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THE CLIQUE NUMBER OF THE INTERSECTION GRAPH OF SOME CYCLIC

GROUPS

AREZOO BEHESHTIPOUR AND SEYYED MAJID JAFARIAN AMIRI ∗

Abstract. For a nontrivial finite group G, the intersection graph Γ(G) of G is a simple undirected

graph whose vertices are the nontrivial proper subgroups of G and two vertices are joined by an edge

if and only if they have a nontrivial intersection. In this paper, we obtain the clique number of the

intersection graph of cyclic groups whose orders have four prime divisors. Moreover we find the clique

number of the intersection graph of cyclic groups of order n such that all powers of prime divisors of

n are equal. As a special case, we find the clique number of this graph for the cyclic groups of the

square-free orders.

1. Introduction

Let G be a group. There are several ways to associate a graph to G (see [7] and the references

therein). In this paper, we define the intersection graph of G, denoted by Γ(G), is a graph having all

the non-trivial proper subgroups of G as its vertices and two distinct vertices in Γ(G) are adjacent

if and only if their intersection is non-trivial. Motivated by [6], Csákány and Pollák [8] defined the

intersection graph of a finite group G in 1969. Zelinka in [19] considered the intersection graphs of

finite abelian groups. Taeri and Ahmadi [1] characterized all finite groups with planar intersection

graphs (see also [12]).
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Kayacan in [11] considered the connectivity of the intersection graphs of finite groups. In 2010,

Shen in [17] determined all finite groups with disconnected intersection graphs. In 2021, Freedman

[9] proved that Γ(G) is connected with diameter at most 5 when G is non-abelian simple. In [14, 15],

Shahsavari and Khosravi characterized some families of finite simple groups using their intersection

graphs. The reader can see other results about Γ(G) in [1, 5, 16, 18]. Until now, there are only a few

results on the clique number of the intersection graph of finite groups.

Let Γ be a simple graph. The set of vertices of every complete subgraph of Γ is called a clique of

Γ. A maximal clique is a clique that cannot be extended by including one more adjacent vertex. A

maximum clique of Γ, is a clique, such that there is no clique with more vertices. Moreover, the clique

number of Γ, denoted by ω(Γ), is the number of vertices in a maximum clique in Γ.

In [2], we showed that if G is a finite group such that ω(Γ(G)) < 13, then G is solvable and

ω(Γ(A5)) = 13 where A5 is the alternative group on 5 letters. Also, we determined all groups G with

ω(Γ(G)) ≤ 4. In [4], we showed that ω(Γ(PSL(2, 7))) = 25 and classify all semisimple groups G with

ω(Γ(G)) ≤ 25. We find ω(Γ(Cn)) where Cn is a cyclic group of order n having at most three prime

divisors [3]. It seems not easy to find ω(Γ(Cn)) in general. So we obtain it for some special cases in

this paper.

In the sequel, assume that n = pk11 pk22 · · · pkrr is a positive integer where r ≥ 1, p1, p2, . . . , pr are

distinct primes and k1 ≥ k2 ≥ · · · ≥ kr ≥ 1. We use π(n) and d(n) to denote the set of all prime divisors

and the number of the divisors of n, respectively. Therefore d(n) = (k1 + 1)(k2 + 1) · · · (kr + 1). It is

easy to see that ω(Γ(C
p
k1
1

)) = d(pk11 )− 2 = k1− 1 (see [2, Lemma 4.1 (1)]). In [3], we have determined

ω(Γ(Cn)) when r ≤ 3 ( see Propositions 2.1 and 2.2). In the present paper we first find ω(Γ(Cn))

when r = 4 (see Theorem 2.3) and then we obtain ω(Γ(Cn)) when r is an arbitrary positive integer

and k1 = k2 = · · · = kr (see Theorem 3.2 and 3.3).

In this paper all groups will be finite and we use the usual notation. Also S(G) is the set of all

subgroups of G. The rest of the notation is standard and can be found mainly in [13].

2. cyclic groups of order with at most four prime divisors

It is known that Cn has a unique subgroup of each order dividing n. It follows that |S(Cn)| = d(n)

and so the number of vertices of Γ(Cn) is d(n) − 2. For given subgroups H and K of Cn, we have

H ∩K ̸= 1 if and only if gcd(|H|, |K|) ̸= 1. This is useful in the sequel.

Proposition 2.1. Let n = pk11 pk22 . Then ω(Γ(Cn)) = d( n
p1
)− 1.

Proof. See [3, Theorem 3.2]. Note that d( n
p1
)− 1 = k1k2 + k1 − 1 is the number of proper subgroups

H of Cn such that p1 divides |H|. □

Proposition 2.2. Let n = pk11 pk22 pk33 .

(1) If k1 ≥ k2k3, then ω(Γ(Cn)) = d( n
p1
)− 1.

(2) If k1 < k2k3, then ω(Γ(Cn)) = d( n
p2p3

)− 1 + k1(k2 + k3).
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Proof. See [3, Theorem 3.3]. Note that if H,K < Cn such that |π(|H|)| ≥ 2 and |π(|K|)| ≥ 2 , then

H ∩K ̸= 1. □

In the following, we state and prove the first main result:

Theorem 2.3. Let n = pk11 pk22 pk33 pk44 .

(1) If k1 ≥ k2k3k4, then ω(Γ(Cn)) = d( n
p1
)− 1.

(2) If k1 < k2k3k4, then

ω(Γ(Cn)) = d3(n) + k1k2 + k1k3 +max{k1k4, k2k3} − 1

where d3(n) is the number of divisors of n with at least three distinct prime divisors.

Proof. Let G = Cn. We introduce some subsets of the vertex set of Γ(G) as follows:

• Vpi is the set of all subgroups H of G such that π(|H|) = {pi} for 1 ≤ i ≤ 4. Clearly |Vpi | = ki.

• Vpipj is the set of all subgroups H of G such that π(|H|) = {pi, pj} for 1 ≤ i ̸= j ≤ 4. Clearly

|Vpipj | = kikj and Vpipj = Vpjpi .

• Vpipjpl is the set of all subgroups H of G such that π(|H|) = {pi, pj , pl} for 1 ≤ i < j < l ≤ 4.

Clearly |Vpipjpl | = kikjkl.

• Vp1p2p3p4 is the set of all proper subgroups H of G such that π(|H|) = {p1, p2, p3, p4}. Clearly
|Vp1p2p3p4 | = k1k2k3k4 − 1.

• X := (∪1≤i<j<l≤4Vpipjpl)
⋃
Vp1p2p3p4 .

Clearly,

{Vpi , Vpjpl , X : 1 ≤ i ≤ 4, 1 ≤ j < l ≤ 4}

forms a partition for S(G) \ {1, G}.
Now set

(∗) Bpi := Vpipj ∪ Vpipl ∪ Vpipt

and

(∗∗) Apipjpl := Vpipj ∪ Vpipl ∪ Vpjpl

where i, j, l, t are distinct. Clearly Bpi and Apipjpl are cliques in Γ(G) for every i, j, l. If T < G

such that |π(|T |)| = 2 and T /∈ Bpi ∪ Apjplpt for some i, j, l, t, then Bpi ∪ {T} and Apjplpt ∪ {T} are

not cliques. So Bpi and Apjplpt are all maximal cliques whose members are of orders with two distinct

prime divisors. Assume first that

Pi = {H < G : pi divides |H|},

Di = Bpi

⋃
X 1 ≤ i ≤ 4

and

Eijl := Apipjpl

⋃
X 1 ≤ i < j < l ≤ 4.
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It is clear that Pi, Di and Eijl are cliques in Γ(G) for every distinct i, j, l. We claim that all maximal

cliques in Γ(G) are Pi, Di and Eijl for all distinct i, j, l.

Suppose that W is a maximal clique in Γ(G) and H ∈ W such that |π(|H|)| has the minimum value

among all elements in W . It is easy to see that |π(|H|)| ≤ 2. Now we consider two cases:

Case 1. If |π(|H|)| = 1, then π(|H|) = {pi} for some 1 ≤ i ≤ 4. Since W is a clique and H ∈ W , pi

divides the order of every element of W and so W ⊆ Pi. By the maximality of W , we have W = Pi,

as claimed.

Case 2. Suppose that |π(|H|)| = 2. Note that if K,L < G such that |π(|K|)| ≥ 2 and |π(|L|)| ≥ 3,

then gcd(|K|, |L|) ̸= 1 and so K ∩ L ̸= 1. Since W is a maximal clique in Γ(G), we have X ⊂ W .

By the properties of Bpi , Apjplpt and the maximality of W , we get either W = Bpi

⋃
X for some i or

W = Apipjpl

⋃
X for some distinct i, j, l. Therefore either W = Di for some i or W = Eijl for some

distinct i, j, l. This completes the proof of the claim. So

ω(Γ(G)) = max{|Pi|, |Di|, |Eijl| : 1 ≤ i < j < l ≤ 4}.

Clearly, |Pi| = d( n
pi
) − 1, |Di| = |Bpi | + |X| for each i and |Eijl| = |Apipjpl | + |X|. By (∗) and (∗∗),

we see that |Bpi | = kikj + kikl + kikt and |Apipjpl | = kikj + kikl + kjkl. Since k1 ≥ k2 ≥ k3 ≥ k4, we

conclude that |P1| ≥ |Pi|, |D1| ≥ |Di| for each i > 1 and |E123| ≥ |Eijl| for each (i, j, l) ̸= (1, 2, 3).

Therefore ω(Γ(G)) = max{|P1|, |D1|, |E123|}.
On the other hand we have P1 = Vp1

⋃
Bp1

⋃
(X\{Vp2p3p4}) and so |P1| = k1+|Bp1 |+(|X|−k2k3k4).

Moreover |D1| = |Bp1 |+ |X| and |E123| = |Ap1p2p3 |+ |X|.
First, assume that k1 ≥ k2k3k4. Then |P1| ≥ |D1| ≥ |E123| and so ω(Γ(G)) = |P1| = d( n

p1
) − 1, as

desired.

Now assume that k1 < k2k3k4. Then |D1| > |P1| and so ω(Γ(G)) = max{|D1|, |E123|}. Note that

|Bp1 | = k1k2 + k1k3 + k1k4 and |Ap1p2p3 | = k1k2 + k1k3 + k2k3. If k1k4 ≥ k2k3, then ω(Γ(G)) = |D1|,
as wanted. If k1k4 ≤ k2k3, then ω(Γ(G)) = |E123|. This completes the proof. □

3. the powers of all prime divisors of n are equal

In this section we find ω(Γ(Cn)) where n = pk1p
k
2 · · · pkr such that k ≥ 1 and r > 2.

For positive integers i ≤ r, we denote C(r, i) = r!
i!(r−i)! . Also we define C(r, 0) = C(r, r) = 1.

Clearly, C(r, i) = C(r, r − i) for each i ≤ r. It is well-known that if Ω is a set with r elements, then

the number of subsets of Ω with i elements is C(r, i). So we have

(1) C(r, 0) + C(r, 1) + · · ·+ C(r, r − 1) + C(r, r) = 2r.

If r > 1 is odd, then

(2)

r−1
2∑

i=1

C(r, i) =

r−1∑
i= r+1

2

C(r, i) = 2r−1 − 1.
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If r is even, then

(3)

r
2
−1∑

i=1

C(r, i) +
1

2
C(r,

r

2
) =

r−1∑
i= r

2
+1

C(r, i) +
1

2
C(r,

r

2
) = 2r−1 − 1.

The following result is useful in the sequel.

Lemma 3.1. (see [13, 1.3.11 ]) Let G be a group and H and K be subgroups of G. Then |G : H∩K| ≤
|G : H||G : K|, with equality if the indices |G : H| and |G : K| are coprime.

First, we state and prove the main result for the cyclic groups of orders having odd prime divisors

with equal powers.

Theorem 3.2. Let n = pk1p
k
2 · · · pkr where r > 1 is an odd integer. Then

ω(Γ(Cn)) =
r−1∑

i= r+1
2

C(r, i)ki + kr − 1.

Proof. Assume that G = Cn and ω =
∑r−1

i= r+1
2

C(r, i)ki+kr−1. Also Si denotes the set of all subgroups

of G of orders having i prime divisors for 1 ≤ i ≤ r. It is easy to see that |Si| = C(r, i)ki.

If H ∈ Sm and T ∈ Sl such that m ≥ l ≥ r+1
2 , then |G : H| and |G : T | have r−m and r− l prime

divisors respectively. Therefore |G : H ∩ T | has at most 2r − (m + l) prime divisors by Lemma 3.1.

Since m+ l ≥ r+1, we have |G : H ∩T | has at most r−1 prime divisors. But |G| has r prime divisors

which implies that H ∩ T ̸= 1. Hence S r+1
2

∪S r+1
2

+1 ∪ · · · ∪Sr−1 forms a clique in Γ(G). Moreover,

if H ∈ Sr \ {G} and K ∈ S(G) \ {1, G}, then gcd(|H|, |K|) ̸= 1 and so H ∩ K ̸= 1. Consequently

(
⋃r−1

i= r+1
2

Si) ∪ (Sr \ {G}) forms a clique in Γ(G). By the definition of clique number of a graph, we

have ω(Γ(G)) ≥ |(
⋃r−1

i= r+1
2

Si)∪ (Sr \ {G})|. Since |Si| = C(r, i)ki and Si ∩Sj = ∅ for each i ̸= j, we

deduced that

(∗) ω(Γ(G)) ≥
r−1∑

i= r+1
2

C(r, i)ki + kr − 1 = ω.

Now suppose that W is an arbitrary clique in Γ(G). It is enough to show that |W | ≤ ω.

Set Wi = W ∩Si for each 1 ≤ i ≤ r. If 1 ≤ i ≤ r−1
2 , then define fi : Wi ∪Wr−i −→ Sr−i by

fi(H) =

H H ∈ Wr−i

H ′ H ∈ Wi

where H ′ is defined as follows.

Note that if H ∈ Wi, then |H| = p
αj1
j1

· · · pαji
ji

such that 1 ≤ j1 < j2 < · · · < ji ≤ r and 1 ≤ αjt ≤ k

for every t. Suppose that

{p1, p2, . . . , pr} \ {pj1 , . . . , pji} = {pl1 , . . . , plr−i
}
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where l1 < l2 < · · · < lr−i. Now we consider H ′ < G such that |H ′| = p
αj1
l1

· · · pαji
li

pli+1
· · · plr−i

.

Therefore H ∩H ′ = 1 and H ′ ∈ Sr−i. Since H ∈ Wi, we have H ′ ∈ Sr−i \Wr−i. We claim that fi is

a one to one map for each 1 ≤ i ≤ r−1
2 .

Assume that H1, H2 ∈ Ws ∪Wr−s for some 1 ≤ s ≤ r−1
2 such that fs(H1) = fs(H2). If H1 ∈ Wr−s

and H2 ∈ Ws, then H1 = H ′
2. By the definition of H ′

2, we have H2 ∩ H ′
2 = 1 and so H2 ∩ H1 = 1,

a contradiction since H1, H2 ∈ W . Therefore either H1, H2 ∈ Ws or H1, H2 ∈ Wr−s. The first case

gives H ′
1 = H ′

2 since fs(H1) = fs(H2). It follows that

|H ′
1| = |H ′

2| = p
αi1
i1

p
αi2
i2

· · · pαis
is

pis+1 · · · pir−s .

By the definition of fs, we get |H1| = |H2| = p
αi1
j1

· · · pαis
js

where

{pj1 , pj2 , . . . , pjs} = {p1, . . . , pr} \ {pi1 , pi2 , . . . , pir−s}.

Since G is cyclic, we have H1 = H2, as wanted. The second case gives H1 = H2 by the definition of

fs. This completes the proof of the claim. Hence |Wi ∪Wr−i| ≤ |Sr−i| for each 1 ≤ i ≤ r−1
2 . Since

Wr ⊆ Sr \ {G}, we deduce that

|W | = |
r⋃

i=1

Wi| = |

r−1
2⋃

i=1

(Wi ∪Wr−i)|+ |Wr|

≤ (

r−1
2∑

i=1

|Sr−i|) + kr − 1 = ω(3.1)

Hence (∗) and (3.1) give the result. □

In the following, we prove the third main result. More precisely, we find the clique number of the

intersection graph of cyclic groups of orders having even prime divisors with equal powers.

Theorem 3.3. Let n = pk1p
k
2 · · · pkr be a positive integer such that r ≥ 4 is even. Then

ω(Γ(Cn)) =
r−1∑

i= r
2
+1

C(r, i)ki +
1

2
C(r,

r

2
)k

r
2 + kr − 1.

Proof. Assume that G = Cn and ω =
∑r−1

i= r
2
+1C(r, i)ki + 1

2C(r, r2)k
r
2 + kr − 1. Let Si denote the

set of all subgroups of G of orders having i prime divisors where 1 ≤ i ≤ r. It is easy to see that

|Si| = C(r, i)ki for every i.

By a similar argument to that of the proof of Theorem 3.2, we see that S r
2
+1 ∪S r

2
+2 ∪ · · · ∪Sr−1 ∪

(Sr \ {G}) is a clique in Γ(G). Set

S1
r
2
:= {H ∈ S r

2
: p1 divides |H|}.

Therefore S1
r
2
is a clique in Γ(G) and |S1

r
2
| = C(r − 1, r2 − 1)k

r
2 = 1

2C(r, r2)k
r
2 . Moreover,

S r
2
+1 ∪S r

2
+2 ∪ · · · ∪Sr−1 ∪ (Sr \ {G}) ∪S1

r
2
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forms a clique in Γ(G) (similar to the proof of Theorem 3.2, applying Lemma 3.1). By the definition

of the clique number, we have

(∗) ω(Γ(G)) ≥
r−1∑

i= r
2
+1

C(r, i)ki +
1

2
C(r,

r

2
)k

r
2 + kr − 1 = ω.

Now suppose that W is an arbitrary clique in Γ(G). We prove that |W | ≤ ω.

Set Wi = W ∩Si for each 1 ≤ i ≤ r. As in the proof of Theorem 3.2, we have |Wi ∪Wr−i| ≤ |Sr−i|
for each 1 ≤ i ≤ r

2 − 1. It remains to prove |W r
2
| ≤ 1

2 |S r
2
|.

Define g : W r
2
−→ S r

2
\W r

2
by g(H) = H ′ where |H| = p

αj1
j1

· · · p
αj r

2
j r
2

, |H ′| = p
αj1
l1

p
αj2
l2

· · · p
αj r

2
l r
2

and

{p1, . . . , pr} = {pj1 , . . . , pj r
2
} ∪ {pl1 , . . . , pl r

2
} such that j1 < · · · < j r

2
and l1 < · · · < l r

2
. It is easy to

see that g is one to one.

Since Wr ⊆ Sr \ {G}, we conclude that

|W | = |
r⋃

i=1

Wi| = |(

r
2
−1⋃

i=1

(Wi ∪Wr−i)|+ |W r
2
|+ |Wr|

≤

r
2
−1∑

i=1

|Sr−i|+
1

2
|S r

2
|+ kr − 1 = ω(3.2)

By (∗) and (3.2), we have the result. □

As an application, we find ω(Γ(Cn)) when n is square-free.

Corollary 3.4. Let n = p1p2 · · · pr. Then ω(Γ(Cn)) = 2r−1 − 1.

Proof. Apply Theorems 3.2 and 3.3 for k = 1. If r > 1 is odd, then by Theorem 3.2, we have

ω(Γ(Cn)) =
∑r−1

i= r+1
2

C(r, i) and so the result follows from (2).

If r is even, then by Theorem 3.3, we have

ω(Γ(Cn)) =
r−1∑

i= r
2
+1

C(r, i) +
1

2
C(r,

r

2
),

and hence the result follows from (3). This completes the proof. □
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