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ABSTRACT. For a nontrivial finite group G, the intersection graph I'(G) of G is a simple undirected
graph whose vertices are the nontrivial proper subgroups of G and two vertices are joined by an edge
if and only if they have a nontrivial intersection. In this paper, we obtain the clique number of the
intersection graph of cyclic groups whose orders have four prime divisors. Moreover we find the clique
number of the intersection graph of cyclic groups of order n such that all powers of prime divisors of
n are equal. As a special case, we find the clique number of this graph for the cyclic groups of the

square-free orders.

1. Introduction

Let G be a group. There are several ways to associate a graph to G (see [7] and the references
therein). In this paper, we define the intersection graph of G, denoted by I'(G), is a graph having all
the non-trivial proper subgroups of G as its vertices and two distinct vertices in I'(G) are adjacent
if and only if their intersection is non-trivial. Motivated by [6], Csékany and Pollak [8] defined the
intersection graph of a finite group G in 1969. Zelinka in [19] considered the intersection graphs of
finite abelian groups. Taeri and Ahmadi [1] characterized all finite groups with planar intersection

graphs (see also [12]).
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Kayacan in [11] considered the connectivity of the intersection graphs of finite groups. In 2010,
Shen in [17] determined all finite groups with disconnected intersection graphs. In 2021, Freedman
[9] proved that I'(G) is connected with diameter at most 5 when G is non-abelian simple. In [14, 15],
Shahsavari and Khosravi characterized some families of finite simple groups using their intersection
graphs. The reader can see other results about I'(G) in [1, 5, 16, 18]. Until now, there are only a few
results on the clique number of the intersection graph of finite groups.

Let I' be a simple graph. The set of vertices of every complete subgraph of I' is called a clique of
I'. A maximal clique is a clique that cannot be extended by including one more adjacent vertex. A
maximum clique of I, is a clique, such that there is no clique with more vertices. Moreover, the clique
number of I', denoted by w(I'), is the number of vertices in a maximum clique in T'.

n [2], we showed that if G is a finite group such that w(I'(G)) < 13, then G is solvable and
w( (As)) = 13 where Aj is the alternative group on 5 letters. Also, we determined all groups G' with
w(I'(G)) n [4], we showed that w(I'(PSL(2,7))) = 25 and classify all semisimple groups G with

w(I'(G)) < 25. We find w(I'(Cy,)) where C, is a cyclic group of order n having at most three prime

divisors [3]. It seems not easy to find w(I'(C,,)) in general. So we obtain it for some special cases in

I/\ I/\

this paper.

In the sequel, assume that n = p’flpé€2 x -pr is a positive integer where r > 1, p1,p2,...,p, are
distinct primes and k; > kg > -+ > k, > 1. We use m(n) and d(n) to denote the set of all prime divisors
and the number of the divisors of n, respectively. Therefore d(n) = (k1 + 1)(ka +1)--- (k, +1). Tt is
easy to see that w(F(Cp;fl)) = d(ph") =2 =k; —1 (see [2, Lemma 4.1 (1)]). In [3], we have determined
w([(Cy)) when r < 3 ( see Propositions 2.1 and 2.2). In the present paper we first find w(I'(C},))
when r = 4 (see Theorem 2.3) and then we obtain w(I'(C,)) when r is an arbitrary positive integer
and k; = ka = --- = k; (see Theorem 3.2 and 3.3).

In this paper all groups will be finite and we use the usual notation. Also S(G) is the set of all

subgroups of G. The rest of the notation is standard and can be found mainly in [13].

2. cyclic groups of order with at most four prime divisors

It is known that C), has a unique subgroup of each order dividing n. It follows that |S(Cy,)| = d(n)
and so the number of vertices of I'(Cy,) is d(n) — 2. For given subgroups H and K of C,, we have
H N K # 1if and only if ged(|H|, |K|) # 1. This is useful in the sequel.

Proposition 2.1. Let n = p]f1p§2. Then w(I'(Cy)) = d(r) — 1.

Proof. See [3, Theorem 3.2]. Note that d(p%) — 1 = k1ko + k1 — 1 is the number of proper subgroups
H of C), such that p; divides |H|. O

Proposition 2.2. Let n = p’f1p§2p’§3,
(1) If k1 > koks, then w(I'(Cy)) = d(2) —

(2) If k1 < kaks, then w(T(Cy)) = d(2-

P2P3) —1 +k1<k2 +k3).
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Proof. See [3, Theorem 3.3]. Note that if H, K < C), such that |7(|H|)| > 2 and |7 (|K|)| > 2, then
HNEK #1. 0

In the following, we state and prove the first main result:

Theorem 2.3. Let n = plflp];ngSpZ“.
(1) If kl Z k2k3k4, then w(I‘(Cn)) = d(p%) —1.
(2) If k1 < koksky, then

w(F(C’n)) = d3(n) + kiko + k1ks + max{k1k4, kgkg} -1
where d3(n) is the number of divisors of n with at least three distinct prime divisors.

Proof. Let G = C,,. We introduce some subsets of the vertex set of I'(G) as follows:

o V), is the set of all subgroups H of G such that 7(|H|) = {p;} for 1 <i < 4. Clearly |V,,| = k;.

e Vp,p, is the set of all subgroups H of G such that 7(|H|) = {p;,p;} for 1 <i# j < 4. Clearly
|%ipj| = kik; and Vbin = ijpi'

® Vpp;p 18 the set of all subgroups H of G such that 7 (|H|) = {pi,pj,pi} for 1 <i < j <l <4
Clearly [Vyp,p| = kikjhi.

® V. popsps 18 the set of all proper subgroups H of G such that w(|H|) = {p1, p2,p3,pa}. Clearly
|Voipapsps| = k1kaksks — 1.

o X := (Uicicj<i<aVpipip) U Vorpapsps-

Clearly,
Voo Vo X 0 1<i<4,1<j<1<4)

forms a partition for S(G) \ {1, G}.

Now set
(*) By, = ‘/;h'pj U Vpipr U Vpip,
and
(%) Apipjpz = V;?ipj U Vpip, U V;?jpz

where i, j,1,t are distinct. Clearly By, and Ap,p.p, are cliques in ['(G) for every i,j,l. If T' < G
such that |7(|T|)] = 2 and T ¢ By, U Ay pp, for some i, j,1,t, then By, U{T} and Ay pp, U{T} are
not cliques. So By, and Ay ;,p, are all maximal cliques whose members are of orders with two distinct

prime divisors. Assume first that

P,={H<G: p; divides |H|},
D; = By, | JX 1<i<4
and
Eiji ::ApipjplUX 1<i<yi<i <4

https://dx.doi.org/10.22108/ijgt.2025.140733.1892
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It is clear that P;, D; and E;j are cliques in I'(G) for every distinct 7, j,1. We claim that all maximal
cliques in I'(G) are P;, D; and E;j;; for all distinct i, j, 1.

Suppose that W is a maximal clique in I'(G) and H € W such that |7 (|H|)| has the minimum value
among all elements in W. It is easy to see that |7(|H|)| < 2. Now we consider two cases:

Case 1. If |7(|H|)| = 1, then n(|H|) = {pi} for some 1 <1i < 4. Since W is a clique and H € W, p;
divides the order of every element of W and so W C P;. By the maximality of W, we have W = P;,
as claimed.

Case 2. Suppose that |7(|H|)| = 2. Note that if K, L < G such that |7 (|K]|)| > 2 and |7 (|L])| > 3,
then ged(|K|,|L|) # 1 and so K N L # 1. Since W is a maximal clique in I'(G), we have X C W.
By the properties of By,, Ap.pp, and the maximality of W, we get either W = B, |J X for some i or
W = Appip U X for some distinct 4, j,1. Therefore either W = D; for some i or W = E;j for some

distinct 4, j,I. This completes the proof of the claim. So
w(I(G)) = max{| B, |Ds|, |Eiji| - 1<i<j<l<4)

Clearly, |P;| = d(3) — 1,|Ds| = [Bp,| + |X| for each i and |Ejj| = [App;p,| + [X]. By (*) and (xx),
we see that |By,| = kik; + kiky + kiky and |Ap,p.p, | = kik; + kiky + kjk;. Since k1 > ko > k3 > ky, we
conclude that |Pi| > |P;|, |D1| > |D;| for each i > 1 and |E123] > |E;j| for each (4,7,1) # (1,2,3).
Therefore w(I'(G)) = max{|Py|, |D1|, |E123]}

On the other hand we have P; =V}, | Bp, (X \{Vpopsps }) and so |Pi| = k1 +|Bp, |+ (| X | —kakzka).
Moreover |D1| = |Bp, | + | X| and |E123| = |Ap,pops| + | X

First, assume that k1 > koksks. Then |P1| > |D1| 2 [Era3] and so w(I'(G)) = [P1| = d(;) — 1, as
desired.

Now assume that k1 < koksks. Then |Dq| > |Pi| and so w(I'(G)) = max{|D;|,|E123|}. Note that
By, | = kiks + kks + kiks and | Ay pops| = kiks + kiks + kaks. If kiky > kaks, then w(D(G)) = | Dy,
as wanted. If k1ky < koks, then w(I'(G)) = | E123|. This completes the proof. O

3. the powers of all prime divisors of n are equal

In this section we find w(T'(C,,)) where n = p¥ph - - - pF such that k£ > 1 and r > 2.
For positive integers ¢ < r, we denote C(r,i) = Z,(:ilz), Also we define C(r,0) = C(r,r) = 1.

Clearly, C(r,i) = C(r,r — i) for each ¢ < r. It is well-known that if ) is a set with r elements, then

the number of subsets of Q with i elements is C(r,7). So we have

(1) c(r,0)+C(r,1)+---+C(r,r—1)+C(r,r) =2".

If r > 1 is odd, then

r—1

2 r—1
(2) d Clriy= Y C(ri)=2""-1.
i=1 =Tl

https://dx.doi.org/10.22108/ijgt.2025.140733.1892
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If r is even, then

5—1 r—1
. 1 r . . 1 T _or—1 _
(3) ; Cr,i)+5C(r, ) = ‘_;10(7«,1) + 500 5) =2 - 1.

2

The following result is useful in the sequel.

Lemma 3.1. (see [13,1.3.11]) Let G be a group and H and K be subgroups of G. Then |G : HNK| <
|G : H||G : K|, with equality if the indices |G : H| and |G : K| are coprime.

First, we state and prove the main result for the cyclic groups of orders having odd prime divisors

with equal powers.

Theorem 3.2. Let n = p]fp’Qc ---pF where r > 1 is an odd integer. Then

r—1

wl(Cn)) = Y C(ri)k'+k — 1.

r+1
2

i=
Proof. Assume that G = C), and w = Z::_Q C(r,i)k'+k" —1. Also &; denotes the set of all subgroups
of G of orders having ¢ prime divisors for 12§ i <r. It is easy to see that |&;| = C(r,i)k".

If H € &,, and T € &; such that m > 1 > ", then |G : H| and |G : T| have r —m and r — [ prime
divisors respectively. Therefore |G : H N'T| has at most 2r — (m + [) prime divisors by Lemma 3.1.
Since m+1 > r+1, we have |G : HNT| has at most r — 1 prime divisors. But |G| has r prime divisors
which implies that H NT # 1. Hence & 41 UG rs1 U+ UG, forms a clique in T'(G). Moreover,
if H e &,\{G} and K € §(G) \ {I,G},2 then g2cd(]H\, |K|) # 1 and so H N K # 1. Consequently
(U::_% S;) U (6, \ {G}) forms a clique in I'(G). By the definition of clique number of a graph, we
have w(I'(G)) > |(U:;% &)U (6, \{G})]. Since |&;| = C(r,i)k' and &; NS, = () for each i # j, we
deduced that

r—1
(+) WG = Y Clriki + K —1=w.

i= r+1

2
Now suppose that W is an arbitrary clique in I'(G). It is enough to show that |[W| < w.
Set W, =W NG, foreach 1 <i<r. If1<¢< %, then define f; : W, UW,_; — &,._; by

H HeW,_;
H' HeW,;

fi(H) =

where H' is defined as follows.
Note that if H € W;, then |H| :p?lj1 p?:’ such that 1 <j; <jo<---<ji<rand1<aj; <k

for every t. Suppose that

{p1,p2,o '-apr} \ {pjl"' . ’pji} = {ph?' . "plr—i}

https://dx.doi.org/10.22108/ijgt.2025.140733.1892
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where I < ly < -+ < l,_;. Now we consider H' < G such that |H'| = pZ“ -~-pzj"pli+1-~-plrii.
Therefore HN H' =1 and H' € &,_;. Since H € W;, we have H' € &,_; \ W,._;. We claim that f; is
a one to one map for each 1 <17 < %

Assume that Hi, Hy € W, U W,._; for some 1 < s < ’;—1 such that fs(Hy) = fs(Ho). If Hy € Wy_g
and Hy € Wy, then Hy = H). By the definition of H}, we have Ho N H), = 1 and so Hy N H; = 1,
a contradiction since Hy, Hy € W. Therefore either H1, Ho € W, or Hy, Hy € W,_,. The first case
gives H| = H/, since fs(Hy) = fs(Hz). It follows that

iy, Xig

|H| = [Hy| = p;, " Dy, - Dy Pisys -~ Pip_s-

By the definition of fs, we get |Hi| = |H| = p?lil ---p?‘:*“ where

{pjlvpjza"' >pjs} = {plv' . 'apr} \ {pilapiga' . '7pi,«,s}-

Since G is cyclic, we have H; = Hs, as wanted. The second case gives H; = Hy by the definition of
fs. This completes the proof of the claim. Hence |W; UW,_;| < |S,_;| for each 1 < i < % Since
W, C &, \ {G}, we deduce that

r—1

r 2
wi=1Jwil = {JW:iuw.)| + W,

i=1 i=1

ﬂ
2
(3.1) <O IS+ —1=w
i=1
Hence (%) and (3.1) give the result. O

In the following, we prove the third main result. More precisely, we find the clique number of the

intersection graph of cyclic groups of orders having even prime divisors with equal powers.

Theorem 3.3. Let n = p’fp§ . -pf? be a positive integer such that r > 4 is even. Then

r—1
1 .
w(D(C) = Y Clrik +5C(r, g)ki SR -1
=L 41

Proof. Assume that G = C), and w = ZZ:%H C(r,i)k' + 3C(r, %)k‘g + k" — 1. Let &; denote the
set of all subgroups of G of orders having 7 prime divisors where 1 < ¢ < r. It is easy to see that
|&;| = C(r,i)k" for every i.

By a similar argument to that of the proof of Theorem 3.2, we see that 6%+1 U 6§+2 U---U6,_1U

(&, \ {G}) is a clique in T'(G). Set

Sr :={H € &r : p; divides |H|}.

vl
vols

Therefore &1 is a clique in I'(G) and |6} =C(r — 1,5 — k2 = sC(r, %)ké Moreover,
2 2
G:r 1 UG pU---UG, 1 U(6,\{G}HU 61%

https://dx.doi.org/10.22108/ijgt.2025.140733.1892
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forms a clique in I'(G) (similar to the proof of Theorem 3.2, applying Lemma 3.1). By the definition

of the clique number, we have

r—1
1 r
(%) w(I(@) = §T+j1 C(r, i)k + 0, gm 1=
=3

Now suppose that W is an arbitrary clique in I'(G). We prove that |W| < w.
Set W; = W NG, for each 1 <7 <r. As in the proof of Theorem 3.2, we have [W; UW,_;| < |&,_,|

for each 1 <i < % — 1. It remains to prove |Wz| < 1|&<|.
2 2
. Qg . . Qg
Define g : Wy — & \W% by g(H) = H' where |H| = p?l“ ---pj;, |H'| = ploi“pzm ---pl%f and
{p1,...,pr} = {pjl,...,pjg}U{pll,...,pli} such that j; <--- <jr and [y <--- <lz. It is easy to
2
see that g is one to one.

Since W, C &, \ {G}, we conclude that

r 51
W =| Ulw = \(Ul(WiuWH-)l + [We| + W,
31 1
(3.2) SZ‘GT_i’-Fi’G%‘—FkT—l:w
i=1
By (*) and (3.2), we have the result. O

As an application, we find w(I'(C,,)) when n is square-free.
Corollary 3.4. Let n = p1pz---pr. Then w(T'(Cy)) =2""1 —1.

Proof. Apply Theorems 3.2 and 3.3 for £k = 1. If » > 1 is odd, then by Theorem 3.2, we have
w(T(Cp)) = Z:__Q C(r,i) and so the result follows from (2).
-2

If r is even, then by Theorem 3.3, we have

r—1
WG = 3 Clri)+ 500 5)

i:g—&-l

and hence the result follows from (3). This completes the proof. O
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