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CARTESIAN SYMMETRY CLASSES ASSOCIATED WITH CERTAIN
SUBGROUPS OF S,

SEYYED SADEGH GHOLAMI™ AND YOUSEF ZAMANTI*

ABSTRACT. In this paper, the problem existing O-basis for Cartesian symmetry classes is discussed.
The dimensions of Cartesian symmetry classes associated with a cyclic subgroup of the symmetric
group S, (generated by a product of disjoint cycles) and the product of cyclic subgroups of Sy, are
explicitly expressed in terms of the Ramanajun sum. Additionally, a necessary and sufficient condition
for the existence of an O-basis for Cartesian symmetry classes associated with the irreducible characters

of dihedral group is given. The dimensions of these classes are also computed.

1. Introduction and Preliminaries

The concept of Cartesian symmetry classes was first introduced by Tian-Gang Lei in [5]. In [9],
the authors computed the dimension of Cartesian symmetry class VX(G) in terms of the fixed point
character of S,,. They also obtained a formula for the dimension of VX(G) in terms of the rank of an
idempotent matrix M (x). Furthermore, they concluded some properties of generalized trace functions
of matrices.

In this work, the problem existing O-basis for Cartesian symmetry classes is discussed. The di-
mensions of Cartesian symmetry classes associated with a cyclic subgroup of the symmetric group 5,,
(generated by a product of disjoint cycles) and the product of cyclic subgroups of S, are explicitly
expressed in terms of the Ramanajun sum. Additionally, a necessary and sufficient condition for the
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existence of an O-basis for Cartesian symmetry classes associated with the irreducible characters of
dihedral group is given. The dimensions of these classes are also computed.

We commence with a review of Cartesian symmetry classes. For more details, we refer the reader
to [5, 9].

Let V' be a complex inner product space of dimension n > 2. Consider E = {f1,..., f,} as an
orthonormal basis of V. Let x™V be the Cartesian product of m-copies of V. We have an induced

inner product of X"V, which is defined by
m
< Zx,w>< >= Z < Zj,w; >,
=1

where
2% = (Zla"'azm)v w* = (wlv"'awm)‘

For every 1 <i¢ < n, 1 <j <m, we define

fij = (01 fi, 025 fis -, Omjfi) € xX™V.

Then
EX :{flj ]i:1,2,...,n,j=1,2,---,m}

is an orthonormal basis of x™V .

For each o € S, let
Fiz(o)={i|1<i<m, o(i) =1}
be the set of fixed points of o and I(0) = m — |Fiz(o)| be the length of o. In fact I(0) is the number
of moved point of o.

Let G be a subgroup of the symmetric group S,,. For any 7 € G, we define the Cartesian permu-

tation linear operator
Q1) : x™V — x"V
by
Q(T)(u1, - um) = (Ur—1(1), -+ -5 Ur—1())-

It is easy to see that @ : 7 — Q(7) defines a faithful unitary representation of G over x™V.

Let A be a complex irreducible character of G. Define the Cartesian symmetrizer C'y as follows:

_ A
=T > Q).

T€G

Cy

Clearly C§ = C,. As the symmetry classes of tensors [6, page 154], by using the orthogonality relations

of characters, it can be easily verified that for any two irreducible characters A and p of GG, we have

CrCpy = 63 uCh.
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Moreover,

Z C\ = Ixmy,

Aelrr(G)
the identity operator on Cartesian space x™V.

The range of the linear operator C' is called the Cartesian symmetry class associated with G and
A, denoted by V*(G). Then

L
Z VA(G) (orthogonal direct sum).
Aelrr(Q)

The elements
U)\ = O)\(ub s 7um)
of VA(G) are called \-symmetrized vectors. Note that VA(G) is spanned by the standard \-symmetrized

vectors
S=Cxfy) (i=1,2,...,n,j=1,2,...,m).

Theorem 1.1. Let G be a subgroup of the symmetric group Sy, and N € Irr(G). Then for each
1 <4, r<n,1 <4, <m, we have

% Zaecj MoT) ifi=r and s =71(j) for someT € G '

<fzy?f s> =
0 otherwise
In particular
AN 1g)]
(1.1) I 75 1°= =7t
J [G . Gj]
where Gj is the stabilizer of j in G and | , | the inner product of characters.

Proof. Since C), is an orthogonal projection on Cartesian space x™V, so we have

<f2]7f>\s> C)\(frs)>
frs)

£,
£,

= A fzgafrs)
o 2

- Q N 5o

- o |G| Z

If i # r or if j and s are not in the same orbit, then f”, fA) = 0. Suppose i = r and s = 7(j) for

some 7 € G. Then §,(;) , = 1 if and only if 7710 € G;. This implies that

<fzgvfrs - |G| Z )‘

ocGj
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and the assertion holds. O

Let © be a set of representatives of orbits of the action of G on the set I, = {1,2,...,m} and
O={j|1<j<m, [\1lg]#0}. Weput © =D NO. It is easy to see that the set

{f} | 1<i<n,jeD}

is an orthogonal set of non-zero vectors in V*(G). Notice that the above set may not be a basis for
VAG).
For any 1 <4 <n and j € ©, define the cyclic subspace

Vii = fisg) | 0 € G).

Clearly
1
(1.2) Ve = Y V)
1<i<n, j€d
the orthogonal direct sum of the cyclic subspaces sz‘ (1<i<mn, je€D). If \is a linear character of
G and j € D, then it is easy to see that fi)(;(j) =Ao™h) i’}, so dim VZ? =1 and the set
{fAl1<i<n,jeD}
is an orthogonal basis of V*(G). Therefore, we have dim VA(G) = (dim V)|®D|. For example we have

dimV ifm =2
dim V1(S,,) = dimV, dimVe(S,,) = :
0 if m >3

where 1 and € are the principal and the alternating character of .S,,, respectively.
Suppose A is a non-linear irreducible character of G. We will now proceed to construct a basis for

VA(@). For each j € ©, we choose the set {ji,... ,Js;} from the orbit of j such that {2 ...,fi’}s_}
J

117
forms a basis for the cyclic subspace sz‘ This procedure is executed for each k € ©. If © = {j,k,1,...}
with j < k <l < ---, then we define

D = {ts o dsyika, oo ksys o}
with an indicated order. Consequently,
A _ A . . 2
E*={f;l11<i<n, jeD}
forms a basis for V*(G). Note that this basis may not be orthogonal. Therefore,
dim VMNG) = (dim V)|D].

If the subspace W of V*(G) possesses a basis consisting of orthogonal standard A-symmetrized vectors,

we will refer to W as having an O-basis.

http://dx.doi.org/10.22108/1ijgt .2024.139990. 1882
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In section 2 we give a formula for the dimension of the cyclic subspace Vl? Then we discuss the
problem existing O-basis for VA(G). In section 3, we determine the dimensions of Cartesian symmetry
classes associated with a cyclic subgroup of the symmetric group Sy, (generated by a product of disjoint
cycles) and the product of cyclic subgroups of S,,. These dimensions are expressed in terms of the
Ramanujan sum. In Section 4, we establish a necessary and sufficient condition for the existence of
an O-basis for Cartesian symmetry classes associated with the irreducible characters of the dihedral

group. Additionally, we compute the dimensions of these classes.

2. Orthogonal bases of Cartesian symmetry classes

In this section we discuss the problem existing O-basis for VA(G) consisting of standard A-symmetrized

vectors. We first prove the following theorem.
Theorem 2.1. For every 1 <i<n and j €D, we have
dim V;} = A(1)[A, 1g -
Proof. Let [G:Gjl=Fk,G = Ule 7;G; be the left coset decomposition of G; in G. Hence
Orb (3) ={n (), m()}-
We put
Vij = (fic(j) | 0 € G).
Then
Eij ={fin@) - fimi)}
is a basis for V;; but the set
gy Tt
may not be a basis for sz‘ Notice that VZ;‘ = C)(Vij). Since Vj; is invariant under C}, so we put
Cij(G,\) = Cx lv;; -

This restriction is a linear operator on Vj;. Since C} is an orthogonal projection on x™V, so Cj;(G, A)
is also an orthogonal projection on V;;.
Let M = (mj;) = [Cij(G, N)]g,;- Then

dim V;} = rank Ci;(G,\) = tr Ci;(G,\) = tr M.

http://dx.doi.org/10.22108/1ijgt .2024.139990.1882
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Now we compute the entries of the matrix M. We have
Cij(G7 )\)f’iTq( j :C)\(fiTq ]))

,G| LS M@ furr)

ceG
Z )‘ fqu(j)
ceG
( Z A 777_1 ) fir(3) (o1 =)
|G TeG
’é Z Z Ampry f”pﬂ(J
p=171eqG;
A1) ©
:ﬁz Z (TPT‘-T )fm‘p
p=1 TI'EGj
k
A1)
:Z ( G| M7y ) | firy(i)
p=1 WEGJ'
Thus
A1) -
Mpq ﬁ )\(TprrTq )
TI'EGj
Hence
(1)
dim VA =trM = Z Z Z A Tpﬂ'T_l = Z e Z A(m)
el p=1 | | melGj
(1) ) A > Ar )N e ],
\G! <, \G \WeG ’
so the result follows. O

By using Theorem 2.1 and Equation (1.2), we have the following corollary.

Corollary 2.2. Let G be a subgroup of Sp,. Then for any X € Irr(G), we have
dim VA(G) = (dim V)A(1) Y [\, 1g,)-
jed
Similar to the proof of Theorem 1 in [8], we can prove the following important theorem.

Theorem 2.3. Let A be a non-linear irreducible character of G and suppose there exist 1 < i <n and
j €D such that

V2
- <l < 1.
Then VAG) has no O-basis.

http://dx.doi.org/10.22108/1ijgt .2024.139990. 1882
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We will show that ‘2[ is the best lower bound for | f, H in Theorem 2.3. Also, we will give a
counterexample that the converse of this theorem is not true.

Recall that G is 2-transitive if m > 2 and G; is transitive on I,,, \ {i} for all 1 < i < m. By [3,
Corollary 5.17], G is 2-transitive if and only if A = Fiz — 1 € Irr(G). Now we have the following

corollary.

Corollary 2.4. Let G < Sy, (m > 3) be 2-transitive and X\ = Fiz — 1. Then VA(G) has no O-basis.
In particular, if G = Spm (m > 3) or G = Ay, (m > 4), then VNG) does not have an O-basis.

Proof. Clearly Gy, = G N Sp—1, so [\, 1g,,] = 1 by Burnside’s counting theorem (see [4, Proposition
29.4]). Also [G : Gp] = [Sm : Sm—1] = m . By Equation (1.1), for all 1 < i < n we have

m—1

A2
I £ 2= ",
so the result holds by the previous theorem. (|

We will say that x™V has O-basis if for each irreducible character A of G, the Cartesian symmetry
class VA(G) has an O-basis. We know that x™V = S5 Nl (G V)‘(G) (orthogonal direct sum), so the

following result follows immediately from the above corollary.
Corollary 2.5. Assume m > 3. If G < S, is 2-transitive, then X™V does not have an O-basis.

3. Cyclic Cartesian symmetry classes

The well-known Ramanujan sum is given by

m—1

27rzq3
Dk
S:

1

where m is a positive integer, and ¢ is a non-negative integer (see [1]).

Theorem 3.1. Let G be the cyclic subgroup of Sy, generated by the m-cycle 0 = (1 2 --- m). Then
for any A € Irr(G), we have
dim VMG) = dim V.

Proof. By [3, Corollary 2.6], a finite group G is abelian if and only if every irreducible character of it
is linear. Let A € Irr(G). Then A(1) = 1. It is easy to see that the action of G on I,, is transitive, so
|D| = 1. Assume that ® = {1}. Clearly G; = {1} and [\, 1¢,] = 1. Therefore dim V}(G) = dim V/,
by Corollary 2.2. O

Now, let’s consider the cyclic group G = (0102 - - 0p), where g; (1 < i < p) are disjoint cycles in
Spm. Assume that the order of o; (1 < i < p) is m;. The irreducible characters of G are given by

Ay (01 0)7) = exp (

2miqs

S —0,... my) — 1,
[ml’”.’mp]>7 S ) 7[m17 mp]

http://dx.doi.org/10.22108/1ijgt .2024.139990. 1882
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where [myq,...,mp] denotes the least common multiple of the integers mq, ..., m,.
In the following theorem we obtain dim V*¢(G) in terms of Ramanujan sum.
Theorem 3.2. Let G = (o) be a finite cyclic group, where o € Sy, and o = o1 --- 0 is the decompo-

sition of o into disjoint cycles. If l(o) =m, l(o;) =m;, 1 <i<p, and Ny, 0 < q < [mq,...,my, be
the irreducible character of G. Then

p

aim V(@) = ([@m V)Y L 3 e, (a),

7

i=1 "t dm; 1

where m} = [my,...,mp]/m;. In particular, if G is generated by an m-cycle in Sy,, then diim V>*¢(G) =
dim V.

Proof. To compute the dimension of V*¢(G) we use Corollary 2.2. For every 1 < i < p, suppose
Oi={1<j<mloi(j) #j}
be the set of moved points of ¢;. Then Oy, ..., O, are distinct orbits of G. If j € O; then

Gj={(o1---0p)° |0 < s < [ma,...,mp] — 1,07(j) = j}

={o]-0,|0<s< [mi,...,mp| — 1,07 € (0;); =1}
:{U‘f~-afflaf+1~-ag |0 <s < [ma,...,mp| —1,my|s}.
In this case, it is easy to see that |G| = [mq,...,my]/m;. Now for j € O; we have

1
[Ags lGj] :@ Z Aq(9)

g€G;
1 [m1,....mp]—1
1G] Yo Nllor-0p))
s=0,
mg|s

m;l|s

http://dx.doi.org/10.22108/1ijgt .2024.139990.1882
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For any 1 <14 < p we choose j; € O;. Then ® = {j1,...,jp}. Therefore

dim V(@) = (dimV)Ag(1) > [Ag, 1g)]

j€D
= (dmV)> [Ag 1]
JED
p
= @mV)> [\ 1a,]
i=1
P m; fma ol =1 2miqs
TS DL exp <> |
;[ml,...,mp} 8237 [ma,...,my)
m;|s
Now letting s, = s/m; and m} = [my,...,my|/m;, we obtain

dimV*(GQ) = (dimV)Zp:i

P ! origs!
Tigs,
= (dimV) g — E Xp< ; Z>
=1 g d|m/, g

O
Our the other goal is to obtain the dimension of V*(G), when G < S,,, has the structure
G=<o01> - <op>,
with o; (1 < [ < k) representing disjoint cycles in S, of specific orders, denoted as mi,...,mg,

respectively. The irreducible characters of G are all linear and can be expressed as products of the

irreducible characters of the cyclic groups (o7), where [ = 1,... k:

>‘(q1,.“,qk) = )‘Q1 "')‘qu 0<g¢g<m;—1,1<:< k

, orian i
and the character \q, is defined as g, (07") = exp (mqm)
my

Theorem 3.3. Suppose G =< o1 > -+ < g >, where 0 = 01 -0} is the decomposition of o € S,
into disjoint cycles with 2 < k. Ifl(oy) =my, 1 <1<k, and A\ = Aat,..
1<1<k. Then

) where 0 < g <my — 1,

k
dim VX(G) = (dim V) | 1o)X 16] + > [ Wlll > em (1)

=LA dmy
In the case k =1, dim VNG) = (dim V) (I(o)[\, 1¢] + 1).

http://dx.doi.org/10.22108/1ijgt .2024.139990.1882
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Proof. Let j € . If 0y(j) = j for all 1 <4 <k, then G; = G and so [\, 1g,] = [\, 1g). Otherwise
there exists 1 <4 < k, such that 0;(j) # j. Then G; =[], ,; < 0; >. Thus we have

I\ 1g,] |G’Z)\

9€G;

mi1—1 mp—1

1
:ml. , . Z Z)\‘h ‘71 e qk(%)

G J1=0 Jk=0
m;—1
=11 Z Aar(o
I#j J1=0
10 7%_: 2mqm
£\ =0
SR IRE
I#j d|mz J1=0,
(4;,mp)=d
Si1{E e
l#7 ¢ dlmy

Therefore
dimVNG) = (dimV)(A(1) > [A1g,)
JjED
k
= @mV)| > Mg+ Mg
jeFix(o) j=1
= (dimV) | (m )\, 1] +ZH Zcmz )
J=11#j dlmz
so the result holds. O

4. Cartesian symmetry classes associated with dihedral group

In this section, we first obtain the dimensions of Cartesian symmetry classes associated with the

irreducible characters of the dihedral group Do,,.

http://dx.doi.org/10.22108/1ijgt .2024.139990.1882
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The subgroup Day, of Sy, (m > 3) generated by the elements r= (12 --- m) and

1 2 3 4 7 - m—-—1 m
S =
1 m m-1 m—2 -~ m+2—1¢ --- 3 2
= [T Gm+2-9)
2<i<m—+42—1

is the dihedral group of degree m (see [2, page 50]). The generators r and s satisfy r™ = s? = (1); if
0<k<m,r*+# (1) and s~ 'rs = r—!. In particular,

Doy, = {r¥, sr*| 0 <k < m}.

If m is even, ie., m = 2k (k > 2), then Ds,, has k + 3 conjugacy classes. If m is odd, i.e.,
m =2k +1 (k> 1), then Dy, has k + 2 conjugacy classes.

For each integer h with 0 < h < m/2, Dy, has an irreducible character 1, of degree 2 given by

2khm

Up(rF) = 2cos , Up(sr?) =0, 0<k<m.

The other characters of Dy, are of degree 1, namely A;. The character table of Ds,, is shown in Table
1 (see [4, page 182]).

TABLE 1. Character table of Dy,

m is odd rk sr® | m is even ¥ sr¥
A1 1 1 A1 1 1
Ag 1 -1 A2 1 -1
(s 2 cos 2]::}1 0 A3 (—1)F (—1)F
: S I VI B G T
- - - P, 2 cos 2kh 0

Clearly, the action of G = Da,, on L,, = {1,2,...,m} is transitive, so ® = {1}. On the other hand,
G1 ={1,s}. Thus for any A € Irr(G), we have
A1)

2
Now, by using Table 1 and Equation (4.1), we have the following result.

(4.1) dim VM(G) = (dim V) A1) [\, 1g,] = (dim V) A1) + A(s)).

Theorem 4.1. Let G = Doy,,m > 3, andn=dimV > 2. Then
Case (i) If m is even, then
(a) dim V2 (G) = dim V3(G) = n,

(b) dim V*2(G@) = dim VM(G) = 0,

http://dx.doi.org/10.22108/1ijgt .2024.139990.1882
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(c) dim V¥ (G) =2n (0 <h < Z).
Case (ii) If m is odd, then
(a) dim VM (G) = n,

(b) dim V*2(G) = 0,

(c) dim V¥ (G) =2n (0 < h < 2).

In the following theorem we give a necessary and sufficient condition for the existence of an O -basis

for Cartesian symmetry classes VY% (G) (0 < h < 2).

Theorem 4.2. Let G = Doy, (m > 3) and ¢ = ¢, (0 < h < B). Then V¥(G) has O-basis if and
only if m =0 (mod 4hsy), where h = hahg with hy a power of 2 and hy odd.

Proof. Since G acts on I,, transitively, ® = {1}. Clearly, G1 = {1,s}. So [, 1¢,] = 2[1)(1) + ¢¥(s)] =
1 # 0. This implies that 1 € ® and so V¥(G) = legign fo Notice that dim V;’lz’ =YY, 1g,] =2

and the set {f;ﬁ(l), ;ﬁ(l)} is a basis for it. By using Theorem 1.1, we have

mh
(i Faw) = ngl) > Wlgsr™h) = %[1/1(37“71) +(rh)] = %COS 2l

m
geG1

It is observed that <f.¢(1),f;£(1)> = 0 if and only if cos % = 0, or equivalently m = 0 (mod 4hs).

r

This completes the proof. O

In the following, for every positive integer h, we will refer to ho as the 2-part of h.

Corollary 4.3. Let G = Dy, m > 3, and dimV > 2. Then xX™V has an O-basis if and only if m is

a power of 2.

Proof. Suppose my is the 2-part of m. Assume that ma < m. Then 0 < mz < %3 and m # 0 (mod 4my).
Hence, if 1) = ty,,,, then Theorem 4.2 implies that V¥(G) has no O-basis, and so x™V.

Conversely, assume m is a power of 2. If 0 < h < %, then hy < and m = 0 (mod 4h3), where hs is
the 2-part of h. Now Theorem 4.2 implies that V¥»(G) has an O-basis, and so x™V. (|

Remark 4.4. Let G = Dg < Sy . Then G has only one non-linear irreducible character (r*) =
2 cos %”, (sr*) =0, 0 < k < 4. By Theorem 4.2, V¥(G) has an O-basis. Again, by the proof of
Theorem 4.2, ® =D = {1} and G1 = {1,s}. So

¥(1)

Y2

¥ 1a] = T + () = 3.

Therefore || f;zl’ II= @ This example shows that g is the best lower bound for || fé‘- | in Theorem
2.3.
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Now we give a counterexample that the converse of Theorem 2.3 is not true.

Example 4.5. Let ¢ > 3 be a prime and

-1

G=Dyy=<rs|ri=1=sands 'rs=r"1>

be the subgroup of Sy. Then the non-linear irreducible characters of Doy are 1y, where 0 < h < q/2
and ¥y (r*) = 2 cos @, Yp(srF) =0, 0< k <q. Let ¢ =y, 0 <h < 1. By Theorem /.2, V¥(G)
has no O-basis. Again, by the proof of Theorem 4.2, ® = ® = {1} and G1 = {1,s}. Therefore

_y(@) 1 2 1
”fﬁfHz—‘ﬁjjsz{¢HlGl]—-&{ﬂ(l)%—ddsﬂ = <3

Remark 4.6. Let H be a subgroup of S generated by the elements a = (1 2 3)(4 5) and b= (1 2).
The generators a and b satisfy a® = b> = (1); if 0 < k < 6, a* # (1) and b~'ab = a~'. Hence,
H = Dis. It is evident that ® = {1,4,6}. Consider the principal character \; of H. Then ® = ®
and
dim VM(H) = (dim V)|D| = 3 (dim V).

By Theorem 4.1, dim VM (Dyy) = dim V. This exzample shows that the dimension of Cartesian sym-
metry class associated with a group G depends on the permutation structure of the group.

As the symmetry classes of tensors [7, Section 2], one may find that the proof of Theorem 4.2 is

independent of a certain permutation structure of Doy,.

Acknowledgments

The authors would like to thank the referees for their comprehensive and useful comments which

helped the improvement of this work to the present form.

REFERENCES

[1] T. M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York, 1976.

[2] T. W. Hungerford, Algebra, New York: Holt, Rinehart and Wilson, 1974.

[3] M. Isaacs, Character Theory of Finite Groups, Academic Press, 1976.

[4] G. James and M. Liebeck, Representations and Characters of Groups, Cambridge University press, 2001.

[5] T. G. Lei, Notes on Cartesian symmetry classes and generalized trace functions, Linear Algebra Appl., 292
(1999) 281-288.

[6] R. Merris, Multilinear Algebra, Gordon and Breach Science Publishers, 1997.

[7] G. Rafatneshan and Y. Zamani, Orthogonal bases in specific generalized symmetry classes of tensors, J.
Mahani Math. Res., 13 no. 2 (2024) 209-223.

[8] M. Shahryari, On the orthogonal bases of symmetry classes, J. Algebra, 220 (1999) 327-332.

[9] Y. Zamani and M. Shahryari, On the dimensions of Cartesian symmetry classes, Asian-Eur. J. Math., 5
no. 3 (2012) 7 pp.

http://dx.doi.org/10.22108/ijgt .2024.139990.1882


http://dx.doi.org/10.22108/ijgt.2024.139990.1882

138 Int. J. Group Theory, 14 no. 3 (2025) 125-138 S. S. Gholami and Y. Zamani

Seyyed Sadegh Gholami
Department of Mathematics, Sahand University of Technology, P.O.Box 51335/1996, Tabriz, Iran

Email: s_gholami98@sut.ac.ir
Yousef Zamani

Department of Mathematics, Sahand University of Technology, P.O.Box 51335/1996, Tabriz, Iran

Email: =zamani@sut.ac.ir

http://dx.doi.org/10.22108/ijgt.2024.139990.1882


http://dx.doi.org/10.22108/ijgt.2024.139990.1882

	1. Introduction and Preliminaries
	2. Orthogonal bases of Cartesian symmetry classes
	3. Cyclic Cartesian symmetry classes
	4. Cartesian symmetry classes associated with dihedral group
	References

