such r we have nz” = nz"t!. Hence 0 = nz = nz? = --- = na".

Thus 2" has additive order dividing n. Since z € (i(*, A) we have 2™ = nz (mod (x_1(x, A)) and
since nx = 0 we have 2™ € (;_1(%, A). As we noted above nz" = 0 so we may apply the induction

hypothesis which now gives the result. O

We here record the following extension of this result to x-hypercentral braces as follows.

Corollary 4.3. Let A be a x-hypercentral left brace and let T', S be the respective torsion parts of the
additive and multiplicative groups of A. Then T is a subset of S.

Proof. We use transfinite induction on the length of the upper x-central series for A. We let (5(x, A)
denote the terms of the upper x-central series. Let x be an element of T' of additive order n € N. It

is clear that if = € (j(x, A), then 2™ =1, so € S in this case.
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Suppose next that « is an ordinal and that = € (,(*, A). Suppose further that if 5 < «, then
TN¢g(x, A) CSNC(x, A).

If o is a limit ordinal, then « € (g(*, A) for some 3 < «a so inductively it follows that « € S. Thus we
may assume that oo — 1 exists. Then, by Proposition 4.1, 2™ € T'. But also 2" = nz (mod (4—1(x, A))
so 2" € (4—1(%, A). Thus, by the induction hypothesis, 2 € S and it follows that there exists k € N
such that ™* = 1. Hence = € S, which proves the result. Il

It is clear that if A is a trivial left brace, then the torsion part of the additive group of A co-
incides with the torsion part of the multiplicative group of A. We next see that this also holds for
Smoktunowicz-nilpotent braces, a result due to Jespers, van Antwerpen and Vendramin [9], who prove
it in the more general case of skew braces. Our proof is a little different. We note that in general if

n, k are natural numbers and if a, by, bo, ..., by, c1,Co,...,c, are elements of a left brace A, then
alby+---+by—c1—---—c) =aby+aby +--- +ab, —acy —--- —acy, + (k—n+1)a.

We use this fact in the proof of the next result. We also note that in the binomial expansion of

k
(1+(=1))*, if we write [; = (
i

) fori =0,1,...,k, then for odd values of k we have —l1+lo— - -+l =
—lg+ 1 = 0.

Theorem 4.4. Let A be Smoktunowicz-nilpotent left brace. Then the torsion part of the additive
group of A coincides with the torsion part of the multiplicative group of A.

Proof. Let T denote the torsion part of the additive group of A and let S denote the torsion part of
the multiplicative group of A. We have already seen in Corollary 4.3 that T is a subset of S.

Let x € S and suppose that x € (;(x, A). Choose n > k such that 2™ = 1 (this avoids special cases
later). Then it follows that nx € (x_1(x, A). Thus, x xnz = n(z *xx) = n(x? — 2x). Let 1 = z x 2.
Then nzy € (k_2(x, A). In general, for each r» with 1 < r < k, let , = x * z,_1 and note that

nxy = T *NTy_1 € (p—r—1(x, A). Using the definition of x an easy induction argument shows that

T T
Tpq = :L'T _ T‘:L‘T_l + (2) 1,7’—2 _ <3) :L,r—S NN (_1)7“—171:1:7

where (r) is a binomial coefficient. However nxy_1 = 0 which implies that
s
k k—1 kY k2 E\ s .
nx® =nkx" " —n " 4 n "7 4 (1) nka.

k
Let [; = () for 1 < ¢ < k so that we have
)

(4.1) na® = nlia? 1t — a2 kst 4 (=D k0l o
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Note that z(nz*) = nz*t! — (n — 1)z and

z(nlyx® ™t — nloxh 2 F nlza 3 4 4 (=1)Pnl_x) =

nliz® — nlpz® 1 4 nlza® 2 - 4+ (=1)Pnlp_12? + tx

where t = 1 if k is odd or t = 1 — 2n if k is even, using the binomial expansion of (14 (—1))*. In turn

this implies that

k+1

nat T = nla® — nlya® 4 4 (=D Fnl_ 2% 4 (n — 1+ 1)z

k k+1

= npg(z)
where pg(x) is an integer polynomial in z of degree at most & — 1. Continuing in this manner we

Using Equation (4.1) we may replace nx” in this expression. Thus we may write nx
eventually obtain nz"™ = np,_i(x) where again, p,—1(x) is a polynomial of degree at most k — 1.
However z™ = 1 so np,_1(z) = 0. Using this equation we may therefore write some positive multiple

k=1 — ng(x) where g(x) is now a polynomial in x of degree at most k — 2.

of nz®~1 in the form nma
We repeat the process above, reducing the degree of the polynomial at each stage. Eventually this
process terminates with an equation of the form Laz? = Mz, where L, M € Z. We repeat the process
of multiplying both sides by = and replacing another n — 2 times if necessary before ending with an
equation of the form Nz = 0 for some N € N so that x has finite order as an element of T". This
shows that every element of S is an element of T" and this, together with Corollary 4.3, proves that

S=T. O

Corollary 4.5. Let A be a x-hypercentral left brace. Then the torsion part of the additive group of A

coincides with the torsion part of the multiplicative group of A.

Proof. Let T, S be the respective torsion parts of the additive and multiplicative groups of A. We saw
in Corollary 4.3 that T' C S. On the other hand let € S and let C be the subbrace of A generated
by x. Then Theorem 1.1(v) shows that C is x-nilpotent. But it is clear that x lies in the torsion part
of the multiplicative group of C' and using Theorem 4.4 we deduce that x is an element of the torsion

part of the additive group of C'. Hence x € T and the result follows. O

Corollary 4.6. Let A be a x-hypercentral left brace. Then the torsion part of the additive group of A
is an ideal of A.

Proof. Let T be the torsion part of the additive group of A. By Proposition 4.1 T is a left ideal of
A. Tt follows that T is a subgroup of the multiplicative group of A. Theorem 1.1 shows that the
multiplicative group of A is hypercentral. By Corollary 4.5 T is the torsion part of the multiplicative
group of A. It follows that T is a characteristic subgroup of the multiplicative group of A and in

particular T" is a normal subgroup of A. This proves that T is an ideal of A. O

We deduce the following result which occurs in [9].
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Corollary 4.7. Let A be a Smoktunowicz-nilpotent left brace. Then the torsion part of the additive
group of A is an ideal of A.

Theorem 4.8. Let A be a x-hypercentral left brace. If the additive group of A is torsion-free, then
the additive group of the factor brace A/ q(x, A) is torsion-free for each ordinal .

Proof. Let
0:Z0§21§Z2§"'Z()4SZ0¢+1S"’Z'y:A

be the upper x-central series of A.

Let o > 1 and suppose that we have already proved that the additive group of A/Zz is torsion-free
for every ordinal 8 < a.

Suppose, on the contrary, that the additive group of the factor brace A/Z, is not torsion-free.
Let T/Z, denote the torsion part of the additive group of A/Z,. Since A/Z, is *-hypercentral
Corollary 4.6 implies that 7'/ Z,, is an ideal of A/Z,. Using Corollary 2.5 we deduce that the intersection
TV/Zo =T)Zo N Zoy1/Za is nonzero. It follows that there exists € Z,41 \ Z4 such that x + Z,, €
T/Zo N Zot1/Zo. Then nx € Z, for some natural number n.

Suppose first that « is a limit ordinal. Then na € Z3 for some ordinal § < «. Then = ¢ Zg but
nx € Zg so the additive group of A/Zg has an element of finite order, contrary to our assumption.
Hence « is not a limit ordinal. Then a — 1 exists and the induction hypothesis gives that the additive
group of A/Z,_1 is torsion-free.

If a € A, then axz € Z, and Lemma 2.2 implies that n(axx) = axnz € Z,_1. Since A/Z,_1 is
torsion-free it follows that axx € Z,_1.

Now consider x x a. Since x xz € Z,_1, by the above, it follows that 22> = 2z (mod Z,_1) and
hence that " = nz (mod Z,—_1). Thus nz = 2™u for some element u € Z,_;. Using Lemma 2.2 we
obtain

nrxa=zx"uxa=2x"*(uxa)+ (2" xa)+ (uxa)=z"xa (mod Z,_1)

On the other hand, again using Lemma 2.2,

?xa=x%(xxa)+2xxa)=2x+a) (mod Z, 1)

and a straightforward induction shows that for each natural number j we have
2/ xa=jxxa) (mod Zy 1).
In particular, we obtain
nrxa=x"*a=n(r*a) (mod Z,_1).

Thus if xxa ¢ Z,_1, thenx*a+Z,_1 is an element of finite order in A/Z,_; contrary to our hypothesis.
Thus z xa € Z,_1 also and we see that actually x € Z,, contrary to our choice of x. The result now

follows. O
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Corollary 4.9. Let A be a x-hypercentral left brace. If the additive group of A is torsion-free, then

the additive group of every factor of the upper x-central series is torsion-free.

Proof of Theorem 1.2. Assertion (i) follows from Corollary 4.5. Assertion (ii) follows from Corol-

lary 4.6.and (iii) follows from Theorem 4.8. Finally assertion (iv) follows from Corollary 4.9. O

5. Locally Smoktunowicz-nilpotent braces

By Proposition 2.10 every *-nilpotent left brace is Smoktunowicz-nilpotent and conversely every
Smoktunowicz-nilpotent left brace is *x-nilpotent. Here we use both terms and likewise we shall use

the terms locally x-nilpotent and locally Smoktunowicz-nilpotent interchangeably.

Proposition 5.1. Let A be a locally *-nilpotent left brace. Then the multiplicative group of A is
locally nilpotent and the torsion part of the additive group of A coincides with the torsion part of the
multiplicative group of A.

Proof. Let T, S be the respective torsion parts of the additive and multiplicative groups of A.

Let M be an arbitrary finite subset of A and let B denote the subgroup of the multiplicative group
of A, generated by M. Let C denote the subbrace of A generated by M. Then C' is *-nilpotent and
hence the multiplicative group of C' is nilpotent. But B is a subgroup of the multiplicative group of
C so is nilpotent. Hence the multiplicative group of A is locally nilpotent.

Suppose that x € T and let D denote the subbrace generated by x. Then D is x-nilpotent. Let Tp
and Sp denote the respective additive and multiplicative torsion parts of the brace B. Then x € TND.
But clearly TN D C Tp = Sp, using Theorem 4.4. Hence x has finite multiplicative order so x € S
and it follows that T C S. On the other hand, if x € S again consider the subbrace D generated by
x. We have x € SN D C Sp <Tp and hence z € T'. The result follows. O

This has the following consequence which is proved for Smoctunowicz-nilpotent braces in [9].

Theorem 5.2. Let A be locally x-nilpotent left brace. The torsion part of the additive group of A is
an ideal of A.

Proof. Let T denote the torsion part of the additive group of A. By Proposition 4.1 T is a left ideal
of A. It follows that T is a subgroup of the multipicative group of A. Proposition 5.1 shows that
the multiplicative group of A is locally nilpotent. It follows that T' is a characteristic subgroup of the

multiplicative group of A and in particular T is a normal subgroup. The result now follows. O
The next result, generalizing a result in [9], follows immediately from Proposition 5.1.

Corollary 5.3. Let A be a locally x-nilpotent left brace. Then the additive group of A is torsion-free

if and only if the multiplicative group of A is torsion-free.
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Lemma 5.4. Let A be a locally x-nilpotent left brace. If M is a minimal ideal of A, then the x-center

of A contains M. In particular, M has prime order.

Proof. Suppose that the x-center of A does not contain M. Then there exist elements a € M and
x € A such that either b =axx # 0 or ¢ = x xa # 0. Suppose first that b # 0. Since M is an ideal
b € M and the fact that M is a minimal ideal implies that the ideal W generated by b, coincides with
M. In particular the ideal generated by b contains a. It follows that there are elements y1,ys2,...,Yyn
such that a belongs to the ideal generated by b in the subbrace S generated by b, x,y1,...,yn. Let
D be the ideal generated by a in S. Clearly b = a xx € D xS. Proposition 2.6 implies that D x S
contains the ideal generated by b in S. Hence a € D+ S, so D = D % S. On the other hand D is an
ideal of the x-nilpotent brace S so D has a finite series of ideals of S whose factors are x-central in S.
In particular it follows that D # D % S and we obtain a contradiction.

Suppose now that axx = 0 for all elements ¢ € M and z € A. In particular, the socle of A contains
M. In this case ¢ = xxa # 0. Since M is an ideal we have ¢ € M. Since M is a minimal ideal the ideal
generated by ¢ in A coincides with M. In particular the ideal generated by c¢ contains a. It follows
that there are elements y1,...,y, such that a belongs to the ideal generated by ¢ in the subbrace S
generated by ¢,x,y1,...,yn. Let L be the ideal in S generated by a. Then Soc(A) contains L.

However, ¢ = xxa € S L. Proposition 2.6 implies that S L is an ideal of S. Then S x L contains
the ideal generated by c¢ in the subbrace S. It follows that a € S+« L. Then L = S x L. On the other
hand, L is an ideal of the *-nilpotent subbrace S. Hence L has a finite series of ideals whose factors

are all x-central in A. Thus L # S+ L and we obtain a contradiction. The results follow. g

A factor C'/B of a left brace A is A-chief if it contains no nontrivial proper ideals of A/B. We note

the following analogue of a well-known result from group theory.

Theorem 5.5. Let A be a locally *-nilpotent left brace.
(i) If B < C are ideals of A such that the factor C/B is A-chief, then C/B is x-central in A. In

particular C'/B has prime order.
(i1) If L is a mazimal subbrace of A, then L is an ideal of A.

Proof. (i) Clearly C'/B is a minimal ideal of the factor brace A/B. Then Lemma 5.4 implies that C//B
is x-central and has prime order.

(ii) Clearly we may suppose that L is not an ideal of A. Since L is a maximal subbrace of A it
follows that A is generated by L and every element = ¢ L.

Assume now that L is not an ideal of A. Then clearly L does not contain A x A and hence there
exists an element z € Ax A\ L. The fact that L is a maximal subbrace of A implies that A is generated
by L and z. Since x € A x A, there is a finite subset of M such that x € br(M) xbr(M). If y € M,
then as A = br(L U {z}), there is a finitely generated subbrace H, of L such that y € br(H, U {z}).
Let H = br(Hyly € M). Then H is finitely generated and M C B = br(H U {z}). Since B is finitely
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generated it is *-nilpotent. Since H < L we have x ¢ H. Among all the subbraces C' of B containing
H and not x choose a maximal subbrace D. Because B = br(H U {z}) we see that D is a maximal
subbrace of B. Since B is x-nilpotent Lemma 3.4 implies that D is an ideal of B. Clearly, we then
have Bx B < D. On the other hand, the inclusion M C B implies that br(M)xbr(M) < B B. Since
x € br(M) *br(M) we have x € B * B < D, which contradicts the choice of D. This contradiction

proves the result. O
The proof of Theorem 1.3 is now easy to accomplish.

Proof of Theorem 1.3. Assertion (i) follows from Proposition 5.1 and Assertion (ii) follows from

Theorem 5.2. Assertion (iii) follows from Corollary 5.3 and (iv) follows from Theorem 5.5. O
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