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HARADA’S CONJECTURE II FOR THE FINITE GENERAL LINEAR GROUPS

AND UNITARY GROUPS

MASAHIRO SUGIMOTO

Abstract. K. Harada conjectured for any finite group G, the product of sizes of all conjugacy classes

is divisible by the product of degrees of all irreducible characters. We study this conjecture when G

is the general linear group over a finite field. We show the conjecture holds if the order of the field is

sufficiently large.

1. Introduction

Let G be a finite group, and let Cl(G) = {K1, . . . ,Kl} and Irr(G) = {χ1, . . . , χl} denote the set of

all conjugacy classes of G and the set of all irreducible characters of G respectively. Extending linearly

irreducible representations ρi : G→ GLni(C) of G affording χi, we obtain C-algebra homomorphisms

ρ̃i : CG → Mni(C) from the group algebra CG to the matrix algebra Mni(C). The restriction of

CG →
∏l
i=1Mni(C), obtained from (ρ̃i)1≤i≤l, to the center Z(CG), is the C-algebra isomorphism

ω : Z(CG) → Z(
∏l
i=1Mni(C)).

LetW denote the representation matrix of ω with respect to the basis {
∑

x∈Ki
x}1≤i≤l of Z(CG) and

the basis {(0, . . . , idni , . . . , 0)}1≤i≤l of Z(
∏l
i=1Mni(C)) =

∏l
i=1 Z(Mni(C)) where (0, . . . , idni , . . . , 0)

denotes the identity matrix as the i-th matrix and the others as zero.

We set X to be the character table of G. X is the representation matrix of ω with respect to the

basis { 1
#Ki

∑
x∈Ki

x}1≤i≤l of Z(CG) and the basis {(0, . . . , 1
ni
idni , . . . , 0)}1≤i≤l of

∏l
i=1 Z(Mni(C)).
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Then, we let

h(G) :=
detW

detX
=

l∏
i=1

#Ki

degχi
.

For example, when G is the quaternion group Q8, the character table is following:

Table 1. The character table of Q8

Q8 1 −1 i j k

χ1 1 1 1 1 1

χ2 1 1 −1 −1 1

χ3 1 1 1 −1 −1

χ4 1 1 −1 1 −1

χ5 2 −2 0 0 0

Thus we have

h(Q8) =
1 · 1 · 2 · 2 · 2
1 · 1 · 1 · 1 · 2

= 4.

Conjecture 1.1 (“Harada’s conjecture II”[6]). h(G) is an integer for any finite group G.

This question is still open. Since their character tables are well known, we can easily check abelian

groups and dihedral groups satisfy the condition h(G) ∈ Z. Using GAP [4], the author verified

Conjecture 1.1 for all groups whose orders are less than 1000 excepting 29 = 512. A. Hida [7] proves

Conjecture 1.1 for symmetric and alternating groups using the hook length formula. Some simple

groups and their maximal subgroups on ATLAS were confirmed by N. Chigira (unpublished).

Our main results are Theorems 1.2 and 1.3 on the general linear group GLn(q) of degree n over the

finite field with q elements.

Theorem 1.2. Let q be a prime power. Then we have

h(GLn(q)) ∈ Z[q−1].

Theorem 1.3. For any fixed n, there exists an integer qn such that if q > qn, then h(GLn(q)) ∈ Z.

Moreover, when G is the finite unitary group, we prove the same result (Theorem 1.4) by “Ennola

duality”. For α = (aij) ∈ GLn(q
2), we write α∗ = (aqji) ∈ GLn(q

2). Then the finite unitary group is

Un(q) = {α ∈ GLn(q
2) | αα∗ = I},

where I is the unit of GLn(q
2). V. Ennola [2] conjectured certain class functions on the finite unitary

group Un(q) obtained from the irreducible characters of GLn(q) are the irreducible characters of Un(q).

Ennola’s conjecture is proved by N. Kawanaka [8] and called Ennola duality.

Theorem 1.4. Let q be a power of a prime. Then h(Un(q)) ∈ Z[q−1]. Moreover, for any fixed n,

there exists an integer qn such that if q > qn, then h(Un(q)) ∈ Z.
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2. Representations of GLn(q)

First, we classify conjugacy classes of GLn(q) by characteristic polynomials and partitions.

The order of GLn(q) is

|GLn(q)| = q(
n
2)ψn(q)

where ψn(q) = (q − 1)(q2 − 1) · · · (qn − 1).

For a partition λ = (λ1, . . . , λl) of n with λ1 ≥ · · · ≥ λl > 0, we write l(λ) = l for the length of λ

and |λ| = n for the size of λ. The conjugate partition of λ is the partition λ′ = (λ′1, . . . , λ
′
l′) where

λ′j = #{i | λi ≥ j}. We have |λ′| = n and l(λ′) = λ1.

Let f be a monic polynomial f(t) = td− ad−1t
d−1− · · ·− a0 over the finite field Fq with q elements.

We define the d× d companion matrix

U1(f) =


1

. . .

1

a0 a1 · · · ad−1


whose characteristic polynomial is f(t), the rd× rd matrix

Ur(f) =


U1(f) Id

. . .
. . .

Id

U1(f)


where Id is the unit of GLd(q) and, for a partition λ = (λ1, . . . , λl),

Uλ(f) =


Uλ1(f)

Uλ2(f)
. . .

Uλl(f)

 .

Lemma 2.1. [5, Lemma 1.1] If the characteristic polynomial fα of α ∈ GLn(q) decomposes as fα =

fm1
1 · · · fmp

p , where f1, . . . , fp are distinct irreducible polynomials over Fq, then α is conjugate to a

matrix of the form 
Uν1(f1)

. . .

Uνp(fp)


where ν1, . . . , νp are respective partitions of m1, . . . ,mp.

It follows from Lemma 2.1 that conjugacy classes of GLn(q) are parametrized by maps from the set

F of monic irreducible polynomials excluding f(t) = t to the set P of partitions. Since the polynomial

t does not appear as an irreducible factor of the characteristic polynomial of any element of GLn(q),

we exclude t from the definition of F .
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For a map ν : F → P, we define

∥ν∥ =
∑
f∈F

|ν(f)| deg(f).

When ∥ν∥ is finite, the number of polynomials f1, . . . , fp which do not map to the empty partition

() is finite.

Then if ∥ν∥ = n, the matrices

Uν =


Uν(f1)(f1)

. . .

Uν(fp)(fp)


are representatives of conjugacy classes.

Let Cν be the centralizer of Uν . The order of Cν is

|Cν | =
∏
f∈F

aν(f)(q
deg(f))

where

aλ(q) = q(
l(λ)
2 )+

∑
i λ

′
iλ

′
i+1

∏
i

ψλ′i−λ′i+1
(q)

for a partition λ.

Secondly, irreducible characters of GLn(q) can be obtained by Green’s theory. Green shows how to

obtain the irreducible characters, but we are concerned only with their degree.

Lemma 2.2. [5, Theorem 14] There is an explicit map that assigns to each ν : F → P satisfying

∥ν∥ = n an irreducible character χν of GLn(q), such that

degχν = ψn(q)
∏
f∈F

bν(f)(q
deg(f))

where

bλ(q) = q
∑

i(i−1)λi
∏
i<j

(qλi−λj−i+j − 1)

l(λ)∏
r=1

ψλr+l(λ)−r(q)
−1,

and furthermore, this map is a bijection.

3. Proof of main results

Theorem 1.2. Let q be a prime power. Then we have

h(GLn(q)) ∈ Z[q−1].

Proof of Theorem 1.2. We fix ν : F → P satisfying ∥ν∥ = n. By §2, the quotient of the size of Kν and

the degree of χν is

(3.1)
|GLn(q)|
|Cν | degχν

=
q(

n
2)∏

f∈F aν(f)(q
deg(f))bν(f)(qdeg(f))

.

http://dx.doi.org/10.22108/ijgt.2024.140888.1896

http://dx.doi.org/10.22108/ijgt.2024.140888.1896


Int. J. Group Theory, 14 no. 4 (2025) 285-296 M. Sugimoto 289

We write λ(r) = λr − r for a partition λ. Then

(3.2) (aλ(q)bλ(q))
−1 = q−Ψ(λ)

∏
ψλ(r)+l(λ)(q)∏

ψλ′s−λ′s+1
(q)
∏
i<j(q

λ(i)−λ(j) − 1)

where

Ψ(λ) =

(
l(λ)

2

)
+
∑

(i− 1)λi +
∑

λ′jλ
′
j+1.

It suffices to show that

Φ(λ) :=

∏
ψλ(r)+l(λ)(q)∏

ψλ′s−λ′s+1
(q)
∏
i<j(q

λ(i)−λ(j) − 1)

is an integer for each partition λ. By induction, we assume Φ(λ) ∈ Z for any partition λ = (λ1, . . . , λl)

of length l, and show Φ(λ+) ∈ Z for all partitions λ+ with l(λ+) = l + 1.

When λ = (n), the conjugate partition λ′ is (1, 1, . . . , 1), so all terms in the first product of the

denominator of (3.2) are ψ0(q) = 1. The second product in the denominator of (3.2) is empty. Thus

Φ(λ) = ψn(q) is an integer.

Let λ = (λ1, . . . , λl) be a non empty partition, x be an integer with x ≥ λ1 and λx = (x, λ1, . . . , λl).

We can easily obtain the following:

λx(i) + l(λx) = λ(i− 1) + l(λ) (i > 1)

λx(1) + l(λx) = x+ l(λ)

(λx)′i − (λx)′i+1 = λ′i − λ′i+1 (i < λ1)

(λx)′x − (λx)′x+1 = λ′x + 1 (λ1 = x)

(λx)′x − (λx)′x+1 = 1 (λ1 < x)

λx(i)− λx(j) = λ(i− 1)− λ(j − 1) (1 < i < j)

λx(1)− λx(i) = x− λ(i− 1) (i > 1)

where (λx)′ = ((λx)′1, . . . , (λ
x)′x) is the conjugate partition of λx.

By these formulas, we have

Φ(λx) =

∏
ψλx(r)+l(λx)(q)∏

ψ(λx)′s−(λx)′s+1
(q)
∏
i<j(q

λx(i)−λx(j) − 1)

=

Φ(λ)
ψx+l(λ)(q)

(qλ
′
x+1−1)

∏
(qx−λ(i)−1)

(x = λ1)

Φ(λ)
ψx+l(λ)(q)∏
(qx−λ(i)−1)

(x > λ1)
.

The integers x−λ(1), . . . , x−λ(l) and λ′x+1 are distinct and less than or equal to x+ l(λ). Indeed,

it is clear that

0 < x− λ(1) < · · · < x− λ(l) < x+ l(λ).

If x = λ1 = · · · = λi > λi+1, then

x− λ(i) = i = λ′x < λ′x + 1 < i+ 2 ≤ x− λ(i+ 1),
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and if x > λ1, then

λ′x + 1 = 1 < 1 + (x− λ1) = x− λ(1).

Therefore ψx+l(λ)(q) is divisible by (qλ
′
x+1 − 1)

∏
(qx−λ(i) − 1). By the induction hypothesis, Φ(λx) is

an integer. □

It remains to consider the “q-power part” of h(GLn(q)). To simplify notation, we define a valuation

vq : Z[q−1] → Q ∪ {∞};
vq(q

mr) = m (q, r) = 1.

Then, the vq value of (3.1) is

Ω(ν) := vq

(
|GLn(q)|
|Cν | degχν

)
=

(
n

2

)
−
∑
f∈F

Ψ(ν(f)) deg(f)

and of h(GLn(q)) is

vq(h(GLn(q))) =
∑

∥ν∥=n

Ω(ν).

By Theorem 1.2, h(GLn(q)) ∈ Z is equivalent to vq(h(GLn(q))) ≥ 0.

We rewrite vq(h(GLn(q))) as a polynomial in q. To do this, we introduce an equivalence relation

on ν’s. We define two maps ν, ν ′ : F → P to be equivalent if and only if there exists a bijection τ

on F preserving degree and satisfying ν ◦ τ = ν ′, and write the equivalence class including ν as [ν].

Then ∥ν∥ = ∥ν ′∥ and Ω(ν) = Ω(ν ′) holds. Thus the size of [ν] is at most the number of maps whose

Ω-value equals Ω(ν). By definition, equivalence classes are characterized by summands in the sum of

defining ∥ν∥ satisfying ν(f) ̸= ().

We recall a formula for the number of monic irreducible polynomials (cf. the last equation of [5,

section 1]). Let N(d) be the number of such polynomials of degree d in F . N(1) = q−1 and for d ≥ 2,

N(d) =
1

d

∑
i|d

µ

(
d

i

)
qi,

where µ is the Möbius function defined by the following:

µ(n) =


1 n = 1

(−1)m n = the product of m different primes

0 otherwise

Therefore, N(d) is a polynomial in q of degree d.

We can present each class size as a polynomial in q, because it is a combination of the number of

monic irreducible polynomials.

Example 3.1. Table 2 gives the data needed to calculate vq(h(GL2(q))). If ν maps the polynomial

f(t) = t− 1 to the partition (2) and the other polynomials to the empty partition (), then

• ∥ν∥ = |(2)| × 1 = 2,

• Ω(ν ′) = Ω(ν) = 0 when ν and ν ′ are equivalent, and

• the size of [ν] equals N(1) = q − 1, the number of degree 1 polynomials in F .
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Similarly, we have ∑
∥ν∥=2

Ω(ν) = 0×N(1) + (−1)×N(1) + 1×N(2) + 1×
(
N(1)

2

)
= (q − 1)(q − 2).

Table 2. n = 2 (4 classes)

[ν] Ω(ν) #[ν]

|(2)| × 1 0 N(1)

|(1, 1)| × 1 −1 N(1)

|(1)| × 2 1 N(2)

|(1)| × 1 + |(1)| × 1 1
(
N(1)
2

)
Thus, for q ≥ 2, vq(h(GL2(q))) is non-negative, so h(GL2(q)) is an integer.

Lemma 3.2. vq(h(GLn(q))) is a polynomial in q of degree n.

Proof of Lemma 3.1. In the same way as the example, we can show that vq(h(GLn(q))) is a polynomial

in q for any n.

Since Ω(ν) = Ω(ν ′) for ν ′ ∈ [ν], we have

deg

∑
ν′∈[ν]

Ω(ν ′)

 = deg (Ω(ν)#[ν])

= deg(#[ν]).

Since #[ν] is the combination of the number of monic irreducible polynomials,

#[ν] ≤
∏

ν(f) ̸=()

N(deg(f))

and, the degree of polynomial N(d) in q is d,

deg(#[ν]) ≤
∑

ν(f) ̸=()

deg(N(deg(f)))

=
∑

ν(f) ̸=()

deg(f)

≤ ∥ν∥.

If µ : F → P maps a polynomial of degree n to the partition of 1 and the others to (), then #[µ]

equals the number N(n) of monic irreducible polynomials of degree n and deg(#[µ]) = n. Hence

deg

 ∑
∥ν∥=n

Ω(ν)

 = max
equivalence
classes [ν]

deg(#[ν])

= n.
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□

Note that Ω(ν) is negative when ∥ν∥ is |(1, 1)| × 1. There are some negative values for general n

(See Appendix). In other words, the “q-power part” of (3.1) is not always an integer unlike Φ(λ).

However, if q is large enough, we can ignore negative values.

Theorem 1.3. For any fixed n, there exists an integer qn such that if q > qn, then h(GLn(q)) ∈ Z.

Proof of Theorem 1.3. It suffices to show that the leading coefficient of
∑

Ω(ν) is positive for any n.

Let c[ν] be the leading coefficient of the size of [ν]. Since c[ν] is a product of leading coefficients of

N(d)s, the leading coefficient of
∑

Ω(ν) is∑
c[ν]Ω(ν) =

(
∥ν∥
2

)∑
c[ν] > 0,

where the sum is over equivalence classes [ν] satisfying the image ν(F) of ν equals {(1), ()}. □

4. Finite unitary group

The order of Un(q) is

|Un(q)| = (−1)n(−q)(
n
2)ψn(−q).

Similarly to the general linear groups, we classify conjugacy classes of Un(q) by U-irreducible poly-

nomials and partitions. For a monic polynomial

f(t) = td + ad−1t
d−1 + · · ·+ a0

over Fq2 with a0 ̸= 0, we denote

f̃(t) = a−q0 (aq0t
d + aq1t

d−1 + · · ·+ 1).

We call a monic polynomial f(t) U-irreducible if f(t) is irreducible and f(t) = f̃(t), or f(t) = g(t)g̃(t),

where g(t) is irreducible and g(t) ̸= g̃(t). Conjugacy classes of Un(q) are parametrized by maps from

the set FU of monic U-irreducible polynomials excluding f(t) = t to the set P of partitions. By a

theorem of Wall [3], there exists a bijection from the set of maps ν : FU → P satisfying ∥ν∥ = n to

the conjugacy classes of Un(q).

Lemma 4.1. The size of the conjugacy class cν corresponding to a map ν : FU → P satisfying ∥ν∥ = n

is
|Un(q)|

(−1)naU (cν)
,

where

aU (cν) =
∏
f∈FU

aν(f)((−q)deg(f)).

V. Ennola defines, for each map ν : FU → P, an “irreducible C-function χν” and shows the

irreducible C-functions form an orthonormal basis for the vector space of class functions on Un(q) [2,

Theorem 1]. N. Kawanaka [8] proves Ennola’s conjecture, that the irreducible C-functions are the

irreducible characters of Un(q).
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Lemma 4.2. The degree of the irreducible character χν corresponding to a map ν : FU → P satisfying

∥ν∥ = n is

|ψn(−q)
∏
f∈F

bν(f)((−q)deg(f))|

Ennola duality is “the simple formal change that q is everywhere replaced by −q”. Thus we can

apply the proof of theorem 1.2 to the finite unitary group.

The number NU (d) of distinct U-irreducible polynomials of degree d is given in [2, Theorem 4].

Lemma 4.3. [2, Theorem 4]

NU (d) = N(d)− cd,

where

cd =


−1 d = 1

1 d = 2

0 otherwise

By Lamma 4.3 and the proof of theorem 1.3, we have theorem 1.4.

Theorem 1.4. Let q be a power of a prime. Then h(Un(q)) ∈ Z[q−1]. Moreover, for any fixed n, there

exists an integer qn such that if q > qn, then h(Un) ∈ Z.

5. Some remarks

Some calculation results are in the appendix. We have calculated vq(h(GLn(q))) when n = 3, 4, 5 to

show h(GLn(q)) is an integer for any q ≥ 2. Since vq(h(GLn(q))) is a polynomial in q and its leading

coefficient is positive, it suffices to show that the maximum real root of vq(h(GLn(q))) is less than or

equal to 2. By Table 3, h(GLn(q)) ∈ Z for 2 ≤ n ≤ 5.

Table 3. vq(h(GLn(q))) and the maximum real root

n vq(h(GLn(q))) max root

2 (q − 1)(q − 2) 2

3 3(q − 1)(q2 − 2)
√
2

4 3(q − 1)(2q3 + q2 − 2q + 3) 1

5 (q − 1)(10q4 + 7q3 − 2q2 − 15q − 10) 1.174 . . .

Apparently, Ω(ν) is positive for almost all ν such that ∥ν∥ = 2, 3, 4 and 5. I think there are few

negative values for n ≥ 6, so I propose the following conjecture.

Conjecture 5.1. For n ≥ 6, the maximum real root of vq(h(GLn(q))) is less than 2.

It seems that when Ω(ν) is negative, ν almost always maps a single degree 1 polynomial to a

partition of n and the others to () - see Tables 5-7. Summing Ω(ν) over such ν, the partial sum of
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vq(h(GLn(q))) is

∑
Ω(ν) =

∑((
n

2

)
−Ψ(ν(f))

)
= (q − 1)

(
p(n)

(
n

2

)
−
∑
λ⊢n

Ψ(λ)

)
.

Table 4.

n p(n)
(
n
2

) ∑
λ⊢nΨ(λ)

2 2 3

3 9 12

4 30 36

5 70 78

6 165 171

7 315 309

8 616 573

9 1080 960

10 1890 1611

From our computations giving Table 4, we are led to propose the following conjecture.

Conjecture 5.2. For n ≥ 7, p(n)
(
n
2

)
−
∑

λ⊢nΨ(λ) is positive.

Appendix

Table 5. n = 3 (8 classes)

[ν] Ω(ν) #[ν]

|(3)| × 1 1 N(1)

|(2, 1)| × 1 −1 N(1)

|(1, 1, 1)| × 1 −3 N(1)

|(1)| × 3 3 N(3)

|(2)| × 1 + |(1)| × 1 2 N(1)(N(1)− 1)/2

|(1, 1)| × 1 + |(1)| × 1 1 N(1)(N(1)− 1)/2

|(1)| × 2 + |(1)| × 1 3 N(2)N(1)

|(1)| × 1 + |(1)| × 1 + |(1)| × 1 3
(
N(1)
3

)
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Table 6. n = 4 (22 classes)

[ν] Ω(ν) #[ν]

|(4)| × 1 3 N(1)

|(3, 1)| × 1 1 N(1)

|(2, 2)| × 1 −1 N(1)

|(2, 1, 1)| × 1 −3 N(1)

|(1, 1, 1, 1)| × 1 −6 N(1)

|(1)| × 4 6 N(4)

|(2)| × 2 4 N(2)

|(1, 1)| × 2 2 N(2)

|(3)| × 1 + |(1)| × 1 4 N(1)(N(1)− 1)/2

|(2, 1)| × 1 + |(1)| × 1 2 N(1)(N(1)− 1)/2

|(1, 1, 1)| × 1 + |(1)| × 1 0 N(1)(N(1)− 1)/2

|(1)| × 3 + |(1)| × 1 6 N(3)N(1)

|(2)| × 1 + |(2)| × 1 4
(
N(1)
2

)
|(2)| × 1 + |(1, 1)| × 1 3 N(1)(N(1)− 1)/2

|(1, 1)| × 1 + |(1, 1)| × 1 2
(
N(1)
2

)
|(2)| × 1 + |(1)| × 2 5 N(1)N(2)

|(1, 1)| × 1 + |(1)| × 2 4 N(1)N(2)

|(1)| × 2 + |(1)| × 2 6
(
N(2)
2

)
|(2)| × 1 + |(1)| × 1 + |(1)| × 1 5 N(1)

(
N(1)−1

2

)
|(1, 1)| × 1 + |(1)| × 1 + |(1)| × 1 4 N(1)

(
N(1)−1

2

)
|(1)| × 2 + |(1)| × 1 + |(1)| × 1 6 N(2)

(
N(1)
2

)
|(1)| × 1 + |(1)| × 1 + |(1)| × 1 + |(1)| × 1 6

(
N(1)
4

)

Table 7. n = 5 (42 classes)

[ν] Ω(ν) #[ν]

|(5)| × 1 6 N(1)

|(4, 1)| × 1 4 N(1)

|(3, 2)| × 1 1 N(1)

|(3, 1, 1)| × 1 0 N(1)

|(2, 2, 1)| × 1 −3 N(1)

|(2, 1, 1, 1)| × 1 −6 N(1)

|(1, 1, 1, 1, 1)| × 1 −10 N(1)

|(1, 1, 1, 1)| × 1 + |(1)| × 1 −2 N(1)(N(1)− 1)/2

The others ≥ 0 −
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