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HARADA’S CONJECTURE 1II FOR THE FINITE GENERAL LINEAR GROUPS
AND UNITARY GROUPS

MASAHIRO SUGIMOTO

ABsTRACT. K. Harada conjectured for any finite group G, the product of sizes of all conjugacy classes
is divisible by the product of degrees of all irreducible characters. We study this conjecture when G
is the general linear group over a finite field. We show the conjecture holds if the order of the field is

sufficiently large.

1. Introduction

Let G be a finite group, and let CI(G) = {K3,..., K;} and Irr(G) = {x1,- .., x1} denote the set of
all conjugacy classes of G and the set of all irreducible characters of G respectively. Extending linearly
irreducible representations p; : G — GLy,(C) of G affording y;, we obtain C-algebra homomorphisms
pi + CG — M,,(C) from the group algebra CG to the matrix algebra M, (C). The restriction of
CG — Hé:l My, (C), obtained from (p;)i1<i<i, to the center Z(CG), is the C-algebra isomorphism
w: Z(CG) — Z([T.L, My, (CT)).

Let W denote the representation matrix of w with respect to the basis {3 ., }1<i<i of Z(CG) and
the basis {(0,...,idn,,...,0)} 1<ict of Z(IT'_; Mn,(C)) = [T'_, Z(M,,(C)) where (0,...,idn,,...,0)
denotes the identity matrix as the ¢-th matrix and the others as zero.

We set X to be the character table of G. X is the representation matrix of w with respect to the
basis {ﬁ > wek,; Th<i<i of Z(CG) and the basis {(O,...,n%_idm, 0 h<icy of [T, Z(M,,,(CT)).
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Then, we let

detW :ﬁl #E,;

(&)= det X deg v’

For example, when G is the quaternion group (s, the character table is following;:

TABLE 1. The character table of Qg

Qs | 1| —=1] i | 5 | &
villl 1|11
yo 1| 1 |=1]-1]1
ys |1 1|1 [=1]-1
yalll 1 [=1]1|-1
s |2l=2]01]01|o0
Thus we have

1-1-2-2-2
h = =4,
Q)= T 7112

Conjecture 1.1 (“Harada’s conjecture I11”[6]). h(G) is an integer for any finite group G.

This question is still open. Since their character tables are well known, we can easily check abelian
groups and dihedral groups satisfy the condition h(G) € Z. Using GAP [4], the author verified
Conjecture 1.1 for all groups whose orders are less than 1000 excepting 2° = 512. A. Hida [7] proves
Conjecture 1.1 for symmetric and alternating groups using the hook length formula. Some simple
groups and their maximal subgroups on ATLAS were confirmed by N. Chigira (unpublished).

Our main results are Theorems 1.2 and 1.3 on the general linear group GL,,(q) of degree n over the

finite field with ¢ elements.
Theorem 1.2. Let g be a prime power. Then we have
h(GLn(q)) € Z[g™").
Theorem 1.3. For any fized n, there exists an integer q, such that if ¢ > gy, then h(GL,(q)) € Z.

Moreover, when G is the finite unitary group, we prove the same result (Theorem 1.4) by “Ennola

duality”. For a = (a;j) € GLy(¢?), we write a* = (af;) € GL,(¢?). Then the finite unitary group is
Un(g) = {a € GLy(¢%) | aa® = I},

where I is the unit of GL,(¢?). V. Ennola [2] conjectured certain class functions on the finite unitary
group U, (¢) obtained from the irreducible characters of GLy,(¢) are the irreducible characters of Uy, (q).

Ennola’s conjecture is proved by N. Kawanaka [8] and called Ennola duality.

Theorem 1.4. Let q be a power of a prime. Then h(U,(q)) € Zlg~']. Moreover, for any fized n,
there exists an integer qy such that if ¢ > qn, then h(U,(q)) € Z.

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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2. Representations of GL,(q)

First, we classify conjugacy classes of GLj,(q) by characteristic polynomials and partitions.
The order of GL,(q) is
| GLu()] = 43 u(e)
where ¢,,(q) = (¢~ 1)(¢* = 1)+~ (¢" = 1).
For a partition A = (Aq,...,\;) of n with Ay > --- > X\; > 0, we write [(\) = [ for the length of A

and |A| = n for the size of \. The conjugate partition of A is the partition X = (X{,...,\},) where
Ny =#{i | \i > j}. We have [\'| =n and I(X) = A1,

Let f be a monic polynomial f(t) = t% —ag_1t¥~! —- - —ag over the finite field F, with ¢ elements.
We define the d X d companion matrix
1
Ui(f) =
1
ap ar - ad—1
whose characteristic polynomial is f(t), the rd x rd matrix
Ui(f) 1a
Ur(f) =
Iy
Ui(f)
where I is the unit of GL4(g) and, for a partition A = (A1,...,\;),
U)\1 (f)
U, (f)
UA(f) = i
Uy (f)

Lemma 2.1. [5, Lemma 1.1] If the characteristic polynomial fo of a € GLy,(q) decomposes as fo, =
o o fp?, where fi,..., fp are distinct irreducible polynomials over Fy, then « is conjugate to a

matrixz of the form

UV1 (fl)

Uy, (fp)

where v1,...,v, are respective partitions of my,...,my.

It follows from Lemma 2.1 that conjugacy classes of GL,(q) are parametrized by maps from the set
F of monic irreducible polynomials excluding f(t) =t to the set P of partitions. Since the polynomial
t does not appear as an irreducible factor of the characteristic polynomial of any element of GL,(q),

we exclude ¢ from the definition of F.

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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For a map v : F — P, we define
vl =" [v(f)| deg(f
fer

When ||v|| is finite, the number of polynomials fi, ..., f, which do not map to the empty partition
() is finite.

Then if ||v]| = n, the matrices

Uy (f1)
U, =

Uu(fp) (fp)

are representatives of conjugacy classes.
Let C, be the centralizer of U,. The order of C,, is

Cul = [T aws) (a5
jeF

where

( ) "\
CL)\(q) = q(l 3 +ZL)‘Z>‘Z+1 Hl/))\/ A\

’L+1

for a partition A.
Secondly, irreducible characters of GL,,(¢q) can be obtained by Green’s theory. Green shows how to

obtain the irreducible characters, but we are concerned only with their degree.

Lemma 2.2. [5, Theorem 14] There is an explicit map that assigns to each v : F — P satisfying

|\v|| = n an irreducible character x,, of GLy(q), such that
deg X, = ¥n(q) [ ] bucp(¢®V
fer

where
1\

ba(g) = g2 (DX H(q)\ii)\riﬂ H Y1) 5
1<J
and furthermore, this map is a bijection.

3. Proof of main results

Theorem 1.2. Let q be a prime power. Then we have
h(GLn(q)) € Z[g™").

Proof of Theorem 1.2. We fix v : F — P satisfying ||v|| = n. By §2, the quotient of the size of K, and
the degree of x, is

’GLn(Q)’ _ q(g)
|Cy| deg xu erf a,/(f)(qdeg(f))by(f)(qdeg(f))

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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We write A\(r) = A, — r for a partition A\. Then

[TYre)+i00 (@)
[Tvx -, (@) [Tic;(@O20) — 1)

(3.2) (ax(g)ba(g) ™t = gV

where

) = (") + 6 - v T

It suffices to show that

() = [T r)+l()\)§‘.(13)_>\( :
[T¥n-x,, (@) ITic;(q ) —1)
is an integer for each partition A. By induction, we assume ®(\) € Z for any partition A = (A1,...,\))

of length I, and show ®(A") € Z for all partitions AT with (A1) =1+ 1.

When A = (n), the conjugate partition \ is (1,1,...,1), so all terms in the first product of the
denominator of (3.2) are 1g(q) = 1. The second product in the denominator of (3.2) is empty. Thus
®(X\) = n(q) is an integer.

Let A = (A1,..., ;) be a non empty partition, x be an integer with x > A; and A* = (z, A,..., \;).

We can easily obtain the following:

AT(0) + 1AT) = A(i — 1) + 1(N) (i > 1)
AT(1) + 1) = 2 + 1(\)
)\I

(A7) — ()y = N = My, (i < M)
A7)y = (AYoyy = X, 41 (A1 = @)
) = Ay = 1 (A1 < @)
X7(i) = N(j) = A(i = 1) = A — 1) (1<i<j)
AZ(1) = A%(i) =z — A(i — 1) (i>1)

where (A?) = (M%)}, ..., (A?),) is the conjugate partition of A*.

By these formulas, we have

[T¥re )10y (@)

D(A*) = S OEYIE
[TY0ey ooy, , (@) Tl (@020 — 1)
Yey100) () _
_ )PV emy e =M
B(N) izt @) (x> \)

[I(g" ) =1)
The integers x — A(1),..., 2 —A(l) and X} +1 are distinct and less than or equal to 4 1()). Indeed,

it is clear that
O<z—A1)<---<z—=AI) <z+IN).
Ifl‘:)\lz'--:)\i>)\i+1,then
r=ANi)=i=MN, <M, +1<i+2<z—-Ai+1),

http://dx.doi.org/10.22108/ijgt.2024.140888.1896


http://dx.doi.org/10.22108/ijgt.2024.140888.1896

290 Int. J. Group Theory, 14 no. 4 (2025) 285-296 M. Sugimoto

and if x > Ay, then
No+1l=1<14(x—X\)=z—\1).
Therefore ¥, (1) (g) is divisible by (=t — 1) [1(¢**® —1). By the induction hypothesis, ®(\?) is

an integer. (]

It remains to consider the “g-power part” of h(GL,,(q)). To simplify notation, we define a valuation
vg : Z[g™'] = QU {oo};
vg(q™r) =m (¢,r)=1.
Then, the v, value of (3.1) is

0 = (gl ) = () = 3wt dests)

|Cu’deng fer

and of h(GL,(q)) is
vg(h(GLa(0))) = Y Q(v).
|

vll=n
By Theorem 1.2, h(GLy(q)) € Z is equivalent to vy(h(GLy(g))) > 0.

We rewrite vy(h(GLy(q))) as a polynomial in g. To do this, we introduce an equivalence relation
on v’s. We define two maps v,/ : F — P to be equivalent if and only if there exists a bijection 7
on F preserving degree and satisfying v o 7 = 1/, and write the equivalence class including v as [v].
Then |lv|| = ||V/|| and Q(v) = Q(v') holds. Thus the size of [v] is at most the number of maps whose
Q-value equals Q(v). By definition, equivalence classes are characterized by summands in the sum of
defining ||v|| satisfying v(f) # ().

We recall a formula for the number of monic irreducible polynomials (cf. the last equation of [5,
section 1]). Let N(d) be the number of such polynomials of degree d in . N(1) = ¢—1 and for d > 2,

1 d\ .
N(d) == =4
@=13u () ¢
i|d
where p is the Mobius function defined by the following:
1 n=1
p(n) = (=1)"™ n = the product of m different primes

0 otherwise

Therefore, N(d) is a polynomial in ¢ of degree d.
We can present each class size as a polynomial in ¢, because it is a combination of the number of

monic irreducible polynomials.

Example 3.1. Table 2 gives the data needed to calculate vy(h(GL2(q))). If v maps the polynomial
f(t) =t —1 to the partition (2) and the other polynomials to the empty partition (), then

o vl = 1@ x1=2,

e Q) =Q(v) =0 when v and V' are equivalent, and

e the size of [V] equals N(1) = q — 1, the number of degree 1 polynomials in F.

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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Similarly, we have

37 QW) =0x N(1)+ (=1) x N(1) + 1 x N(2) + 1 x (N§1)>

Ivli=2
=(¢-1(g—-2)

TABLE 2. n =2 (4 classes)

V] Qv)  #[v]

[(2)] x 1 0 N(1)
[(1,1)] x 1 -1 N(1)
|(1)| x 2 1 N(2)

(W x1+|@W)f=x1 1 (VP)

Thus, for ¢ > 2, v4(h(GL2(g¢))) is non-negative, so h(GL2(q)) is an integer.

Lemma 3.2. v,(h(GLy(q))) is a polynomial in q of degree n.
Proof of Lemma 3.1. In the same way as the example, we can show that v,(h(GL,(q))) is a polynomial
in ¢ for any n.

Since Q(v) = Q') for V' € [v], we have

deg [ > Q) | = deg (Qw)# V)

Ve

= deg(#[v]).
Since #]v] is the combination of the number of monic irreducible polynomials,

#1< ] N(des(f))
(NH#0

and, the degree of polynomial N(d) in ¢ is d,
deg(#[v]) < > deg(N(deg(f)))

If o : F — P maps a polynomial of degree n to the partition of 1 and the others to (), then #|u]
equals the number N(n) of monic irreducible polynomials of degree n and deg(#[u]) = n. Hence
deg | > Q)| = max deg(#[v))

equivalence
lvll=n classes [V]

= n.

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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Note that Q(v) is negative when ||v|| is [(1,1)] x 1. There are some negative values for general n
(See Appendix). In other words, the “g-power part” of (3.1) is not always an integer unlike ®(\).
However, if ¢ is large enough, we can ignore negative values.

Theorem 1.3. For any fixed n, there exists an integer g, such that if ¢ > g, then h(GL,(q)) € Z.

Proof of Theorem 1.3. Tt suffices to show that the leading coefficient of > Q(v) is positive for any n.
Let ¢}, be the leading coefficient of the size of [v]. Since ¢y is a product of leading coefficients of
N (d)s, the leading coefficient of > Q(v) is

> ) = (”;") > cw >0,

where the sum is over equivalence classes [v] satisfying the image v(F) of v equals {(1),()}. O

4. Finite unitary group

The order of Uy(q) is
| Un(@)l = (=1)"(=0)®)pn(—a).
Similarly to the general linear groups, we classify conjugacy classes of U, (¢q) by U-irreducible poly-

nomials and partitions. For a monic polynomial
f) =t +ag_ 1t + - +ag

over [ with ag # 0, we denote

() = ag(adt? + aft™1 4+ 1).

We call a monic polynomial f(¢) U-irreducible if f(¢) is irreducible and f(t) = f(¢), or f(t) = g(t)g(t),
where ¢g(t) is irreducible and g(t) # g(t). Conjugacy classes of U, (q) are parametrized by maps from
the set Fy of monic U-irreducible polynomials excluding f(¢t) = ¢ to the set P of partitions. By a
theorem of Wall [3], there exists a bijection from the set of maps v : Fy — P satisfying ||v|| = n to

the conjugacy classes of U,(q).

Lemma 4.1. The size of the conjugacy class ¢, corresponding to a map v : Fy — P satisfying ||v|]| =n

18

where

av(cy) = [] awip((—9)?=D).
f

eFu

V. Ennola defines, for each map v : Fy — P, an “irreducible C-function y,” and shows the
irreducible C-functions form an orthonormal basis for the vector space of class functions on Uy (q) [2,
Theorem 1]. N. Kawanaka [8] proves Ennola’s conjecture, that the irreducible C-functions are the

irreducible characters of U, (q).

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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Lemma 4.2. The degree of the irreducible character x, corresponding to a map v : Fy — P satisfying
lv|| =n is

[n(=0) TT b (@)™ =9))

fer

Ennola duality is “the simple formal change that ¢ is everywhere replaced by —¢”. Thus we can
apply the proof of theorem 1.2 to the finite unitary group.
The number Ny (d) of distinct U-irreducible polynomials of degree d is given in [2, Theorem 4].

Lemma 4.3. [2, Theorem 4]

where
-1 d=1
ca=141 d=2
0 otherwise
By Lamma 4.3 and the proof of theorem 1.3, we have theorem 1.4.

Theorem 1.4. Let q be a power of a prime. Then h(U,(q)) € Z[q']. Moreover, for any fized n, there
exists an integer q, such that if ¢ > qyn, then h(U,) € Z.

5. Some remarks

Some calculation results are in the appendix. We have calculated vg(h(GLy,(¢))) when n = 3,4,5 to
show h(GLy(q)) is an integer for any ¢ > 2. Since vy(h(GLy(q))) is a polynomial in ¢ and its leading
coefficient is positive, it suffices to show that the maximum real root of v,(h(GLy(q))) is less than or
equal to 2. By Table 3, h(GL,(q)) € Z for 2 <n < 5.

TABLE 3. v4(h(GLy(g))) and the maximum real root

n vg(h(GLy(q))) max root
2 (¢—1)(¢—2) 2
3 3(q — (¢* — 2) V2
4 3(g—1)(2¢3 + ¢*> — 29+ 3) 1
5 (¢—1)(10¢* +7¢% — 2¢> — 15¢ — 10) 1.174...

Apparently, Q(v) is positive for almost all v such that ||v| = 2,3,4 and 5. I think there are few

negative values for n > 6, so I propose the following conjecture.
Conjecture 5.1. For n > 6, the mazimum real root of vg(h(GLy(q))) is less than 2.

It seems that when Q(v) is negative, v almost always maps a single degree 1 polynomial to a

partition of n and the others to () - see Tables 5-7. Summing Q(v) over such v, the partial sum of

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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vg(h(GLn(q))) s

TABLE 4.
n p)(3) Yya T
2 2 3
3 9 12
4 30 36
5 70 78
6 165 171
7 315 309
8 616 573
9 1080 960
10 1890 1611

From our computations giving Table 4, we are led to propose the following conjecture.

Conjecture 5.2. Forn > 7, p(n)(y) — >y, V() is positive.

Appendix

TABLE 5. n = 3 (8 classes)

V] Q) #[v]

[(3)] x 1 1 N(1)

[(2,1)] x 1 -1 N(1)

[(1,1,1)| x 1 -3 N(1)

[(1)] x 3 3 N(3)
[(2)] x1+](1)[x1 2 NON@I)-1)/2
(1, 1) x 14+ |(1)] x1 1 N(1)(N(1)-1)/2

[(1)] x2+](1)] x 1 3 N(2)N(1)
(1) x 14+ |(1)] x14+|1)]x1 3 (VD)

http://dx.doi.org/10.22108/ijgt.2024.140888.1896
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TABLE 6. n =4 (22 classes)

[v] Q(v) #lv]
[(4)] x 1 3 N(1)
[(3,1)] x 1 1 N(1)
|(2,2)| x 1 -1 N(l)
[(2,1,1)| x 1 -3 N(1)
|(1,1,1,1)| x 1 —6 N(l)
[(1)] x 4 6 N(4)
[(2)] x 2 4 N(2)
[(1,1)] x 2 2 N(2)
[(3)] x 1+ |(1)] x 1 4 N((NQ)-1)/2
[(2, )] x 14+ |(1)] x1 2 N()(N1)-1)/2
(1,1, 1) x 1+(1 >| 0 N((N()-1)/2
(1)] x 3+ |(1)] x 6 N(3)N(1)
(2)] x 1+](2)] x 1 4 (")
[(2)| x 1T+](1,1) x 1 3 N(1)(N(1)—1)/2
(1, 1)] % 1+(1, 1>| x 1 2 ("))

(2)] x 1+ |(1)] x 5 N(1)N(2)
[(1,1)] x 14 |(1 )|><2 4 N(1)N(2)
(1] x 2+ |(1)] x 2 6 (")

(2)] x 1+](1)] x 1+](1)] x 1 5 NO*YY
(L) x 14+ ](1)] x 1+](1)] x 1 4 N
(1)) x 2+](1)] x 1+](1)] x 1 6 N

(D x L+ [(D] x 1+ [(D x 1+ |(D)] x1 6 (")
TABLE 7. n =5 (42 classes)

[v] Q(v) #[v]

[(5)] x 1 6 N(1)

[(4,1)] x 1 4 N(1)

[(3,2)] x 1 1 N(1)

1(3,1,1)| x 1 0 N(1)

\(2,271)\ x 1 -3 N(l)

|(2,1,1,1)| x 1 —6 N(l)

|(1,1,1,1,1)| x 1 —-10 N(l)

|(171,1,1)|><1+|(1)|><1 -2 N(l)(N(l)—l)/2

The others >0 —

http://dx.doi.org/10.22108/1ijgt .2024.140888.1896
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