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THE n-ARY ADDING MACHINE AND SOLVABLE GROUPS
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ABSTRACT. We describe under various conditions abelian subgroups of the automorphism group Aut(75,)
of the regular n-ary tree T}, which are normalized by the n-ary adding machine 7 = (e,...,e, 7)o,
where o is the n-cycle (0,1,...,n — 1). As an application, for n = p a prime number, and for n = 4, we
prove that every soluble subgroup of Aut(T,,), containing 7 is an extension of a torsion-free metabelian

group by a finite group.

1. Introduction

Adding machines have played an important role in dynamical systems, and in the theory of groups
acting on trees : see [I} [6, [7) 3, 5].

An element « in the automorphism group A, = Aut(7},) of the n-ary tree T, is represented as
a = aly = (alo,...,a|n—1) 0o Where ¢ is the empty sequence from the free monoid M generated by
Y ={0,1,...,n — 1}, where «a|; € A, for i € Y, are called 1st level states of a and where o, (the
activity of «v) is a permutation in the symmetric group ¥,, on Y extended ‘rigidly’ to act on the tree;
if 04 = e, we say that « is inactive.

In applying the same representation to a|p we produce «lg; for all ¢ € Y and we produce in
general {al, | u € M } the set of states of a. Following this notation, the n-ary adding machine
is represented as 7 = (e,...,e, 7)o, where e is the identity automorphism and o, is the regular
permutation ¢ = (0,1,...,n —1). In this sense, the adding machine is an infinite variant of the

regular permutation which appears often in geometric and combinatorial contexts.
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A characteristic feature of 7 is that its n-th power 7" is the diagonal automorphism of the tree
(1,...,7). This fact implies that the centralizer of the cyclic group (7) in 4, is equal to its topological

closure (1) in the group A, when considered as a topological group with respect to the the natural
topology induced by the tree. The pro-cyclic group H is isomorphic to Z,, the ring of n-adic integers
E=Ysoan' (0<a; <n—1forall ).

A lar_ge variety of subgroups of 4,, which contain 7 have been constructed, including groups which
are torsion-free and just non-solvable without free subgroups of rank 2 (see, [2, 8] and generalizations
thereof [10]). Furthermore, the free group of rank 2 has been represented on the binary tree as a group
generated by two conjugates of the adding machine 7 each having a finite number of states [11]. On
the other hand, the restricted structure of its centralizer indicate that solvable groups which contain
7 have restricted structure. For nilpotent groups we show

Proposition. Let G be a nilpotent subgroup of A, which contains the n-adic adding machine 7.
Then G is a subgroup of <1 > .

The most visible examples of solvable groups containing 7 are conjugate to subgroups of those

belonging to the infinite sequence of groups

Lo = Na,(7)),
Fi+1 = (anz) X Gi+1 (’L > 0)

where x,I'; is a direct product of n copies of I'; (seen as a subgroup of the 1st level stabilizer of the
tree) and where G; is a solvable subgroup of the symmetric group ¥, in its canonical action on the
tree and containing the cycle o,. We observe that for all 7, the groups I'; are metabelian by ’finite
solvable subgroups of ¥,,’. It was shown by the second author that for n = 2, solvable groups which
contain the binary adding machine are conjugate to some subgroups of I'; acting on the binary tree
[9]. This appears to be the general pattern. However, the description for degrees n > 2 requires a
classification of solvable subgroups of ¥,, which contain the cycle o = (0, 1,...,n — 1)[4]. This in itself
is an open problem, even for metabelian groups. On the other hand, the answer for primitive solvable
subgroups of ¥, is simple and classical. For then, n is a prime number p or n = 4. In case n = p, the
solvable subgroups G; can all be taken to be the normalizer F' = Ny, ((0)) of order p(p — 1) and in
case n = 4, the G;’s can all be taken to be the symmetric group 4.

Given this background, the main theorem of this paper is

Theorem A. Let n = p, a prime number, or n = 4. Then any solvable subgroup of A,which
contains the n-ary machine T is conjugate to a subgroup of I'; for some i.

The result follows first from general analysis of the conditions [3, 37 ] = e (for some 3 € A, and
all x € Z), then their impact on the 1st level states of the subgroup (5, 7) and on how these in turn
translate successively to conditions on states at lower levels. It is somewhat surprising that the process
converges to a clear global description for trees of degrees p and 4.

The first step of this analysis leads to the following description of the normal closure of (/) under

the action of 7.
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Theorem B. Let B be an abelian subgroup of A, normalized by 7, let = (8o, B|1,-- -, Bln-1)0s €
Band define the subgroup H = (B|; (i € Y),T) generated by the first level states of § and T.
(I) Suppose o3 = (0,)° for some integer s. Then H is metabelian-by-finite. More precisely, let m =

_n
ged(ns)

representative of j in' Y modulo n) and define the subgroup

define the product m; = BiBli+sBlivas - - Blit-(m—1)s (the notation B|; means ﬁ\j, where j is the

K:< [Bli, ™), mi |k €Z, i€y >
Then K is an abelian group and H affords the normal series
H> K(r)(=0)> K

where the quotient group % is a homomorphic image of a subgroup of the wreath product Cp, 1 Cy of
the cyclic groups Cp,, Cy,.
(II) Let n be an even number. Then H is a metabelian group if s = 5 or if og is a transposition.

Part (I) of Theorem B will be proven in Sections 4 and 5 and part (II) in Section 7.

Let P be a subgroup of ¥,,. The layer closure of P in A, is the group L (P) formed by elements
of A,, whose states have activities in P. The following result is yet another characterization of the
adding machine.

Theorem C. Let n be an odd number and let L = L ({o)), the layer closure of (o) in A,. Let
s be an integer which is relatively prime to n and let B = (Blo,Bl1,---,B|n-1)0° € L be such that

[3,87"] = e for all x € Z. Then B is a conjugate of T in L.

2. Preliminaries

We start by introducing definitions and notation. The n-ary tree T}, can be identified with the free
monoid M =< 0,1,...,n — 1 >* of finite sequences from Y = {0,1,...,n — 1}, ordered by v < u
provided u is an initial subword of v.

The identity element of M is the empty sequence ¢. The level function for T,,, denoted by |m| is
the length of m € M; the root vertex ¢ has level 0.

%]
0/ \1
7N 7N
00 01 10 11

FI1GURE 1. The Binary Tree

The action p : i — j of a permutation p € %, will be from the right and written as (i) p = j

or as i = j. If i,j are integers then the action of p on ¢ is to be identified with its action on its
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representatives ¢ in Y, modulo n . Permutations ¢ in ¥,, are extended ‘rigidly’ to automorphisms of
A, by
(yu)p = (y)ou, VyeY, Vue M.

An automorphism « € A, induces a permutation o, on the set Y. Consequently, « affords the
representation o« = /o, where o fixes Y point-wise and for each i € Y, o’ induces «|; on the subtree
whose vertices form the set i - M. If j is an integer the a|; will be understood as a|3 where j is the
representative of j in Y modulo n.

Given 7 in Y, we use the canonical isomorphism 7 - u + u between ¢ - M and the tree T}, and
thus identify «|; with an automorphism of T,,; therefore, o/ € F(Y, A,), the set of functions from Y
into A, or what is the same, the 1st level stabilizer Stab(1) of the tree. This provides us with the
factorization A, = F(Y, A,) - X.

Let a, 8,y € A,,. Then the following formulas hold

(2:3) (@B)lu = (afu) (7]u) where y]y = 5]«

(2.4) y=a"lfa ((f7 = 0,030, and YNyoo = a\i_15|ia|(i)gﬂ,w € Y) :

09 = [Uﬁa Ua],

2.5 0=[8,a] =B L) -
(2.5) [B,a] =875 & lions = (Blron) Lol (1) (a\(i)a,;> NieY.

(2.6) (@™)]i = (ali) (@l@)on) (al@yoz) - (a‘(i)o;”*1>

(2.7) (B%) lu = (Bl(uya—1) """, where 8 € Stab(k) and |u| < k.

An automorphism « € A,, corresponds to an input-output automaton with alphabet Y and with set
of states Q(a) = {al, | v € M}. The automaton « transforms the letters as follows: if the automaton
is in state al, and reads a letter ¢ € Y then it outputs the letter j = (i) o, and its state changes to
ay;; these operations can be best described by the labeled edge «f, Z—U> ayi. Following terminology
of automata theory, every automorphism «f, is called the state of a at u.

The tree T}, is a topological space which is the direct limit of its truncations at the n-th levels. Thus
the group A, is the inverse limit of the permutation groups it induces on the n-th level vertices. This
transforms A,, into a topological group. An infinite product of elements A,, is a well-defined element of

A, provided that for any given level [, only finitely many of the elements in the product have non-trivial
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action on vertices at level I. Thus, if & € A, and £ = 3,5 a;n’ € Z,, then af = q%.q"% ... am'ai ..

is a well defined element of A,,. The notation a/¢ is to be understood as «; where i = ay.
The topological closure of a subgroup H in A, will be indicated by H. We note that if H is abelian
then

H={h*|hecH¢ cZ,}.
One of the characterizing aspects of the n-ary adding machine is that the centralizer of 7 is a pro-cyclic

group; namely,
Cq, (1) = (1) ={r% | £ € Zy,}.

Let v = yu where y € Y, u € M. The image of v under the action of « is

(v)a = (yu)a = (y) oa.(u)aly.

The action extends to infinite sequences (or boundary points of the tree) in the same manner. A
boundary point of the tree ¢ = cgcice ... ,where ¢; € Y for all ¢, corresponds also to the n-adic integer
¢ =Y {emnili > 0} € Z,. Thus the action of the tree automorphism « can thus be translated to an
action on the ring of n-adic integers. We will indicate cg by & which is € modulo n. In the case of the

automorphism 7 = (e,e,...,e, 7)o, the action of 7 on ¢ is
(co+1)ciea... if0<cy<n-—2,
()7 = .
0(creg.. )T, ifcog=n—1,
which translates to the n-ary addition

F=¢+1.

0/0,1/1

1/0

FiGURrE 2. The binary adding machine

3. Normalizer of the topological closure (7)

An element § =) a;n® € Zy is a unit in Z, if and only if £ (= ag) is a unit in Z modulo n. The
group of automorphisms of Z,, is isomorphic to the multiplicative group of units U(Z,). The subgroup
of U(Zy) consisting of elements & with € = 1 is denoted by by Z.. This subgroup has the transversal
{j|1<j<n-1,ged(j,n) =1} in U(Zy) and therefore has index [U(Zy) : Z}] = ¢ (n) where ¢ is
the Euler function.

Given o € A, we denote the diagonal automorphism (a,...,a) by o)) and define inductively
alitl) = (a(i))(l) for all 7+ > 1.
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3.1. Powers of 7. Let £ = Zizo a;n' € Z,,. Then 2121 a;nt~1 = &€

Lemma 3.1. Let £ € Z,,. Then

§—ag §—ag £—ag £—ag
= .., T, T T e T
ag terms

Proof. For j an integer with 1 < j <n — 1, we have

= e...,e,7,...,T | oL

J terms
and 7" = (7,...,7) =11,
Given £ =} ;5 a;n’, then
a . a
(3.1) T = (e,...,e,T,...,T)o20,
——
ap terms
A a N (D)

(3.2) 7 =l TN - (Tajnj 1) ;

§—ag §—ag €—aq €—aq
(3.3) ™ = (rn,..., T, T T Th)gh

ag terms

£-¢ £ £=¢ £-¢ z

(3.4) = (’Tn,...,7‘”,Tn+1,...,7’n+1)0'§_.
gterms
Il
As we have seen, the description of 7¢ involves the partition of the interval [0,...,n — 1] into two

subintervals. It is convenient to use here the carry 2-cocycle

0 Zyn X Ln — {0,1} defined by

T+RE—n+r 0, iff+r<n
5(77,&):7777:{

1, otherwise

We call this 2-valued function by Delta-2 ( later on we will introduce a 3-valued function Delta-3).

Using Delta-2, the notation for the power of 7 becomes

(3.5) ¢ = <7’5;€+5(i’§)) o
0<i<n-—1
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FIGURE 3. Delta 2 function for n = 4.

3.2. Centralizer of T.
Lemma 3.2. Cy, (1) = (7).

Proof. Let a € A, commute with 7. Then, [04,0,] = e and therefore o, = (0,)* for some integer

0 < sp <n — 1. Therefore, § = ar™* = (B|o, ..., f|n—1) commutes with 7 and og = e. Now,

B" = ((Bln-1)",Blos---+Bln-2) =B

implies f|; = Blo for all 0 < i < n — 1 and B|p commutes with 7. Therefore § = (ﬂ\o)(l) and Blo
replaces « in the previous argument. Hence, there exists an integer s; such that 0 < s; <n —1 and

v = Blom** = (v]0)!). From this we conclude
a = prv= (ﬁ|0)(1) 50
= (Gl () 7o) 7
= (7]0)® 751750 = (4]g) ) 1 +s0,
We obtain the desired form inductively, o = 7€ where
£=s0+sin+sm’ +...

O

The characterization of nilpotent groups which contain 7, announced in the introduction, follows.

Proposition 3.3. Let G be a nilpotent subgroup of A, which contains the n-adic adding machine 7.

Then G s a subgroup of <1 > .

Proof. Suppose G is a nilpotent group of class & > 1 which contains 7. Then, the center Z (G) is

contained in (7). Let j be the maximum index such that Z; (G) < (r) and let o € Zj11 (G) \(7).
Then [r,a] € Z; (G) and therefore [r,a] = 7¢ for some ¢ € Z,\ {0}. Therefore

m2a = [raal =[]
= [, OAF = e Zj-1(G)

and more generally, for [ > 1, we have [r,la] = € e Zj—141 (G). It follows that 7 € Zy (G) = {e}.
Thus, &~1 = 0 and ¢ = 0; a contradiction. O
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3.3. Normalizer of (7).

Lemma 3.4. The group I'o = N4, (H) is metabelian. Indeed, the derived subgroup T is contained

m W

Proof. Let o, B € T, then 7@ = 7€ and 7% = 77 for some 7, ¢ € U(Z,,). Therefore,

Likewise, 70 =77 '. Thus, 71 = 7 and T) < Ca, (1) = () follows. O
We present properties of the Delta-2 function which we will use in the sequel.

Lemma 3.5. For all 0 <14,5 <n and & € Z,, we have

n—1
=0
=z = gl
) = i (525) - stk
k=0

Proof. The first assertion is easy to verify.

The second is obtained from

() ]i = ) ive -+ (T -ne>

by substituting

(T£)|i — T%Jré(i,&)
in its right hand side and

. j&—j€ ¥
ng\izr B +0(i,5€)

in its left. O

Proposition 3.6. Given o € A, and ¢ € U(Z,). Then the condition 7% = 75 is equivalent to
conditions (i), (ii) and (iii) below.
(1)

ali=(ajg)™ (1<i<n-1)

where |
=D S o) + e,
and where v(a) is defined by -
0 < vla)<n-—1,
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(ii) (recursion)
rolo = €.
(iii)
(oo = (v(e) +)§ (0<j<n-1).
Furthermore, if £ € Z1, then v(a) =0, (j)oo = j€ =j and p; = 15%1

Proof. Since g%¢ = aﬁ, we have an equality between the permutations

((0) 0y (1) gy - -, (n— 1)ag) = (0,&,2€, ..., (n —1)E).

Therefore, there exists v(a) € Y such that (0) o, = v(a)€ and so,
(1)oa = (v(@) +7)¢, Vie€Y.
Now, 7 = 7¢ is equivalent to a = 7~ a7 for every s € Z, which in turn is equivalent to
al(yos = (T)]) 7" (ali) (%) ()0, Vi € Y, Vs € Z.
The latter conditions are equivalent to
ao = aler = (M)~ (@lo) (7*") (o)
. _1 . .
ali = alger = ((T9)]o) o) () Vi € Y\{0}
and these in turn are equivalent to

ali = alor R HOC@EE) _ |

= i—1
po= i <H) + 37 6((0(a) + R, €) Vi € Y\{0}.

n
k=0

If £ € ZL, then 22;10 5(kE,€) = 31— 6(k, 1) = 0. The rest of the assertion follows directly.

51

O

Corollary 3.7. Let £ € U (Zy),04 and u; be as above. Then o = (oz)(l) (e,7H, ..., TH"=1) g, conju-

§-1  o&-1

gates T to 5. In particular, if € € Z., then o = (a)(l) (e,7n ,7°7 ,...,T(”_l)é%) (denoted by A¢)

conjugates T to T¢.

Although we have computed above an automorphism which inverts 7, we give another with a simpler

description. Define the permutation

N (= )]

Then ¢ inverts o, = (0,1,...,n— 1) and

v =1We

inverts 7.

Define
A = {X|€ez)},
= {\T'|E€Z), t €Ty}
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and call ¥ the monic normalizer of (7).

Proposition 3.8. (i) A is an abelian group isomorphic to Z1;

(i1)) U = A x (1) X 7L % Zp;
(111) on letting W' denote the derived subgroup of ¥, we have W' = (77).

Proof. (i) Let £,0 € Z.. Then, as A¢, A\g and Agg are inactive, it follows that

Aedareg i = Ae)liNo)li ((Neo)li) ™"

£0—1

e o— 1 L o "
- )\57171)\971071 ()\507—1 ! ) - )\EAQ)‘;lTZ%AGTZ%T_ZTl)\gol

iget 0L 801

= AeNg <7’ P TR D ))\gel:)\gAg)\gel,WE{0,...,n—1}.
Therefore, AeAg = A¢gg. In addition, A\¢ = e if and only if § = 1.
(ii) This factorization is clear.
(iii) Let @ = 14 60'n,n € Z,,. Then

[7’77,)\9] = 7'_77)\9—17'77>\9=

om0 — o n(0-1) (Tn)n9’ )

O
We prove below the existence of conjugates 7 of 7 in Ny, (W), which lie outside (7). This fact

allows us to construct the first important type of metabelian groups (7) (7%) containing 7.

Proposition 3.9. Given &, p € ZL with € # 1. Then for all n odd and for all n even such that

2n | (£ = 1), an element o = (ao, . .., a|n—1) in A, satisfies 7% = X7 if and only if

l 5i+1’1—(‘+1)]
i1 = (o) /\5i+1r”[p e

oo = /\gnT%[psg:ll].

(0<i<n-2),

Proof. From 7% = )\gTH_Hn, we obtain using (2.4)),

£=1

ATt Tt = (a7 alir, ifi€Y —{n—1}
)\gT(nfl) —+r+l _ (a|;il) . (a|0) ]

Therefore,

Oé|7;+1 = (Oé‘o) )\57"{)\57'%—’% ce AgTi%-i_H, for i = 0, 1, e, — 2,
-1
alo=7""(aln-1) )\gT("_l)gT"‘”H.

The first equations can be expressed as

alipr = (04‘0))\gi+17”(2§:05j)+%15i(z§:1j(571)j)

o e

and the last as
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1
= 77 (alo) AenT™ [

1 gh—1
Now, we need to show that 7@l = AenT" [(Hm) &1 ] satisfies the same conditions as those for «;

that is, both &", o =1 [(1 + nn)%] /8
Of course, " € Z1, so let us consider p(¢" — 1)/n(€ — 1). Since ¢ € Z., we can write £ = 1 + {n,
and then
-1
i — =n + <g>€n (mod n?),

by using the Binomial Theorem. Since p = 1 (mod n), it follows that
-1
pE"=1) =1+ <n>€ (mod n),

n(&—1) 2
and consequently, p(§" — 1)/n(§ — 1) € Z}, if and only if n | (5)¢ (that is, if and only if (n — 1)¢ is
even). So p(&" —1)/n(¢ — 1) € Z. holds for odd n, and for even n provided that 2n | (£ — 1). O

4. Abelian groups B normalized by 7

Let B be an abelian subgroup of A, normalized by 7. For a fixed 5 € B, we define the ‘1st level

state closure’ of (3, 7) as the group

H=(@ teY),1).
We will be dealing frequently with the following subgroups of H ,
N = <[ﬂ\i,r’“i] | ki € Z,i € Y>
M = N({(7).

When og = (0,)° for some integer s, m = — 7 and

ged(n,s)
7 = BliBli+sBlivas - Blit(m—1)s
we will also be dealing with the subgroups
K = (N, m|ieY),

O = K(r).

We show below that when n is a power of a prime number p*, the activity range of 5 narrows down
to a Sylow p-subgroup of 3,,. This is used to restrict the location of an abelian group B normalized
by 7, within A,,.
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Proposition 4.1. Let n = p*, 0 = (0,1,....,n — 1) and P be a Sylow p-subgroup P of ¥,, which con-
tains o. Then

(i) P is isomorphic to ((... (...Cp))Cp) 1 Cp, a wreath product of the cyclic group C, of order p iterated
k — 1 times; the normalizer of P in ¥, is Ny, (P) = P (c) where c is cyclic of order p — 1;

(ii) P is the unique Sylow p-subgroup P of ¥, which contains o;

(iii) if W is an abelian subgroup of ¥, normalized by o then W is contained in P.

Proof. (i) The structure of P as an iterated wreath product is well-known. The center of P is Z =
<z <: Upk_l>> and Cy, (z) = P. Therefore, Ny (P) = Ny, (Z) = P {c) where ¢ is cyclic of order
p—1.

(ii) If 0 € P9 for some g € ¥, then 29 € Cy, (0) = (o) and therefore (29) = (z), P9 = P. Thus, P
is the unique Sylow p-subgroup of 3, to contain o.

(iii) Let W be an abelian subgroup of ¥,, normalized by o. Let V' = W (o) and Vj be the stabilizer
of 0 in V. Then, since o is a regular cycle, it follows that V = Vj (o), Vo N (o) = {e}. Suppose that
there exists a prime ¢ different from p which divides the order of W and let @) be the unique Sylow
g-subgroup of W. Then @ is the unique Sylow g-subgroup of V' and @ < Vj. Therefore, @ = {e} and
W is a p-group. As o € V, we conclude W < P. O

Lemma 4.2. (a) Let v € A,,. Conditions (i), (ii) below are equivalent:
(i) [y,7™ | = e for all k € Z;

(ii) [7%,~v,7] = e for all k € 7Z.

Condition (i) implies

(iii) {[v, 7] | k € Z) is a commutative group.

Condition (iii) implies

(s "]
(b) Let n = pF. Then any abelian subgroup B normalized by T is contained in the layer closure

L =L(Ns,(P)).

| k€ Z> 1s a commutative group for all indices u.

Proof. (a) First,

[,y =t (R R oy (7 RrR)
=y (r Ry )y (v

= [t*, 4] [y, 7]

T_k’}/Tk)

and so,
k
1" =ee [y, = [y, 7).
Furthermore, since

k1 +k2]

(4.1) [y, 7™M = [y, 782y T
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for all integers k1, k2, condition (ii) implies

v, _ 11y tr—k2yrke 11727
S S
) 9
k ko

= (b)) T = (e )

by, 7]

= [’77 Tkl]'
Finally, we note that by (2.5)),

([77 Tnk])‘(i)an, = (’771)’@)07 (Tﬁnk”i (’7|z) (Tnk>|(i)07
= () T () T
= [li, 7).

‘]

Since [y, 7%"] is inactive for all k € Z, we obtain {[y|;,7"] | k € Z} is a commutative set for all 7.

The rest of the assertion follows by induction on the tree level.

(b) Let 5 € B. Since the normal closure of (og) under the action of (o) is an abelian subgroup, it
follows that o3 € P. Furthermore, as <[ﬁ lu, TF] | k € Z> is an abelian group normalized by 7, it follows
that [0g),,0] € P and therefore 07#l« € P. Thus, we conclude og|, € Ny, (P) and 3 € L. O

Proposition 4.3. Let | > 1 and suppose o,y € Stab(l) satisfy [a,y" | = e for all x € Z. Then
[a]us (V)T ] = €,Yu,v € M having |u| = |v] <1 and Vz € Z.

Proof. We start with the case [ = 1. Write x = r + kn where r = 7.

By (2.4),
(Ve = (@D Q) (7)),

(V) i = rREE) () ARG,

As [a,7""] = e and a,y"" € Stab(1),we have, for all 4, 5,7 € Y and all k,z € Z,

T k+8(i—r,7)
[ali, (Yl = e [ali, (vli—r)" J=e,
[a‘ia (7|J)T ] = ¢
The general case [ > 1 follows by induction. O

We apply the above proposition to 5 € B.
Corollary 4.4. Let og =e. Then for alli,j €Y and for all x € Z
[(Bl), (B1;)7 ] =e.
We derive further relations in H = (8|; (i €Y),7).

Proposition 4.5. Let 8 € B. Then the following relations hold in H for allv € Z and for alli € Y :
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(D)

(Tv’a)a:v)_l (Bliror) (™l gorvon) (Blgorvanor)

= (Bl:) (Tv’(i)gﬁa;“>_1 <6|(i)050;u (TU|(i)<fﬁa?“Uﬁ) ’

04,057 = ¢;
(1)
Bl 7171978 = [Bl(5y05 7
(I11)
(Bliron) (Blaro) -+ (Bliyay ) commutes with [8]:,7"]

where s; is the size of the orbit of i under the action of (og).

Proof. (I) Clearly [, 87 ] = e implies [0, agﬁ] = e. It also implies

</8‘(i)057.v>_1 (B™1) " (8l (ﬂTv’(i)aﬁ) =e,

(5™ 1) (Bl ) = B (8™ Iy )

(o) (Blaoz) (Ploomyion)) (Pliroy)
= 60 (Moene)  Cloes)e) (osezos)

(IT) On changing v to nv in (I), we obtain:

™ B 7 (Bliyos) = BT (Blios) 7™

(Bliaws) (B 7 319 7) (Bl )
= ((Blows) " B G (Blagoy) 7

(III) From (II), we derive

e (G ) R ) s (CEE VR CHD) B )

(i)o‘B )
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5. The case € B with og € (0;)

This section is devoted to the proof of the second part of Theorem B. For this purpose, we introduce

the following 3-variable combination of Delta-2 functions
Ag(iyt) =6(i,t —1) — (i — s,t — 1)
which we call the Delta-3 function.
Lemma 5.1. Let B € A, such that [3,57 | = e for any x € Z and let og = o; for some s €Y. Then,
7800 (Bli—s) [Bli—s, 7 (Ble)
= (Ble-s) (Bli) [Bli, T7)rRelitsite),
for all 4,t € {0,1,...,n —1},z € Z.

3 — S — — S
Proof. Since o3 = o7, we have o4+ = o = 07.

From (2.4) and ({2.5]), we obtain

s i) (Bl “‘”S’f) (Bly+s)

(5.1) . ”
- (B’J)T (6‘]-"—5 ;r) )
. T—x _ .
Setting k = and r = ¥ and using 1' we have
—k—&(j—r r . k+6(j+s—rr) .
(5.2) (Bli—r) 7 (Bli+5)

(ﬁ’ ) —k—6(j+s—r,r) (B| e 7") Tk+5(j+2s—r,7")’

forall r,j € Y and all k € Z.
Also on settingt =j +s,i=j+s—randz=k+3(j+s—r,r)(=k+(i,t —14)) and using (5.2),

we obtain

T—z-i—é(i,t—i) (i—s,t—1) ‘Z ST mt
_ 6|t—s7—_zﬁ‘i 2—0(i,t—1)+0(i+s,t— z)’
for all t,i € {0,1,...,n — 1} and all z € Z.
It follows that

P50 (Gl (8] (51
= (Bli=s) (Bl) [Bli, 77700 H(H =)
for all t,i € {0,1,...,n — 1} and all z € Z. O

We develop below some properties of the A, function to be used in the sequel.

Proposition 5.2. The Delta-3 function satisfies

0, ift,i>35 or t,i <3
(i) Ag(iyt) =0(i,—s) — (¢, —s) = 1, ift<s<i ;
—1, ifi<s<t
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(i) As(i,t) = —Ag(t,4),
(i) As(i+s,t+s) = —A_5(i,1),
(iv) A (,) Ay, 2) + As(2,),
(5; B
(v) > Au(i+ks,t+ks)=0,
k=0
n—1 — - _
— t
() YAy =g " TF TS
— -5 ift>3
for alli,t,z € Z.
Proof.
(i) Using the definition 6(i,7) = @ we have
A1) _itt—i—t i-stt—i-t—s
S\ - n n
_ it —s—i—s t+-s—1—s
B n n

0, ift,i>5 or t,i <3
= 1, ift<s<i
—1, ifi<s<t
(ii) Follows from (i).
(iii) Calculate
As(i+s,t+s) =06(i+s,t—1i)—0(i,t—1)
=—(0(i,t —1) — (i + s,t — 1))
= —A_4(i,t).
(iv) This part follows from (i).
(v) From the definition of the Delta-2 function
(GO (GO
Z 0(i+ ks, t —i) = Z 0+ (k—1)s,t —1).
k=0
(vi) Finally, we have
n—1
D Ak =200 Ak, ) + Y ops As(k,t)
k=0
@) n—3 ift<s
| -5, ifE>s

With the use of the Delta-3 function we obtain

J. S. Rocha and S. N. Sidki
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Proposition 5.3. The following relations are verified in H =

alli,t €Y :

(1) 74D (8li-y) (Bl 2 (Ble—s) (Blg) 7o F2);
(ID) [(Blizs), 7] 20 = (5], 72,
(L) [[8l:, 7], [Ble, 7)) = e

Proof. Returning to Lemma we have

J. S. Rocha and S. N. Sidki 59

Bli (1€Y),

7860 (8l;4) [Blimsy 7 (Bl2)
= (Ble-s) (Bl:) [Bli, o] Htts),
Consequently,
(5:3) 2560 (Bi-) (Ble) = (Ble-s) (Bls) 724+
and
(5.4) [Bli_s, 72 BlOT™ 2050 _ gy 2y

for all t,7 € Y and all z € Z.

T), for all x,z € Z and

From 1’ and 1 , N = <[B|i,7'ki] | ki € Z,i € Y> is a normal subgroup of H. Moreover, by

applying alternately the above equations, we obtain

8li, 7)™ = [, 77 ()7

—Ag(i+s,t+s)  Ag(i+s,t+s) -
= [8l: 7] " (8t

F(Ble)T"

1)77k(/3|t)7'k)

Ag(its,t+s) —
1' ([/8|i’TfAS(i+s,t+s)]fl‘[B|i7TzfAs(i+s,t+s)]> (T ) (6|t ) k(ﬂ‘t) Tk)

IE
N

( ([/6|i75,7'_k]_1‘[6|1.78’ T_k_As(i"rSﬂf-‘rS)])

(Blizs, 7H] L [Blimg 7 H5= Bl

X
@ @

= 18,771,

- T
([6|z s T —As (H—st—i—s] 1Blizs, T2 5(z+s,t+s)]>

-1 /8|t7'k
)

B|t)7'k

([6|Z 53T TR (H—SH_S] [/B"L sy T 7kt As (it t4s) ])(

T
([6’17 —k—As (z+st+s] [ﬁ|“ —k+z—As (z+st+s)])

“F(Ble) T

k+Ag(i+s,t+s)



60 Int. J. Group Theory 2 no. 4 (2013) 43-88 J. S. Rocha and S. N. Sidki

Corollary 5.4. Let § € Ay such that 3,87 = e for every x € Z with o5 = a3 for some s €
{0,1,...,n—1}. Then
M = <[5|z’ﬁki],7‘ |k; €Z,0<i<n-— 1>

is a normal metabelian subgroup of H.

Proof. By Proposition N = <[5|“7.kz] |k € 2,0<i<n-— 1> is abelian and normal in H. Since
Nt e Z(H/N), it follows that M = N (7) is a normal subgroup of H and is clearly metabelian. [

We are ready to prove part (I) of Theorem B.

Theorem 5.5. Let B € A, be such that 3,87 = e,VYo € Z and og = oS for some s € Y and

H = <B|07 cee 75|n71a 7->' Recall Ty = B|JB|J+85|J+28 e /B‘j—&—(m—l)s' Then;
(i) the group K = ([B];, 7], 7 | i,j € Y,x € Zy) is an abelian normal subgroup of H and the group
O = K (1) is a metabelian normal subgroup of H;

(ii) the quotient group H/O is a homomorphic image of a subgroup of Cpp L Cy,.

In particular, H is metabelian-by-finite.

Proof. (i) Recall
N = (Bl kezicY),
K = Nimljey)

where m = Then, by Proposition N is an abelian normal subgroup of H.

gcd?n,s) :
By (5.4), we have

Bl
= [B|z+5, ] (1+25’J+S)5|j+s“'5\j+(m71)5
= [B|2+25, ] A3<i+257j+8)+As(i+3s,j+28)ﬁ|j+2s4..ﬁ|j+<m71>s

[5’ } (EZ:)I As(i+(k+1)s,j+ks))
= ir T
Propf5.2(v)
= [B|Za }
Thus,

Since ogm = e, we have by Corollary

(5.6) [(B™)]6, (B™)|;] = e,Vi,j €Y.
Moreover,
(5.7) (B™IT = ((B™):) [(B™)]i: 7.

Since [3,87"] = e,Vx € Z, it follows that [f™, 57| = e,Vx € Z.
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Therefore, by ,
= (ﬁm)lg){,(w)(B”)I;l(ﬁm)l (B (iyogm - Vr € Z,Vi €Y.

Now, as 03 = 0 and ogm = e, we reach

(5.8) B s = (BN N vz ez viey.
By , the following
B = Niger (Blirot) Ty (o2)ms = i (Blice) ()it

holds for all i € Y and all z € Z.

From which we derive

(5.9) B Ni=7""n

forall7 €Y and all z € Z.

Therefore, by (5.8]) and (5.9)),

(i—x+s,x)

(i—z,x) (5’2_1) T

(T w o >(mi_z)T¥+5<i7w+s,z>)
(B™)irs = (B™); )

foralli €Y and all x € Z..
On writing x = kn + 7T = kn + r,r € Z in the above equation, we obtain

—k—=6(i—r,r) . k+6(i—r+s,r)
(Bm)|7 (6’1—7")7—

(/Bm)‘i—&-s =
—k—6(i—r+s,7”) i —k—6(i—'r,fr) —k—6(i—mr,r) i
T_k d(t—r+s,r) [6’2 . T—k o(1— 7‘7")} k+6(i—r,r)

= (811 = (3"
for all 4,7 € Y and all k € Z.
By (5.5), (5.7) and using the fact that N is abelian and normal in H, we find

6(i—r,r)—d8(i—r+s,r)

(5™ = (™))

_s(i—r,i—1i)

= (8™ = (™))

for all i,r € Y.
On setting j =i — r, we get
-s(5:) Bl;
(5.10) e = mIPY
forall i,5 € Y.
Further, by using equations (5.5)),(5.6]) (5.7), (5.10) and
(5.11) (B™)i = mi,

we conclude that also K is an abelian normal subgroup of H.

61
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Now, O = K (1) is metabelian. Moreover it is normal in H, because

Bl = pr= 108l = T[T, Bli] € O
forallt €Y.
(ii) Consider the following Fibonacci type group

Y bo, -, bn—1 | bibjs = bjb,
bbb =6 Vi, j €Y

i+(n—1)s
where the bar notation indicates “modulo n ’

H
The Equation 1) shows that ) is a homomorphic image of X. We will prove that X is isomorphic
to a subgroup of the wreath product C,, ! C,.

As a matter of fact the group C), ! C}, has the presentation

i i g
<u,a!um:e,a":e,u“u“ =yu® ua>.

On defining b = a*u~", we have

u™ =e
= (a” )
7.3 —s+1
= (a~ b) =e
h,_/
m terms

- baibai+s . bai+(7rL—1)s _

Also, the commutation relation

implies
(bflas)ai (bflas)aj — (bflas)aj (bflas)ai
= (a=*b)¥ (a=*b)*" = (a~*b)*' (a=*b)”
= b7asbe = b a b
= b = p

By using Tietze transformations we conclude that C,, ! C,, has the presentation

<a, b|a™ = e, b¥ b = by pape L g T e Y> .

Then, on introducing b; = b“i,i =0,...,n — 1, the above presentation is expressed as

<a7b0a cosbpor [a" = b = b bjszTs b'bj+s’ bi szs bz+(m 1)s

Vi,jeY).

The next results leads to a proof of Theorem C.
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Lemma 5.6. Let 0 = (0,1,....n—1) € X, and let L be the layer closure of (o) in A,. Suppose
B=(Blo,Bl1,.--+Bln-1)0os € L satisfies [3,87 | = e for all x € Z. Write 05 = 0° and og, = o™ for
alli €Y. Then for alli,t € Y, the following congruence holds

(5.12) Ag(i,t) + my— + my = mg— + m; + As(i + 5, + s) mod n.
Proof. Since o, = 0™, we conclude by (5.3)),

As(it)+mz—+me _ O,mm—i-mi—i—As (i+s,t+s)

o
and therefore, As(7,t) + m;— + my = mz—; + m; + Ag(i + s,t + s) mod n. O
Lemma 5.7. Maintain the notation of the previous lemma and let s = 1. Then,

(6™l = 9(Blo)(Bl1)+(Bln-1) = 9~

Proof. The case n = 2 is covered by Proposition 6 of [9].

Now let n be an odd prime. From
Ai(ist) +m—g+my=my—g+mi + A1(i + 1, + 1) mod n

we conclude

n—2 n—1
(Al(’i,t) +mi— + mt)
i=0 t=i+1
n—2 n—1
= (mg= +mi + A1(i+ 1, + 1)) mod n.
1=0 t=1+1
Now,
n—2 n—1 P l P ) n—1
ro i rop[5.2|(ii
ST A" ZA1<o,t) PEEY N T AL(0,1)
1=0 t=1+1 t=1 t=0
-1
Propii) nz: *Al(t 0) Propvi) *(’I’L B 1)
t=0
She Prop ) Prop £
DA+t +1) " ZA i +1,0) e ZAl(i,O)
=0 t=1+1 1=0 1=0
Propvi) (n B 1)’
n—2 n—1
ZZ Zl+mt —2(n—1)mn 1+ n—2 ka
=0 t=i+1
and

n—2 n—1

> (m=r —nzmk
i+

=0 t=1i+1

Since n is odd, we have
n—1

ka =1modn
k=0
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and therefore, o(g)...8),_1) = gMmot+mn_1 — 4 0

Now we prove Theorem C.

Theorem 5.8. Let n be an odd number, o = (0,...,n — 1) € ¥, and let L be the layer closure of
(o) in A,,. Let s be an integer relatively prime to n and 5 = (Blo,Bl1s-- -, B|ln-1)0° € L be such that
(3,871 = e for all x € Z. Then f3 is a conjugate of T in A,.

Proof. We start with the case s = 1. The element

a(l) = (67 /8‘(717 ((5’0) (5|1))717 SRR ((/8‘0) T (/B‘n—Q))il) S Stab(l)
conjugates 3 to

B = (e,....e,(Blo) - (Bln-1))o
By Lemma we find og),)...8|,,_,) = 0. Moreover by Proposition

[(B™)o, ((B™M)10)™ ] = [(Blo) - (Bla=1), ((Blo) - -+ (Bln-1))"] = ¢,

for all integers x. Therefore (5|o) - - (8|n—1) satisfies the hypothesis of the theorem. The process can
be repeated until we obtain a sequence (a(k)),cy such that peDa@)-alk) =+ where a(k) € Stab(k)
satisfies a(k)|, = a(k)|, for all u,v € M with |u| = |v| =k — 1.

Now, suppose more generally s is such that ged (s,n) = 1 and let k be the minimum positive integer
for which sk = 1 mod(n). Then ¥ satisfies the hypothesis of the first part and so, there exists o € L
such that (8%)* = 7. Since k is invertible in Z,, there exists v € A, such that 77 = T+ Thus,

1

ﬁow’ = T. O
6. Solvable groups for n = p, a prime number

We will prove in this section the case n = p of Theorem A.
Let B be an abelian subgroup of Aut(7},) normalized by 7 and let 5 € B. By Proposition

og € (07) and therefore we have in effect two cases, namely, o3 = e, 0.
Proposition 6.1. Suppose og € (o). Then, o,y € (or) for alli €Y.

Proof. By Theorem K is an abelian normal subgroup of H and % is homomorphic to a subgroup
of C, 1 C) for O = K (7).
By Proposition K is a subgroup of (o) modulo Stab(1). So the same is true for O = K (7).
Therefore, H is a p-group modulo Stab(1). Since H is a p-group modulo Stab(1) and since 7 € H,
it follows that H coincides with (o) modulo Stab(1), by Proposition Hence, necessarily we have
o), € (or)- O

Theorem 6.2. Let p be a prime number and f € Aut(T,) such that oz = o} for some integer s

relatively prime to p. Suppose [3,37 | = e for all x € Z. Then B is conjugate to T in Aut(T)).
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Proof. As the second author showed the case p=2 in [9], we will show the case p odd.
Suppose s = 1. Recall that

a(1) = (e, Bl (BloBl1) Y-+, (Blo- -+ Blp—2) ") € Stab(1)
conjugates (§ to its normal form
BN = (e,....e, Bl Blp-1)o.
By Lemma we have 0),,...5,_, = 0r. Moreover by Proposition

18710, (B710)™"] = [BloBl1 - Blp-1, (BloBlL - Blp-1)" 1 = e,

for all integers x. Therefore §|of|1 - - - B|p—1 satisfies the condition of the theorem. This process can
be repeated to produce a sequence (a(k)),cy such that HMa@ak) = 7 where a(k) € Stab(k)
satisfies a(k)|, = a(k)|, for all u,v € M where |u| = |v] =k — 1.

In the general case, s is such that ged(p, s) = 1. Let k& be the minimum positive integer which is the
inverse of s modulo p. Then, o|gr = 0, and (¥ satisfies the hypotheses. Thus there exists o € A, such
that (8%)” = 7. Let k! be the inverse of k in U (Z,); then 8 = 7%, There exists v € Ny, (K7>)

which conjugates 7 to 78" and so, (ﬂo‘)7_1 =T. O

Lemma 6.3. Let p be a prime number and € Aut(1),) such that [8,87°] = e for all x € Z. Then,

there exists a tree level m and a conjugate p of T such that € xpm(p) and there exists an index u of

length m such that |, = p.

Proof. Let m be the minimum tree level such that g, # e for some |u| = m. Therefore, § € Stab(m)
and og), = o} for some integer s such that ged (p,s) = 1. By Proposition [Blu, B7"] = e for all
indices v such that [v] = m and for all k € Z. So, by Theorem|[6.2} y = f], is conjugate to 7 in Aut(7})
and |, € (u) for all v such that |v| = m, by Lemma O

Theorem 6.4. Let p be a prime number, o = (0,1,...,p—1) € ¥, F = Nx, ((0)), I'o = Na(< 7 >)
. Let G be a solvable subgroup of Aut (T),) which contains the p-adic adding machine 7. Then, there

exists an integer t > 1 such that G is conjugate to a subgroup of
Xp (- (Xp (Xpl'o X F) 30) -+ ) X F,
where X, appears t times.

Proof. We may suppose G has derived length d > 2. Let B be the (d — 1)-th term of the derived series
of G. By Lemma there exists a level ¢ such that B is a subgroup of V = x pt@ where p = 7 for
some a € Aut (T)).

We will show that G is a subgroup of

J =%y (- (%p (Xp (T0)* X Tp) X Byp) --+) 1 Xy,

where x,, appears ¢ times.
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Let v € G\J. Then there exists an index w of length ¢ such that |, & (I'9)®. Since B is an abelian
subgroup normalized by 7 and 7 is transitive on all levels of the tree, by Lemma there exists
$ € B such that g/, = p" for some n € U(Z,).

Write v = w?. Then,

5 1o & (81,,-) () = (8l o G,
and this implies 87 ¢ B < xpt@ and v € G. Hence, G is a subgroup of J.
Now, since G is a solvable group containing 7, there exist G; (0 <14 < t) solvable subgroups of ¥,

containing o = (0,1,...,p — 1) such that G is a subgroup of
Ry () = xp (- (Xp (xp (T0)* ¥ G1) ¥ Ga)--+) X Gy.

Since for all 7, we have G; < F' we may substitute every the G; by F. Finally, R; («) is a conjugate
of R; (1) by the diagonal automorphism a(®). O

7. Two cases for n even

We prove in this section part (1I) of Theorem B.

NE

7.1. The case o3 = (0,)2.

Theorem 7.1. Let n be an even number, B € A, such that og = a? and [B,BTE] =e for all x € Z.
Then H = {(8]; (0<i<n-—1),7) is a metabelian subgroup of A,.

Proof. Denote Ax(i,j) by A(i, j).
Define the subgroup

R= <[B!t,f’“], BliBlivs, BT~ 209%2) | ke Z and i,j,t € Y> .
We will prove that R is an abelian normal subgroup of H.

(I) R is normal in H :
— (1Bl )" < R:

- (5.4) A54)
Bliys, 1 & (), rhjr20;

- <5|z‘5|z’+g>H <R:

BliBlivs)™ = (BliBlirg ) [8liBlirg, 7]
= (BliBlirg ) (8l 71 Bli g, 7]

(7.1) (Bl3Bli+3)" = (817 8liBlir 3 Bly) 740+ 31 Bp =AU E D)
(©.3) _ iq AR G
(/3|j 15|i) FAG) (B|j+%5|i> AU+ +3)

- (’8|;15|i5|j+%) AU [7A0D), 5|j+%]-5\ﬂ_“j+%’i+%)
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<B!;1> AUTE+3) (5|j5|i+%> :

[FA0D, By n] Bl AUTEIE)

— TA(j+%ai+%).[TA(j+%,i+%)75|j]‘

Blitz [r20), 5‘j+g]ﬁ]inA(j+%»i+%)

Pl A6 786D, B|,1.8); .

[rA69, Bl 18lir 0

©4 Ay —AGi AG) j i j i
T A(]’)ﬁmg-[T A(J,)”3|j+%] ’ _[TA(%)”3|j+%]ﬂ|ﬂA(J,)

FAG)

<ﬁ\¢+gﬁ!¢)
_ <B|§T—A(j,j+%)>H <R:

(5’?T—A(J’,j+%)yk — B@T—A(jd‘f’%).[5|§7—_A(j7j+%)’Tk]
= BT [p A
= BPRr20It) ((8];, 74P, 7))
By Proposition [5.2] and [5.3] we can show

FAGI+E)

Bli Cm FA>L)
(7.2) (ﬁlj —AGI+3 ) (5] +n7- J+27])[7-_A(]+§J)’ﬁ|j+%])
(IT) The subgroup R is abelian:
(73) Bliy 74187 P B (g1, ok
Bl.,n (5.4) AGHF) g, (7-3) L AGE)
(7.4) [IB|Z,7T]€:|5|JB|]+§ [IB‘H_%’TI@]T 2 5|]-~-7 [IB‘i+%,Tk:|B|]+§T 2

A('+ﬂvi)+A(3i+ﬂ) P
BD (), ror B a0 PropBR g k)

2,-AGI+%) (B.4) AG+S) g —AG+E)
L = T e
(75) l) [/B‘i-o-ﬂ Tk]6|jTA(j’i+%)’A(j’j+ 1' [/3’17 ] AGD)+AG I+ F)-AGT+5)

e (g, 7]

67



68 Int. J. Group Theory 2 no. 4 (2013) 43-88 J. S. Rocha and S. N. Sidki

>B‘jﬁ|j+% >TA<j*i),8|j+%

(BlsBlis3 (Bles 81
|y n PAGD[7AGD 8] )
~ (Bhegit) )
AGHEHEIHAGD (786G g n]
D (p515) o
PrepBd (g).5), Jhm)’mﬁg}
BliBli+z

(i) N

! (/8|z+g,3|7,)7— 1Y BT

— (ﬁ’ o B| )5‘ SrAGD[FAGD, Blj]q—*AUvH%)
(3

(/B’ /3’2—&— )
FrRB3 (18], 5 )0 AL
EDED 415

FAGIHE) ~AGI+E)

2
(BliBliy2)"
AGHFITAGH (786G Bl,)r A0 HE)

A(+5,9)

i+5
Let

(7.6) a= 5|§T—A(j,j+%)[7— 9+5) B|).

Then,
IB|277A<i’i+%)

(5|§T—A<j,j+g>)

A(id) gl —AG+E)
(7.2) 2 CAGHE ) A4 T Blit
= <5|j+%7 (+5.4) [7=A0 27J),ﬁ\j+g]>

1) —AGER Blir A [ratid) g7~ A+ E)
<5’a+"7 U+ed) [r A(ﬁz’]),ﬁm’g])( )

8] (TAm')_[TAu,j),mi],;A(i,u%))
<(m fon T J+2,g)> 1‘[T—A(j+§a]‘),ﬂ|j+n]ﬁli>
2

INCYIN A(i,j), il —AG,+3)
= <(5|2 —A(]+ 2 7]))6'2 [T_A(]+%’]) /3’3]TA<Z’J>> (7’ [7— /8| ] - )
’ )

A(m‘),[TA(m')75|i].TfA(i,i+%>>

72 (aTA(’FH%) [r=A0+39) 5] ”))<T

TA(i,jJr%)wLA(i,j).[TA(i,j)7B|i].T7A(i,i+%)>

= (a [rAUte0) g .]TA(i’j)‘A(i’j+%))<
= (a. Bl;

(TA(i,H%) [TA(i,j)7B|i]TfA(i,i+%))

Prop@( [ AG+2.5) 5‘ ] A(j+%,j)>

. —A(i,i+%)
(75) CAG A - n o\ [P BT
= (m?T A(J,J+2)[7. (J.i+% 5, NG ]+2,J)’B|j] 1>

_—AGI+E)

FAGLT) Bl
Propf3 (5|3T—A<j,j+%>)[ 46,81

B2r =BG,
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Moreover, since

Pr in i

R(B)R(Bl) = R(Bl:) (Bl "B RrAGITE) |, B, o 7AGITE)
= BBl g Bliy 7220 = Rp|F1B1A0E)
- ij—lg@T—A(j,jJr%)m;15‘§T—A(i,i+%)72ﬂ(jyi+%)

= RB|;B|im~AUI+2)—AGHF)+2AG )

P83 pg| ) = RA|;RA;
and
Rﬁp::Rﬁgj%,_Rﬁﬁ::RTA@ﬂ+%LV¢exc
we conclude % is a homomorphic image of

ZXCQX"'XCQ.
—_—

n
3 terms

7.2. The case o transposition.

Theorem 7.2. Let n be an even number and B an abelian subgroup of A, normalized by 7. Suppose
B = (Blo,Bl1,---,Bln-1)og € B where og is a transposition. Then H = (B|; (0<i<n—1),7) is a

metabelian group.
We prove progressively that
N = (Bl kezieY),
U o= (N, Bli1i#0.5),
v = (U, BlsBlo. 7(80))
are normal abelian subgroups of H, from which it follows that % is cyclic and therefore H metabelian.

Lemma 7.3. If the degree of the tree n is even and og is a transposition, then og is (o.)-conjugate

to the transposition (O, %)

Proof. On conjugating by an appropriate power of o,, we may assume og = (0,7). The conjugate
of o5 by ol is the transposition (,5 +i). In particular, (j,25) is a conjugate which is supposed to
commute with (0, 7). Therefore, {0,;} = {j, 27}, 27 = 0 modulo(n), n = 2n" and j =n'. O
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We go back to part (I) of the Proposition

(Tvkoa:”) (5| ”) (thna:”oa> (5k@o:”oaoﬁ>

:(MU@WmWﬂ> (Bliyosor) (lraporas)

and set in it j = (i) oY, v =kn +r, r = U to obtain

(7.7)
(7.8)

(TUNJ'_l/B‘j(T’UH ')05/8‘ (j)ogo¥
= Blier (™)l Bl

v
Jotogor Yologor " ( )’(j)aﬁaﬁa;vaﬂ'

Proposition 7.4. The following cases hold for different pairs (j,r).

o For j =0 there are 3 subcases

— If r =0, then
(7.9) [Blo, 7118 = [B]2, 7%, VK € Z;
— Ifr =1, then
(7.10) BlomBlo = Blz ' B|x,
and
(7.11) [Blo, ¥R = (8], 7¥], VK € Z.
— Ifr#0 andr # 2, then
(7.12) B8] (3 4y = Bler E7Blo,¥r € Y — {0, 2}
and
(7.13) [Blo, 7*1°1 = [Blo, 7], Vk € Z.

e For j = 5 there are 3 subcases

— If r =0, then
(7.14) Bl 7817 = [Blo, 7, Vk € Z;
— Ifr =73, then
(7.15) 7% = Bl
and
(7.16) Blz, 718" = (8, 741, vk € 2;

J. S. Rocha and S. N. Sidki
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(7.17)

(7.18)

If 1 #0 and r # 5, then
—5(2 —5(2 n
0GBl Bl = Bly i EI By, v €Y — {0,
and

n
8]z, 1P = [B]2, 7], Yk € Z,Yr € Y — {0, 2}

e Forj#0 and j # 5, there are 5 subcases:

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

If j#n—r and j # § —r, then, by substitution t = j +r, we have

BlsBe = BliBl Wit €Y = {0,5)

and
. n
(81, 717 = [Bl3, 7). Vi, t € Y = {0, 5}

If j=n—rand 0 <r <3, then, by substitution t = j — 5, we have

n

7_15|t+%7-ﬁ|0 = 5|06|t7Vt € {172a e >§ - 1}

and

. n
[5’t+g77k]7m0 = [/B‘tﬂ—k]vvj € {1727 T 75 - 1}

Ifj=n—rand 5 <r<n-—1, then

BliBlo = BloBly sV € {1, .5 =1}

and

. n
[ﬂ‘jka]fB‘O = [,B‘g-s-j,Tk],Vk ezZNje{l,- - g~ 1}

Ifj=%—7rand0<r <73, then
n

21}

B’]ﬁ’% = ﬂ|%7_15|j+%T,Vj € {17 SRR

and

n7'71 . n
85, ™87 = [l T, Vk € 2, € {1, 51

Ifj=5—rand 5 <r<n-—1, then
, n
BlaBli = Bly+iBly,¥j € {L,, 5 — 1}
and

n . n
[6|j77-k] = [/8‘%+]7Tk]5|7)Vk S Z,\V/] € {17 75 - 1}

J. S. Rocha and S. N. Sidki
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Proof. We will prove and ( - As j Z1{0,5,n— —r}, we have
G)o7l = ()ogol =j+r,
Gog = ()otosor” = () olosor oy =
Therefore,

(5 Bl Blier = Blier (7)1 Bli ()5 V0 € Z)
o (T—k—é(j,r) BlyrE G Bl = By k00N Bl 06T g Z)

& (5‘j[6’j77—k+5(j7r)]/3’j+r = Blj4rB185, TFTOUM] Wk € Z) ,

(7.29) B3 = BleBly Vit € Y —{0,5)
and
(7.30) 181,741 = [8l;, 7M. Wit € Y — {0, 7).

Lemma 7.5. The group N = <[ﬂ|z, ™ | ke Z,ic Y> is an abelian normal subgroup of H.

Proof. Define
N; = <[ﬁ\i,7k] P z>

for each i € Y. Then, N = (N; | i € Y), each NN; is an abelian subgroup normalized by 7 and
(7.31) 8li 15" = [8li, T4, Yk € 2, ¥4, € Y, £ 0,7
We have [N;, N;] = 1,Vi,j € Y,j # 0, 5, because

[8li, T¥)Bl 7T = [5\2‘77’“]/8';17%/8'# Bli, 78] Al

([ﬂ\iﬁt]l[miﬁkt])ﬁﬂt
([5|i,77t]71[5|i77k7t])7

[/3‘7«7 ] T - [5‘737Tk]7Vk7t€Z7

t

Vi,j €Y, j#0,5
Furthermore, [Ny, N%] =1, because

[5|g77k][5|0’Tt] = [Blz,7 ]mo rglort 1D [ﬁ|0 7R Blor!

= ([mo,T*trlwro,T’HJ)Tﬁ'm

7 17) ¢

= (18l 717 Blg. )
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S 0, 7 = (Bln, M, VRt € 2.

Therefore N is abelian.
Now, equation (|7.31)) implies
(7.32) No= NP = NP i eY,j;AO,g,
equation (|7.11)) implies
(7.33) {Ng = Nf 3 Ny = N?él :
equations , imply
(7.34) {Ng = NP0, Ny = N§'51 :
equation (|7.14]) implies
(7.35) {No = Ng°, Ny = Ng©
equations , imply
(7.36) {Ng = N?%, Ny = Nf'él :
equations , imply
(7.37) {N NﬂOn,N- x :Nf'al ,Vje{l,...,g 1}
equation implies
(7.38) { jn =N N = Nﬁ‘on Vi€ {1, g 1}
equations (4.1]) and - ) imply
-1
(7.39) {N 4o = , Nj—Niln Vi e {1, g 1}
equation (|7.28)) implies
Bln Bl n

(7.40) {N] =N, 7%, Njyn = N; 2 vy edl )5~ 1}.

Thus (7:31)-(7-40) prove
N = (Ni|ieY)
= ([8l7" | i,k € 2)

is an abelian normal subgroup of H.

Lemma 7.6. The group U = <N, Blj|j#0, %> 1s a normal abelian subgroup of H.

73
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Proof. Lemma [7.5] and equations (7.13), (7.18), (7.19) and (7.20) show that U is abelian.

The fact that N is normal in H, together with the following assertions prove that U is normal in
H.
Let J = <50,/3%,T>. Then, for j € ¥ — {0, 2}, we have

M (B’

Bl5 = mjwm-
P BB g .
Bl O 18], ar = Bl Blyn,
8% OB g e = Bl 018,10, 7]
ﬁ\flél Blj+n;
) (Blys) <U:
Bl7in = BlirnlBliy, 7%
8120y O g5 trs108);815 " Blo
- (wmrl)”mﬁmo,fr* U
Blffﬁl Bljel
8l B )

Bly’ 1 I
Blisn = Bla7Bls BliBlaT Bly
Blplrt 1 ARt
= Bz 77T 8 (1Bl )
Hence, U is a normal abelian subgroup of H. O
Lemma 7.7. V = <U, 5|%5|0, TB\%> is a normal abelian subgroup of H.

Proof. Lemma together with the following assertions proves that V' is a normal abelian subgroup

of H.
Givenj € Y —{0,5},k€7Z, and J = <ﬁ|0,ﬂ%,7'>, we prove

(1) BlaBlo € Cu(U) -
(81,7370 €2 (Blg pyrilo C20 g
(B2 EZD (51,10 -m]w

[B’j’Tk]ﬂlgﬁloz[B‘j,T] %T T/B|O ‘_ [6|J ]7',8|0
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Blivgo 71787 B (a1, 7y C (g4 74,

ﬁ|]+na7—

1Blo, 7171870 D (g1, 780 CIB (), i,

I

-1
[IB‘%ﬂ_k]mng _ [6|g77_k]5|%7' 78lo

(7.16) (7.11)

B3 (31, 7420 T 1), k)

(1) 7813 € Cu(U) :

mf'%:(mjwj, 7])88 = (87085, 7)80) B0
C2D (315, [8l;4, 70 = g7 B2 gy

j+2

2 @D 0
(ijrg)Tmo = 5!j'° =" Bljtz;

[Blo, 741708 T2D (51, 74180 T ), 1)

0,7 |5

[5|g #1708 D (181, 7718, 7151
2D (80,71 Blo, 7+

8lo, 777200 €2 (g1,

57

)

1815, 1778 & (1815, 7718y, 74178

([6!,+n 7)1 [Blj4m, T 1))Pl0

=
E 1

LD (3], a, 7ol T2 (g, i,

)

1By, 778 O (), rhpslo B g b,
(IT1) 7513 € Cia (812 Blo) :

(Bl2Blo)™% = Blg>r B2 BlorBl3
BIJQTflﬂ\gﬂ\nglﬂ\gﬂ\o

= Blo> ' BATBl2Blo = (rBI) BT B2 Blo
13 Blo:

75
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(V) (rB12) <V :

(B =r(BR) = rBIRIBIR, ) = 7B13[Blo, 7F1PP [Blo, 7
(r812)10 = Bl5 7812810 = T Bl5 T Bl0BIZ = TIr, BlolBla

= 7[r, Blolr " B3 = (Blo, 7|71 713

(7'41) (75’3)551 = B|07ﬁ’0 = Tﬁ’O[ﬁ’ﬂvT]Bb = TB|%)[B|07T]B‘O;

1

8" B ((rp2)75" (810,770

= ()™ ™8 ([glo, 7178
= (BR)M70™ (810, 718 L 73 1810, m )M

(r812)%' = (rppR)?lalle” VD (rppzyeict EED p g2y, sl
J
(V) (Bl38l0)" <V

(Bl2Bl0)™ = BlzBlo[BlzBlo, ™) = Blz BlolBl 2, 717 [Blo, 7*1;
(7.42) (Bl2Bl0) = By ' Bl2BI5 = Bl ' Blzr'78I3
= B3 BI5 Bl Bl = T3 (514 810) (813
(7.43) 812810 T2 (r82)2((812 8l0) )P
(812810)"" EB ((r812)2)%5" (812 8lo)

(7.44) (813810 = B3 BloBI5" = Bla77BloBloBl5 A3

= (r13) “Blo Bls" = (7816)*(Bl3Blo) ™"

(8128105 T (814 8l0) " (r812)2) "2
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8. Solvable groups for n =4

Let B be an abelian subgroup of Ay = Aut(Ty) normalized by 7 and let 5 € B. Then, by
Proposition , 08 € D =((0,1,2,3),(0,2)), the unique Sylow 2-subgroup of ¥, which contains
oc=o0;=1(0,1,2,3).

The normalizer of (7) here is Tg = Ny, (m) = (U, 1) where ¥ is the monic normalizer and where
v =11 (0,3)(1,2) inverts 7.

Given a group W, the subgroup generated by squares of its elements is denoted by W?2.

Lemma 8.1. Let L = L (D) be the layer closure of D above. If v € L? then yT is conjugate to T.

Proof. If o € L then 0,2 € <02> and the product in some order of the states (aZ) li (0 << 3) belongs
to S = L%
Let v € S. Then ~7 is transitive on the 1st level of the tree and (y7)* is inactive with conjugate

1st level states, where the first state is
(7lo) (v1) (vl2) (vls) 7 if oy = e,
and

(vlo) (¥3) (vl2) (V) 7 if oy = 0%

in both cases the element is contained in S7. Therefore, vy7 is transitive on the 2nd level of the tree.
Now use induction to prove that 7 is transitive on all levels of the tree. As 7 is transitive on all

levels of the tree, then 7 is conjugate to 7. O

8.1. Cases o3 € {(0,3)(1,2),(0,1)(2,3)}. We will show that these cases cannot occur. We note that
or conjugates (0,1)(2,3) to (0,3)(1,2). Since the argument for § applies to 87, it is sufficient to
consider the first case.
Suppose og = (0,1)(2,3). Then,
BT = (r71(Bl3) . Blo. Bl1, BlaT) (05)7"

On substituting a = 7 in 6 = [3,a] and in ( [2.5))

(8.1) Oisons = (Blirea) ™" (@l ™ (81:) (aliyo, ) Vi€ Y.
we get § = e and
(8:2) e = (Blwos) BT B (BN, ) Vi€ Y

and so for the index i = 0, we obtain

e = (B (7 (B1)) " (Blo) (Blo),
e = (Bl3)727 (Blo)?

which is impossible.
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8.2. Cases o3 € {(0,2),(1,3)}.
Lemma 8.2. Let o,y € Aut(Ty) be such that

oa,0y € ((0,1,2,3),(0,2)),

la? = 21
[, 77 = [y 7]
for all k € Z. Then,
Ooy0y €{0),  0a0y =arl.

Proof. From the second and third equations above, we have 003 = 020 and [oq, oklor = o, "]
(i) Suppose 0?/ = e. Then 02 = 02 and therefore, 0, = 0t1, [04,0%]7" = [0, 0] = e for all k; thus,
0y € (o) and o4 € (0?), 040, = 0*! follows.

(ii) Suppose o(c,) = 4. Then, 0, = 0! and 02 = e. Since [04,0%]7" = e for all k, we obtain

0o € (0), 02 =cand o, € <02> .Therefore, 0,0, = oFl. O

(1) Suppose g = (0,2). Then by the analysis in Section we conclude

v = (18171, Bl1. Bls, BlaBlo, T8I} i € Y,k € Z)

is an abelian normal subgroup of H.
By Lemma , Tﬁ\% = i is a conjugate of 7. As V is abelian, there exist £, t1,ts € Zy4 such that

= 7BI5, Bl2Blo =, Bl1 = u'*, Bls = p'2.
Therefore,
Bla = u*Blyt, 7 = pbly”.

On substituting v = B|p and a = 2 in and , by Lemma we obtain 0oy = 0,5, =
o1, Thus, from B|2fBlo = uf, we reach & € U(Zy).
By , we have
Bt =75,

It follows then that

pEBl Bl Bl =
W) -
Therefore,
(83) oo = e

where % € Zj.

By Equation ([7.23)) we have

Bl = Bls.
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It follows that

2-¢ 2-¢
(Mtl)mo :ut2’ ,utl g :th, to =11 ¢ .

We have reached the form of g3,

N 2-¢
B = (Blo.u 1615 1" 7E)(0,2)
where p = 7¢ for some o € Aut(Ty).
5 [0
Since pflo = 7€ | we have Blo = /\z_ng) for some m € Zj.
3

Hence,

Thus

and

We note that in case £ = 1, 8 has the form

B = (Tm,T“,Tl’m,Ttl)a(l)(O, 2)

— (0%
where 7 = (7’1 2m) ; therefore,

m ty 1—-m ty

/B = (7‘1—2m s T1-2m s 7—1—27n77—1—27n)(07 2)

79

(2) Suppose og = (1,3). Then, v = 7 satisfies [v,fka] = e. Therefore, the previous case applies

and

where

T = ()\(5)27_(1_22_”> (235)2>0‘ = (e, e, e, ()\(5)27_<1—22") (25?
2-¢

Hence, 8 has the form

-1 _ t1 =S
6 = 77 = (Tt17)‘57—1+m 577- 1e 7)\
3
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8.3. The case o5 = (0,)> = (0,2) (1,3). We know that
V= (N.BliBlisa, 87207 i € Y and k € Z)

is an abelian normal subgroup of H and

(8.4) 200 Bl 0Bl A0 = Bl 198l

by analysis of the case
From Lemmas and we have

Tﬁ’(Q) = M, 6’26‘0 = ,U&), ,8‘36’1 = 'u&, Tﬂﬁ = 'uf2

where p = 7% and &g, &1, & € U(Z4). Therefore,

(8.5) 7= uBly’

(8.6) Bla = p Bl
(8.7) Bls = u* Bl
(8.8) T=up)

Now, we let ,j take their values from Y in . Note that (7,5) and (j,7) produce equiva-
lent equations and the case where i = j is a tautology. Thus we have to treat the cases (i,7) =
(0,1),(0,2),(1,3),(2,3),(0,3),(1,2). Indeed, the last two cases turn out to be superfluous.

(i) Substitute i = 0,j = 2 in (8.4), to obtain

(8.9) Blar~! =183

Use and in to get

1Bl S Bl BT =

and so,
(Mﬁo)ﬁlo — M2_§O-

Therefore,

2-¢o
(8.10) pPlo = e
Since 22050 € 7}, we find

o
(8.11) Blo = </\2_507'm0> .
)

From ,
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« ¢ o
2—-¢p 2-¢g
(ii) Substitute i = 1,5 = 3 in (8.4)) to get
(519 Bl = 4}

On using and (8.8) in (8.13), we obtain

P Bl S Bl B =

and so,
(ufl)ﬁll _ #252_51.
Therefore,
265—¢
(8.14) ph = M%
Since 25257_51 € 73}, we have
1
(e
(8.15) Bl = </\2€2§§17m1> )
1
By (8.7), we find
[e% ¢ a
(8.16) Bls =ut Bl = (7-517-7”1)\ & > B <)‘ € T(£1—m1)252151> )
266 281

(iii) Substitute i = 0,5 = 1 in (8.4]) to get
(8.17) Bl2Bl1 = BlaBlo-
Use (8.11)), (8.12)), (8.15) and (8.16) in (8.17)), to obtain

€0 €1
—mp) 520 —m1) gt
)\ < T(EO 0)2_&0 )\262—51 Tml — A ¢ T(Sl 1)2£2_£1 )\2_50 Tm()

2—¢p &1 262—-¢1 €0
and so,
A S0 262—¢&1 T<£Oim0)257%0%+m1 =\ & 2-¢& T(gliml)%;i&l 2;050 +m0'
2-¢ £ 26,61 &g
Therefore,
2 2
(8.18) <£1 ) - < L )
26 — & 2—¢&o
and
So 26 —&1 &1 2-%
8.19 —m — 4+ m; = -—my)——— + myg.
(519 CommyTg e T T gy T

81



82 Int. J. Group Theory 2 no. 4 (2013) 43-88 J. S. Rocha and S. N. Sidki

(iv) Substitute i = 2,j = 3 in (8.4) to get
(8:20) BloBls = Bl15]2-
Use (8.11)), (8.12), (8.15)) and (8.16)) in (8.20]), to obtain

13 13
Aoceg TMON ¢ T(ﬁl—ml)ﬁ — Aoy, TN ¢ T(So—mo)2,%o
& 26061 31 2-¢g
and so,
&1 _ §1 [0} _ £o
Aey o T 256 TG Mg = Azep-61 & FMamgg HE—mo)azg
2—-§0 2§2—&1 & 2-¢
Therefore,
( &1 )2 _ ( o )2
26 — &1 2-%
and
&1 &1 &o o
8.21 m + —-m =m + —m .
(8.21) % ¢ (& 1)262—51 & (& 0)2_50
We have from (8.18))
o &1
8.22 =+ .
(8.22) 2—¢o 286 — &1
(a) If
S &
2—& 26-&’
then
26280 — &160 = 261 — &io,
and so,
(8.23) &=L
&o
From ({8.19)), we get
(824) myp = % + myg.
(b) If
& _ &
2—&o 26 — &1

then by (8.19) and (8.21),

mo — & +m1 =m1 — & +mo
mo + & —mp = —mq — & + mo,

which implies & = £y = 0,which is impossible.

Now by (8.23) and (8.24)), we have
£1-¢ @
(8.25) 5|1 = <)\2§07' 12 0+m0>

€0

and

£1+€ 3 @
(8,26) 6’3 = ()\507'( 12 Oim()) 2%0) .

2—¢o
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Therefore,

B = (Blo, Bl1, Bl2, Bl3)(0,2)(1,3)
where S|o, 8]1, 8|2 and (|3 are described in (8.11)),(8.25), (8.12) and (8.26)), respectively, and

T = uly?

—92\ @
= (7’ <)\2—50’7'm0) )
€0

(B )Y

2—¢o
(v) The cases (i,7) = (1,2),(0,3) in (8.4) do not add any more information about f.

Summarizing, we have found

« g€ @
(8-27) /8|0 e ()\2&)7-777‘0> , B|1 — ()\2&)7' 12 0+m0> ,
&0 )
£ o ft+&0 ) & o
(8.28) /3’2 — <)\€OT(§0—mO)2_050> 7B’3 _ <)\50T< 12=0 0) 2—050> ,
2-¢&o 2—¢o
2mg ) (& )"\
(8.29) T = <)\( € )27_(1_ 500)(2—0&0) ) .
2—¢o
In the particular case where £ = 1, 8 has the form
mg  Hgtimg aomg Somg

ﬁ — (7—172m0 ,T 172mo  gl1-2mg 7 1-2mg )(0’ 2)(1’ 3)
where 7 = (7‘1_2m0)a.

8.4. Cases o3 € {e,0,,07'}. (1) Suppose o = e and let 3 stabilize the kth level of the tree. Then
by Proposition [£.3] we have

[Byu,ﬁ\f] =e, for all u,v € M with |u| = |v| = k.

Therefore, N = (8| | |w| = k,w € M) is abelian and so is its normal closure M under <N,7‘>.
Also, active elements in M are characterized in and In particular, there exists k € M
such that o, = (0,2)(1,3) and 8 € x,xC(k).

(2) Suppose 0g = o, = (0,1,2,3). Then, clearly the element

52 = (BloBl1s BliBl2, BlaBlas BlaBlo)(0,2)(1,3)

k
satisfies [52, (52)7 | = e for all k € Z4. Therefore, by the previous analysis, we have

(8.30) BloB = <Azmm°) ;

)
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_ e
(831) B’lﬂb _ <>\2§07'§12§0+m0> ,
€o
o)\ ©
(8.32) Bl2B|3 = <)\§07_(§0 o)g%o) ’
2—&p
<§1+§o _m0> €0 \¢
(8.33) BlsBlo = <>\507 ’ 250) :
2—¢o
m. e \2\ @
(8.34) r= (A( @ )27( ~220) (%) > ,
2—¢&
Hence, multiplying (8.30]) by (8.32)), we obtain
m (€o—mo) 722\ @ \"
(8.35) BloBl1Bl28l3 = AngT 0)\2%7 e e il
0 —s0
We define
' "T oA, if —nezl’
-3 n 4

0=0W(e, 71,71, 771)(1,3)

(1)
(an invertor of 7) and v = (e, (8]o) ™%, (BloBl1) ™Y, (BloBl18]2) 1) (a‘1¢2§0> .
€5
We verify, by (8.35)), that v conjugates § to

)
]
(e,e, e, BloBl18]28]3) & o

which is equal to .
(3) Suppose o5 = 07! = (0,3,2,1). Then, 87! satisfies the previous case and 3~! = 77 for some

v € Ay. Therefore, as 8 inverts 7, we have
(8.37) b= =) =)

8.5. Final Step. We finish the proof of the second part of Theorem A. For the case where the
activity of 8 is a 4-cycle, we use the fact that 82 € B, which we have already described. Next, from

the description of the centralizer of 52, we are able to pin down the form of j3.

Proposition 8.3. Let 3 = (8o, Bl1, Bl2, B13)(0,2)(1,3) be such that (Blo) (Bl2) = 7% and (B|1) (B|3) =
792 for some 01,0, € Aut(Ty). Then, 3 is conjugate to T2
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Proof. Let v = (e,e, Bl ", Bl7 ). Then,
(8.38) B = (ese, BloBl2 ,B118l3)(0,2)(1,3).
Therefore, substituting B|of]2 = 7% and B[ 8|3 = 7% in the above equation, we have
B = (e,e, 7, 7%2)(0,2)(1,3).

Conjugating 3% by v = (07,05 *,0,",051) we produce

Ba'y — 7_2‘
O
We show below that active elements of B produce within B elements conjugate to 72.
Proposition 8.4. Let 8 € B with nontrivial og. Then
(i) If og = o2, then B is a conjugate of T°.
(ii) If o5 € {(0,2),(1,3)}, then BB is a conjugate T°.
(iii) If o € {0,071}, then 8% is a conjugate of T2
roof. It is enough to prove (i), since (ii), (iii) are just special cases.
Proof. Tt i gh to prove (i), since (ii), (iii) are just special
If o3 = 02, then
[0 51—50 «
(8.39) ﬁ‘(): )\ﬁTmO ,ﬁ|1: )\ﬁT 7 1Mo s
€0 €0
oy f0 \ a+éo ) b0\
(8.40) Bla = <)\§07-(£0 m°)2%o> ,Bls = <>\507( : m0>2§°> ;
2—¢&g 2-¢&o
om ¢ 2\ &
(8.41) r=(x g EIEE)Y
(2g)
where &y,& € U(Zy4), mo € Zy.
Therefore,
¢ a 2 \ ¢ <¢ €2 )a
BloBl2 = (/\2—5on0/\ f T(Eo_mo)z’—%t)) = (75 | =7\ 7%
& 2—-¢p
_ £1+¢ 3 a £160 \ @ P >a
BluBls = ()\m)\ y T(Wmomo) _ () :T< 24
& 2-¢0
It follows from Proposition that S is a conjugate of 72. O
jug

Corollary 8.5. Suppose 5 € B is an active element. Then, B is conjugate to a subgroup of the

centralizer C(7%).
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Proposition 8.6. Let v € C(72). Then,

(842) v = (Tmo, Tm1’7_m0+5((0)0'7, 2)’ 7_m1+5((1)0'7, 2))0_7
where mo, m1 € Zy, 0 € Cs, (02).
Proof. Write v = (|0, Y|1,7|2,7]3)0y. Then 72y = y72 translates to

(e,e,7,7)(0,2)(1, 3) (V)0 v]1: V]2, vIs) oy
= (’Y’Ov 7‘17 7‘% 7’3)07(67 €T, T)(07 2)(17 3)7

and this in turn translates to

(v]25 713, 7¥]0, T[1)(0, 2) (1, 3) o4

(’7|0a’7’177‘277|3)0—’Y(7—5(072)77_6(1’2)77—6(272)77—5(372))(072)(173)
= (Y00, VI1, 7|2, 3) (7002 70((W)e2.2) 70(2)0.2) 70(3)o2D)o (0, 2)(1, 3)

= (/y|07-6((0)0-772)’ ry|17-5((1)0"‘/72) R 7|275((2)O—’Y12)’ ry|37-6((3)0'772))0-7 (07 2)(1, 3)

Thus, we have

V]g = 7]ord(Do2),
W|O — 7|276( 2)@,2)

(
|1 = |3 (3on2),

Hence,
{ ’)/|2 — 7|075((0)U’Y72)7 f}/|3 — f}/|17-6((1)0'772)’

Pl = 2507 D+8(2)022) = 7 2l = 78(Dor D +(B)or2) = 7

Therefore, there exist mg, m1 € Z4 such that

Ylo =770, Al =™
f)/|2 = 7-m0+6((0)0-’*/’2)7 7‘3 — Tm1+6((1)a"772)
Hence, v has the form

(8.43) = (™0, 7™ 7—m0+5((0)‘7772)’ Tm1+5((1)0v72))0%
where 0., € Cx, (0?).
Corollary 8.7. The centralizer of T2 in A4 is

0(7_2) = <(€> €T, 6)(0, 2)7 T, (Tm077_m177_m0’ Tml) ‘ mo, My € Z4> .

Corollary 8.8. Let v € C(7?) be such that o, € ((0,2)(1,3)). Then

7€ <(7m077m1’7m0a7m1)’ 2 | mo,my € Z4>-
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Proposition 8.9. Let H = <(7‘m0,’7'm1,7'm0,7'm1),7'2 | mg,my € Z4>. Then the normalizer N 4, (H) is
the group

(C(7%), (V2mo+1 V2m1+15 YV2mo+1T™, Yom, 417" | mo,my € Zy)

where, for each n € U(Zy), 1y, is defined by and

¥ = 77,
Proof. As

(8.44) @ = (Yomg+1%2my+1, V2mo+17T"0 s Y2my +17),
conjugates 72 to
(Tmo’ 7.mlﬂ.mo+17 7_ml+1)(07 2)(17 3)7

where mg, m; € Z4, and any other element in IV 4, (H) is equal to an element in C/(72) times an element
of the form (8.44)), then N4, (H) is the desired subgroup. O

Theorem 8.10. Let G be a solvable subgroup of Aut(Ty) which contains 7. Then, G is a subgroup of
(8.45) Xg (v (Xq (X4T* % Sg) X Sg)--+) xSy
for some a € Ay, where T is the normalizer in Ayq of C(7?) .

Proof. As in the case n = p, we assume G has derived length d > 2 and let B be the (d — 1)th term
of the derived series of G. Then, B is an abelian group normalized by 7. On analyzing the case
and the final step, there exists a level ¢ such that B is a subgroup of V = x #+C(p?),where y = 7% for
some a € Ay and where 0,2 = (0,2)(1,3). There also exists 3 € B such that |, = u? for some index

u e M.

Moreover, if T is the normalizer of C(72), then clearly, T® is the normalizer of C(u?).

w

We will show now that G is a subgroup of
J = x4 (- (x4 (xaT™ % Sq) x Sq)--+) x Sy

where the cartesian product x4appears t times..

Let v ¢ J. Since y ¢ J, there exists w € M having |w| =t and 7|, € T®. Since 7 is transitive on
all levels of the tree, by Corollary we can conjugate 8 by an appropriate power of 7 to get § € B
such that

Bl = p? or 6, = (u2)T = ((Tmo,Tm1,7m0+1,7'm1+1)(0, 2)(1,3))a,

where mg, my € Z4. Thus, for v = w” we have
€D , 7,1
@)1, o = el ¢ o)

which implies 87 ¢ B <V and v ¢ G. Hence, G is a subgroup of J. OJ
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