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ON ARTIN GROUPS ADMITTING RETRACTIONS

TO PARABOLIC SUBGROUPS

BRUNO A. CISNEROS DE LA CRUZ , MARÍA CUMPLIDO AND ISLAM FONIQI ∗

Abstract. We generalise the retractions to standard parabolic subgroups for even Artin groups to

FC-type Artin groups and other more general families. We prove that these retractions uniquely

extend to any parabolic subgroup. We use retractions to generalise the results of Antoĺın and Foniqi

that reduce the problem of intersection of parabolic subgroups to weaker conditions. As a corollary,

we characterise coherence for the FC case.

1. Introduction and notation

Let Γ be a simple graph with a finite set of vertices S, and a set of edges E labelled by elements

in {2, 3, . . .} ∪ {∞}. We define the Artin group associated to Γ as:

AΓ := ⟨S | sts · · ·︸ ︷︷ ︸
ms,t

= tst · · ·︸ ︷︷ ︸
ms,t

whenever {s, t} ∈ E and ms,t ̸= ∞⟩,

where ms,t is the label of the edge joining vertices s and t. We will refer to Γ as the Coxeter graph

associated with the Artin group. The definition of Coxeter graphs varies based on their usage: either

with no edge if the label is ∞ (no-∞-edge), with no edge if the label is 2 (no-2-edge), or with all

labelled edges (full edge). In this article, we will use these three versions of Coxeter graphs, always

indicating it beforehand. When the graph is fixed, we also denote AΓ by AS .
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One can also define the Coxeter group based on Γ which is the group AΓ/⟨⟨s2 | s ∈ S⟩⟩. An Artin

group AΓ is called of spherical type if the associated Coxeter group WΓ is finite, see for example [5,6].

Despite their simple definition and the thorough understanding of Coxeter groups, Artin groups have

posed a challenge for the community of group theorists ever since their study began in the 1960s with

Jacques Tits and the Bourbaki group [5]. For example, basic questions such as the word problem or the

conjugacy problem still do not have a general answer. However, several families of Artin groups have

been found to possess a rich geometric structure: actions on different simplicial complexes [7,9,11,24]

have been discovered, and their study has been very fruitful. One of the main ingredients for the

construction of these complexes are the so-called parabolic subgroups. Given X ⊂ S, the standard

parabolic subgroup AX is the subgroup of AΓ generated by X. By [25] we know that AX = AΓ′

where Γ′ is the subgraph of Γ induced by X. Any conjugate of a standard parabolic subgroup is called

a parabolic subgroup.

We say that a group morphism ρ : G → H, where H ≤ G, is a retraction if ρ|H = idH . Given an

Artin group A with only even labels, it admits an evident retraction ρ : A → AX defined by ρ(s) = 1

if s ̸∈ X and ρ(s) = s otherwise. In [3], the authors use the already known retractions of even Artin

groups to standard parabolic subgroups, and they manage to prove several results in even FC-type

Artin groups, including that the intersection of parabolic subgroups is again a parabolic subgroup.

Remark 1.1. Note that in literature there is another notion of retractions for Artin groups [18] with

important applications [4, 8, 14]. The retractions appearing there are not homomorphisms, they are

set-theoretic retractions that nevertheless behave well with respect to the Salvetti complex, and should

not be confused with the retractions appearing here, which involve different and more combinatorial

techniques.

This article is a first approach to the generalisation of the ideas in [3] and [1] to other classes of

Artin groups where we could have odd labels too. Here we will explore how one can define these

retractions and their use to obtaining analogous results as in the aforementioned articles.

During the rest of the article, when we say Artin groups admitting retractions, we will be referring

to Artin groups that admit retractions to standard parabolic subgroups. In Section 2, we give a

complete classification of FC-type Artin groups admitting retractions to standard parabolic subgroups.

In Section 3 we show that an Artin group admitting retractions to every standard parabolic subgroup

also admits retractions to all of its parabolic subgroups. Moreover, for FC-type and other cases,

these retractions are uniquely determined for every parabolic subgroup P , i.e., the definition for the

retraction does not depend on how we choose to express P = αAXα−1. In Section 4 we adapt results

from [3] for even Artin groups, to Artin groups with retractions sending generators to generators or

identity and satisfying additional conditions (where FC-type admitting retractions are included). In

particular, we reduce the problem of intersection of parabolic subgroups to a weaker condition — see
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Theorem 4.13 —. Finally, in Section 5 we also expand the results of [1] to characterise coherence in

our class of FC-type Artin groups admitting retractions.

2. FC-type Artin groups admitting retractions

Our first aim is to identify a family of Artin groups admitting retractions, which is different from

the family of even Artin groups. In this section, we completely classify the family of FC-type Artin

groups admitting retractions and give explicit retractions for each case. An FC-type Artin group AΓ

is defined by the property that for every subgraph ∆ of Γ without ∞ edges, A∆ has spherical type

— in other words the associated Coxeter group over ∆ is finite. The family we focus on appears

naturally, as many well-known results already exist for it, and FC-type Artin groups are also studied

in [3] through the use of retractions. We show that the family of FC-type Artin groups admitting

retractions properly contains the family of even FC-type Artin groups.

In this section, we will solve some equations in dihedral Artin groups. For elements x and y, we

will denote by s(x, y) the alternating product xyx · · · of s factors, and by (x, y)s the alternating

product · · · yxy of s factors.

Proposition 2.1. Let F2 be a free group generated by a and b. For natural numbers r, s with r odd,

and s even, the system of equations (a, x)r = (x, a)r and (b, x)s = (x, b)s, is incompatible in F2.

To prove the proposition, we will use two well known results about free groups, stated in the

following lemma.

Lemma 2.2. Let F be a free group, and let u, v ∈ F be any two non-trivial elements.

(i) If un = vn for some n ∈ N, then u = v.

(ii) The centraliser of v is the maximal cyclic subgroup in F containing v.

Proof of Proposition 2.1. The equation (b, x)s = (x, b)s for an even s, is equivalent to the equa-

tion (bx)
s
2 = (xb)

s
2 , so any solution for it, is also a solution for bx = xb. Now x belongs to the

centraliser of b so x is in the cyclic group ⟨b⟩. Assume that x = bk for some k ∈ Z. Substituting it

into (a, x)r = (x, a)r yields an equality of two distinct reduced words in F2, hence there is no solution

to the system. □

If X is a three-element subset of the set of standard generators of an Artin group AS , we call the

subgroup AX a triangle and we will refer to it using the notation (m1,m2,m3), where the numbers mi

are the labels of the three corresponding edges formed from elements of X.

Proposition 2.3. Let m,n be positive integers. Artin groups defined by triangles (∞, 2m, 2n + 1)

and (∞, 2m+ 1, 2n+ 1) do not admit retractions.
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Proof. Let us first treat the (∞, 2m, 2n + 1) case. Let Aa,b,c be an Artin group such that ma,b =

∞, ma,c = 2m, and mb,c = 2n+ 1. Suppose that there is a retraction ρ to A{a,b} such that ρ(c) = x.

The element x must satisfy the equations (a, x)2m = (x, a)2m and (b, x)2n+1 = (x, b)2n+1 in F2, and

we know by Proposition 2.1 that there is no solution to this system of equations.

For the (∞, 2m+1, 2n+1) case, notice that any solution of (a, x)2m+1 = (x, a)2m+1 is also a solution

of (a, x)4m+2 = (x, a)4m+2, which together with the equation (b, x)2n+1 = (x, b)2n+1 provides an

incompatible system of equations in F2. □

Proposition 2.4. Artin groups corresponding to triangles (2, 3, 3) and (2, 3, 5) do not admit retrac-

tions.

Proof. Take first the triangle (2, 3, 3) defining an Artin group A with generators {a, b, c} and with

labels ma,b = 2, mb,c = 3, mc,a = 3. Suppose that there is a retraction ρ from A onto A{a,b}. Then, any

surjective morphism from A onto A{a,b} would induce a surjective morphism on their abelianisations, Z
and Z2 respectively; but one cannot have a surjective morphism from Z onto Z2.

The same argument works for the triangle (2, 3, 5). □

For the next proposition we will use Garside normal forms in the dihedral Artin group with a

relation of length 4 and generators a and b — see [6, 12]. In this case, we know that the centre of

the group is generated by abab and that every element x can be uniquely expressed on its normal

form (abab)px1 · · ·xr, with p ∈ Z and each xi equal to a, b, ab, ba, aba or bab, satisfying the condition

that the last letter of xi and the first letter of xi+1 must be the same.

Proposition 2.5. The Artin group corresponding to triangle (2, 3, 4) does not admit retractions.

Proof. Let A be an Artin group generated by {a, b, c} with ma,b = 4, mb,c = 3, and mc,a = 2. Suppose

that there is a retraction ρ from A onto A{a,b} and set ρ(c) = x. Since ρ is a homomorphism, the

equations ax = xa and bxb = xbx must be satisfied in A{a,b}. By [23, Theorem 5.1], x is a product of

powers of a and positive powers of bab or b−1a−1b−1. When putting this in left normal form, we have

two options: x = (abab)sat or x = (abab)s(bab)t, where t ≥ 0. Notice that, since abab = baba in A{a,b},

any equality between words demands that the exponent sum of b’s in each word is the same. For any x

as above, the exponent sum of b’s in xbx is odd and in bxb is even, leading to a contradiction. □

Theorem 2.6. An FC-type Artin group AS admits retractions to parabolic subgroups if and only if

every triangle in its Coxeter graph Γ is of the form (2, 2, k), (2m, 2n,∞), or (k,∞,∞), for m,n > 0,

and k > 1 (this allows k = ∞ as well).

Moreover, for X ⊆ S, the group AS admits the retraction ρX : AS → AX defined as follows: ρ(x) = x

for all x ∈ X, ρ(v) = a for v ∈ S \ X if there is an odd labelled edge connecting v to some a ∈ X

and ρ(v) = 1 otherwise.
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Proof. If a triangle on Γ contains some ∞, then by Lemma 2.3, these triangles can only be of the

form (2m, 2n,∞) or (k,∞,∞). Otherwise, the FC condition tells us that the only triangles we can

have are (2, 2, k), (2, 3, 3), (2, 3, 4), and (2, 3, 5), which are the only triangles having spherical type. By

Proposition 2.4 and Proposition 2.5, the only triangle admitting retractions to parabolic subgroups

from that list is (2, 2, k).

Now we need to prove that any FC-type Artin group whose defining graph contains only triangles

given as above, admits retractions. It is obvious that the retraction described in the statement is

well-defined for these triangles. Let X be a proper subset of S. To show that ρ is a retraction, we

need to verify that ρ preserves the defining relations. Consider an edge {v1, v2} of Γ with label l. We

examine the following cases:

(1) v1, v2 ∈ X. Here both generators are fixed, so the relation is preserved.

(2) v1 ∈ S \X, v2 ∈ X (the other case in analogous). Here we have ρ(v2) = v2 . Now we have

two options for ρ(v1):

(2.1) If l is odd, then ρ(v1) = v2. The relation l(v1, v2) = l(v2, v1), after applying ρ, be-

comes vl2 = vl2 in AX .

(2.2) If l is even, we have two situations:

• If any edge connecting v1 to X is even or ∞, then ρ(v1) = 1. Hence, the rela-

tion l(v1, v2) = l(v2, v1), after applying ρ, becomes v
l/2
2 = v

l/2
2 in AX .

• Suppose that there is an odd edge connecting v1 to X, say {v1, x}. Then l = 2 and the

edge {v2, x} also has label 2. In this case, ρ(v1) = x, so the relation v1v2 = v2v1, after

applying ρ, becomes xv2 = v2x in AX , as required.

(3) v1, v2 ∈ S \X.

(3.1) Suppose l is odd; since we cannot have two consecutive odd labels, one has that labels

from v1, v2 to X are either equal to 2, or to ∞. So ρ(v1) = 1 = ρ(v2). The rela-

tion l(v1, v2) = l(v2, v1) after applying ρ becomes 1 = 1 in AX .

(3.2) If l is even, we have the following cases:

• If l > 2, then both v1 and v2 are connected to X by even labels, so ρ(v1) = 1 and ρ(v2) =

1. Hence, the equality of the relation is obviously preserved.

• If l = 2 and both v1 and v2 are connected to X by even labels, then again the equality

of the relation is preserved as ρ(v1) = 1 and ρ(v2) = 1.

• Finally, if l = 2 and one of v1 or v2, say v1, is connected to x ∈ X by an odd label,

then ρ(v1) = x and ρ(v2) = 1. Therefore, the relation v1v2 = v2v1, after applying ρ,

becomes x = x in AX .

□
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Remark 2.7. Notice that in FC-type Artin groups admitting retractions, odd-labelled edges can only

be adjacent to edges labelled with ∞ or 2. In particular, these groups include those constructed from

an even FC-type Artin group by taking direct and free products with odd dihedral Artin groups.

Remark 2.8. Any retraction used so far sends a fixed generator to either a generator or to identity.

We call such retractions ordinary retractions. It is an open question if every Artin group admitting

retractions also admits ordinary ones. Also, note that retractions used previously in [2], [3], and [1]

are ordinary.

Example 2.9. Not every retraction is ordinary. Indeed, consider the group:

AI2(4) = ⟨a, b | abab = baba⟩.

The morphism induced by ρ{b} : AI2(4) −→ ⟨b⟩ which maps a, b to b2, b respectively, is a retraction but

it is not an ordinary one.

As a summary of this section, we have that FC-type Artin groups admitting retractions do in fact

admit ordinary retractions as well. Since the presence of retractions is the main important thing on

deducing results, we will focus only on the ordinary retractions.

The main results in this paper are about the class of FC-type Artin groups, together with the

ordinary retractions defined in Theorem 2.6. However, most of the results in Section 3 and Section 4

hold for other Artin groups admitting ordinary retractions.

Here we provide a class of Artin groups, that together with its ordinary retractions, contains the

class of FC-type groups with the ordinary retractions.

Definition 2.10. We say that an Artin group AΓ is (odd, odd)-free if Γ does not contain two con-

secutive odd-labelled edges.

Remark 2.11. Notice that our class of FC-type Artin groups with ordinary retractions is (odd, odd)-

free.

If we follow Theorem 2.6, we notice that we can try to define ordinary retractions in the same way

in (odd, odd)-free Artin groups as well. Moreover, here we obtain more groups admitting ordinary

retractions than in the FC-type case.

Example 2.12. Let Γ be the following labelled graph, with m,n ∈ N.

a

b

c

2n+ 1

2m

2m
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The corresponding Artin group AΓ admits ordinary retractions. Note that the AΓ is not of FC-type

if m > 1.

3. Retractions to standard parabolic subgroups extend uniquely to all parabolic

subgroups

For even Artin groups, in [3] Antoĺın and the third named author observed that if we have a standard

retraction ρX : AS −→ AX , then for the parabolic subgroup P = αAXα−1, the map ραX : AS −→ P ,

defined by ραX(g) := αρX(α−1gα)α−1, is also a retraction. This observation holds for any Artin group.

Indeed, for γ ∈ AS denote by cγ the conjugation map

cγ : AS −→ AS defined by cγ(g) = γgγ−1.

Then one has the following commutative diagram:

AS αAXα−1

AS AX

ραX

cα−1

ρX

cα

showing that ραX is indeed a morphism which when restricted to αAXα−1 gives the identity, hence it

is a retraction as well.

Note that for the same parabolic subgroup one could have several retractions to it, in the sense that

if P = αAXα−1 = βAY β
−1, then both ραX and ρβY are retractions to P and they could be different.

In this section we will prove that this is not possible, i.e. all retractions to parabolic subgroups are

determined by any associated retraction to a standard parabolic subgroup.

Remark 3.1. [3, Corollary 3.5.] In even Artin groups, a parabolic subgroup P = αAXα−1 cannot be

expressed as βAY β
−1 with X ̸= Y .

Lemma 3.2. If P = αAXα−1 = βAXβ−1 in an even Artin group AS, then ραX = ρβX .

Proof. The equality P = αAXα−1 = βAXβ−1, implies that AX = γAXγ−1 for γ = α−1β. In this case

to show that ραX = ρβX pick g ∈ AS . One has the equations:

ραX(g) = αρX(α−1gα)α−1, and ρβX(g) = βρX(β−1gβ)β−1.

Rewriting α−1gα as γβ−1gβγ−1, and setting h = β−1gβ it remains to show that: ρX(γhγ−1) is equal

to γρX(h)γ−1. But both of these belong to AX as AX = γAXγ−1, so we can apply ρX , which yields

the equality γρX(h)γ−1 = ρX(γρX(h)γ−1) = ρX(γhγ−1), as required. □

One aim in this section is to show that in FC-type Artin groups admitting retractions, the definition

of ραX does not depend on the presentation of P = αAXα−1, i.e. it does not depend on the choice

of X and α.
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Remark 3.3. Differently to even Artin groups, note that in FC-type Artin groups admitting retractions

one can have αAXα−1 = βAY β
−1 with X ̸= Y . Indeed, consider the group:

AI2(3) = ⟨a, b | aba = bab⟩.

The relation aba = bab gives the equality aba−1 = b−1ab, implying that aA{b}a
−1 = b−1A{a}b.

Another goal is to find conditions for ραX = ρβX in the general setting of Artin groups. The conditions

that we will obtain are sufficient but not necessary, and they hold in particular for the class of FC-type

Artin groups admitting retractions.

First, to describe the general situation of the Remark 3.3, we use a lemma which is a particular case

of a result of [23] — see also [10, Section 2] for an alternative explanation —. Using the no-2-edge

convention for the Coxeter graph Γ of AΓ, we can consider the connected components of Γ, which we

denote by ∆1,∆2, . . . ,∆r. In this framework, we have that

AΓ = A∆1 ×A∆2 × · · · ×A∆r ,

and we call each A∆i an irreducible component of AΓ. Note that the irreducible components of AΓ

are standard parabolic subgroups.

Lemma 3.4 (Adapted from [23, Section 4]). Let AΓ be an Artin group such that any of its irreducible

components AZ with |Z| > 2 is of non-spherical type, and let P = fAXf−1 be a parabolic subgroup.

Then P = gAY g
−1 with Y ̸= X only if there exists x ∈ X such that AX can be decomposed as a direct

product with one factor being ⟨x⟩, and x is connected in Γ to some y ∈ Y through a path of odd labels.

In this case, AY = ⟨y⟩ ×AY ′ and AX = ⟨x⟩ ×AX′, with X ′ = X \ {x}, and Y ′ = Y \ {y}.

Roughly speaking, an irreducible component of an Artin group can be conjugated to another ir-

reducible component only if it has spherical type and sits inside a standard parabolic subgroup of

spherical type. Also, the generator of the centre of this bigger standard parabolic subgroup needs to

be the square of its Garside element. In our case, the only irreducible components that satisfy these

conditions are the ones with just one generator connected through odd labels to another generator in

the Coxeter graph.

As another auxiliary result, we describe the normalisers of standard parabolic subgroups in Artin

groups such that every irreducible AZ with |Z| > 2 is of non-spherical type.

Consider X such that ⟨x⟩, with x ∈ X, is an irreducible component of AX . For y ∈ S \X, we will

say that

yxy · · ·︸ ︷︷ ︸
(mx,y)−1

and its inverse are elementary ribbons if the irreducible component of AX∪{y} containing y also con-

tains x and defines a dihedral Artin group with mx,y > 2. If we write X = {x} ∪ X ′, then the

elementary ribbons above conjugate X to Y ∈ {X,X ′ ∪ {y}}; we refer to the ribbon above by the
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name elementary X-ribbon-Y . In a more general setting, an X-ribbon-Y is an element r = r1 · · · rn,
where each ri is an elementary Xi−1-ribbon-Xi, with X0 = X and Xn = Y . We denote the set of

all X-ribbons-Y by Ribb(X,Y ).

Conjecture 3.5 (Adapted from [16, Conjecture 1]). Let A be an Artin group such that every irredu-

cible AZ with |Z| > 2 is of non-spherical type. If AX does not have any cyclic irreducible component ⟨x⟩
with x ∈ X, then

N(AX) = AX ×AX⊥ ,

where

X⊥ = {y ∈ S \X | xy = yx,∀x ∈ X}.

Otherwise, the elements that conjugate AX to AY are given by the set

Conj(X,Y ) = (Ribb(X,Y ) ·AX) ·AX⊥ .

Remark 3.6. Notice that, by definition, every X-ribbon-Y commutes with every non-cyclic irreducible

component of X.

For every Artin group, there is a general version of ribbon and a general conjecture to describe

normalisers of standard parabolic subgroup — see [16, Conjecture 1] — but we will not need it for

retractions in the FC case. In general, we know that FC-type Artin groups [17, Theorem 0.3] and

2-dimensional Artin groups satisfy this general ribbon conjecture [16, Theorem 3]. Notice that our

condition includes 2-dimensional Artin groups.

Lemma 3.7. Let A be an Artin group admitting ordinary retractions. For every standard parabolic

subgroup A{a,b,c} with ma,b and mb,c odd, we have that ma,c is also odd.

Proof. Since ρ{a,c}(b) ∈ {a, c}. We have that the relation aca · · · = cac · · · of length ma,b or mb,c needs

to be fulfilled in A{a,c}, which is impossible if ma,c is even. □

Theorem 3.8. Let A be an Artin group admitting ordinary retractions, such that A satisfies Conjec-

ture 3.5 and every irreducible standard parabolic subgroup AZ with |Z| > 2 is of non-spherical type.

Let P = fAXf−1 be a parabolic subgroup, where f ∈ A. Then, for every ordinary retraction ρX , the

morphism

ρfX : A −→ P, ρfX(a) := fρX(f−1af)f−1,

defines a retraction. Moreover, if P = gAY g
−1 as well, then ρfX(a) = ρgY (a) for all a ∈ A. We denote

this unique retraction by ρP .

Proof. If fAXf−1 is such that AX has no cyclic irreducible component, then by Lemma 3.4 we know

that AX cannot be a conjugate of a different standard parabolic subgroup. Suppose P = fAXf−1
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and P = gAXg−1. In this case, g ∈ fN(AX); hence, by Conjecture 3.5, one has g = f · σ · c for

some σ ∈ AX and some c ∈ AX⊥ . By our definition,

ρfX(a) = fρX(f−1af)f−1 = fρX(f)−1ρX(a)ρX(f)f−1,

ρgX(a) = gρX(g−1ag)g−1 = gρX(g)−1ρX(a)ρX(g)g−1.

One has gρX(g)−1 = fσcρX(c)−1ρX(σ)−1ρX(f)−1. Since σ ∈ AX , one has ρX(σ) = σ; also, the

element c commutes with anything in AX , so ρX(c) = 1, gρX(g)−1 = fρX(f)−1c, and ρfX(a) = ρgY (a).

Let f⟨a⟩f−1 be a cyclic direct component of AX . Assume fAXf−1 = hAY h
−1. Denote the compon-

ents of AX by AXi and the components of AY by AYi . We need to prove the equality ρfX(g) = ρhY (g).

We can suppose that every AXi is a conjugate of AYi by fh−1.

By Lemma 3.4, every cyclic A{a} is conjugate by fh−1 to a cyclic A{b}, where b is either a or a

different generator in Y . For the remaining components, there is Yi such that Xi = Yi. Since any x ∈ S

is mapped to a unique component through ρX or ρY , notice that

ρX(f−1gf) = ρX1(f
−1gf) · · · ρXr(f

−1gf),

and

ρY (h
−1gh) = ρY1(h

−1gh) · · · ρYr(h
−1gh),

so the problem reduces to proving that h−1f conjugates ρXi(f
−1gf) to ρYi(h

−1gh).

Assume thatXi = Yi and |Xi| > 1. By Conjecture 3.5, h−1f can be decomposed as the product f3f2f1,

where f1 are elements commuting with X, f2 is an element inside AX , and f3 are X-ribbons-Y . No-

tice that ρXi(f1) = 1, ρXi(f2) is the part of the direct product decomposition of f2 that lies in AXi ,

and ρXi(f3) = 1 (Remark 3.6). This implies

h−1fρXi(f
−1gf)f−1h = ρXi(h

−1f)ρXi(f
−1gf)ρXi(f

−1h)

= ρXi(h
−1ff−1gff−1h)

= ρYi(h
−1gh)

as we wanted. If Xi = Yi = {a}, we have

h−1fρ{a}(f
−1gf)f−1h = h−1f(a−m′

amam
′
)f−1h = am

and ρ{a}(h
−1gh) = a−m′′

amam
′′

= am. Now, suppose Xi = {a} and Yi = {b} are different and

conjugate to each other by h−1f . Then we have

h−1fρ{a}(f
−1gf)f−1h = h−1f(a−m′

amam
′
)f−1h = bm.

Finally, by Lemma 3.7, a and b are connected to the same number of vertices by odd labels, so

ρ{b}(h
−1gh) = b−m′′

bmbm
′′
= bm. □
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4. Retractions and intersection of parabolic subgroups

Retractions have proven to be useful in extracting properties of parabolic subgroups of Artin groups.

For instance, the following lemma holds for any Artin group, as shown in [21, Proposition 2.6]. The

proof provided below, which uses retractions as in even Artin groups [3, Lemma 3.4], is much simpler.

Proposition 4.1. Let AS be an Artin group admitting retractions, g, h ∈ AS and X ⊆ S. If gAXg−1 ⩽

hAXh−1 then gAXg−1 = hAXh−1.

Proof. One has gAXg−1 ⩽ hAXh−1 if and only if h−1gAXg−1h ⩽ AX . Now one can apply the

retraction ρX to obtain h−1gAXg−1h = ρX(h−1gAXg−1h) = AX , as we wanted. □

In even Artin groups, retractions commute, moreover they satisfy

ρX∩Y (x) = ρX ◦ ρY (x) = ρY ◦ ρX(x)

for every generator x (hence for every group element as well). Unfortunately, in more general cases,

and specifically in the FC-case, this property does not hold. Indeed, consider the example below.

Example 4.2. In the group AI2(3) = ⟨a, b | aba = bab⟩, for X = {a}, and Y = {b} using our ordinary

retractions, we have

ρX ◦ ρY (a) = a but ρY ◦ ρX(a) = b.

However, we can identify the situations where obstructions occur. Recall that an Artin group AΓ

is (odd, odd)-free if Γ does not contain two consecutive odd-labelled edges. Notice that the condition

in the proposition below is more restrictive than the one in Theorem 3.8, but the FC-case still fits

within it.

Proposition 4.3. Let AS be an (odd, odd)-free Artin group admitting ordinary retractions. Sup-

pose X,Y ⊆ S with ρX , ρY the corresponding retractions. Then, for every s ∈ S, one of the following

holds:

(i) ρX∩Y (s) = 1,

(ii) ρX∩Y (s) = ρX ◦ ρY (s) = ρY ◦ ρX(s).

In particular, the case (ii) always holds except when s ∈ X \Y (or analogously s ∈ Y \X) and there is

an odd-labelled edge in the Coxeter graph connecting s to Y \X (respectively connecting s to X \ Y ).

Proof. We simply check all the cases coming from the definition of our retractions. We denote by e

(if it exists) the odd-labelled edge with one endpoint s; denote its other endpoint by s′.

• Case 1: If s ∈ X ∩ Y , then s = ρX∩Y (s) = ρX(s) = ρY (s), which gives as well:

s = ρX∩Y (s) = ρX ◦ ρY (s) = ρY ◦ ρX(s).
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• Case 2: Assume s /∈ X ∪ Y .

– If e does not exist or e is not adjacent to X ∪ Y , then ρX(s) = 1 = ρY (s), giving:

1 = ρX∩Y (s) = ρX ◦ ρY (s) = ρY ◦ ρX(s).

– If e is adjacent to X ∩ Y , then s′ = ρX∩Y (s) = ρX(s) = ρY (s), yielding:

s′ = ρX∩Y (s) = ρX ◦ ρY (s) = ρY ◦ ρX(s).

– If e is adjacent to X \ Y (the case for Y \ X is analogous), then ρX(s) = s′. Since we

are in an (odd, odd)-free situation, we have ρX∩Y (s) = 1, ρY (s) = 1, and ρY (ρX(s)) =

ρY (s
′) = 1. Finally we have:

1 = ρX∩Y (s) = ρX ◦ ρY (s) = ρY ◦ ρX(s).

• Case 3: Suppose that s ∈ X \ Y (the case for s ∈ Y \X is analogous), so ρX(s) = s.

– If e is adjacent to X ∩ Y , then ρX∩Y (s) = s′, and ρY (s) = s′. Note that s′ ∈ X ∩ Y ,

so ρX(s′) = s′ = ρY (s
′). Ultimately:

s′ = ρX∩Y (s) = ρX ◦ ρY (s) = ρY ◦ ρX(s).

– If e does not exist or is not adjacent to Y , then ρY (s) = 1 and ρX∩Y (s) = 1, so:

1 = ρX∩Y (s) = ρX ◦ ρY (s) = ρY ◦ ρX(s).

– Finally, assume that e is adjacent to Y \X. This is the only case where case (ii) does not

hold, as we have ρX(ρY (s)) = ρX(s′) = s and ρY (ρX(s)) = ρY (s) = s′.

Nevertheless, we have the equality ρX∩Y (s) = 1, so case (i) holds.

This finishes the proof. □

The generators for which commutation does not occur in the previous proposition will be of special

importance in this section and will form distinguished sets.

Definition 4.4. Let AS be an (odd, odd)-free Artin group admitting ordinary retractions. For

sets X,Y ⊆ S, denote by OX,Y the elements in X \Y connected to Y \X through an odd labelled edge.

We also define CX,Y := (X ∩ Y ) ∪OX,Y .

Remark 4.5. In the class of even Artin groups (consequently in right-angled Artin groups as well)

we do not have odd labels, so in those groups one has OX,Y = ∅ and CX,Y = X ∩ Y .

Remark 4.6. Notice that, with the (odd, odd)-free condition, ρX (when restricted to generators)

defines a bijection between OX,Y and OY,X , and consequently between CX,Y and CY,X .

Lemma 4.7. [25] Let AS be any Artin group and let X,Y ⊆ S. The following equality holds:

AX ∩AY = AX∩Y .
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In the following lemma, we prove that the intersection of two parabolic subgroups over X and Y

reduces to intersections of parabolic subgroups over the special sets CX,Y and CY,X .

Remark 4.8. For the proof of the next lemma we want to use a convention on parabolic subgroups.

For an Artin group AS and X,Y ⊆ S, we want to have ρX(AY ) = AρX(Y ). This is true under the

convention that A{1} := {1} in AS, and AZ∪{1} := AZ in AS for Z ⊆ S. From this point onwards, we

will not include the identity 1 in the generating set of parabolic subgroups.

Lemma 4.9. Let AS be an (odd, odd)-free Artin group admitting ordinary retractions. For any two

elements f, g ∈ AS and X,Y ⊆ S, there exist x ∈ AX and y ∈ AY such that

fAXf−1 ∩ gAY g
−1 = fxACX,Y

x−1f−1 ∩ gyACY,X
y−1g−1.

Proof. This proof is similar to the one of [3, Lemma 3.3], with minor modifications to include the

sets CX,Y and CY,X . We write it below for completeness.

We start with the equality

fAXf−1 ∩ gAY g
−1 = f [AX ∩ (f−1g)AY (f

−1g)−1]f−1.

Set h = f−1g and consider P = AX ∩ hAY h
−1. Using P ⊆ AX and AX ∩ AY = AX∩Y (Lemma 4.7),

we obtain:

P = ρX(P ) = ρX(AX ∩ hAY h
−1)

⊆ ρX(AX) ∩ ρX(hAY h
−1)

= AX ∩ ρX(h)ρX(AY )ρX(h−1)

= ρX(h)AρX(Y )ρX(h)−1.

Notice that ρX(Y ) consists of X ∩ Y and the elements of X \ Y connected to Y \X through an odd

label. In other words, ρX(Y ) = CX,Y . Setting x = ρX(h) ∈ AX , we can write the inclusion above

as P ⊆ xACX,Y
x−1, and we notice that xACX,Y

x−1 ⊆ AX . Recalling as well P = AX ∩ hAY h
−1, we

have:

P = (AX ∩ hAY h
−1) ∩ xACX,Y

x−1

= hAY h
−1 ∩ (AX ∩ xACX,Y

x−1)

= hAY h
−1 ∩ xACX,Y

x−1.

Conjugating the last equation by h−1 and setting P ′ = h−1Ph and k = h−1x, we obtain:

P ′ = AY ∩ kACX,Y
k−1.

Applying the same procedure as for P above, we obtain:

P ′ ⊆ ρY (k)ACY,X
ρY (k)

−1,
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where CY,X = ρY (CX,Y ) (Remark 4.6). Setting y = ρY (k) ∈ AY , we express the inclusion above

as P ′ ⊆ yACY,X
y−1 ⊆ AY . Combining P ′ = AY ∩ kACX,Y

k−1 and P ′ ⊆ yACY,X
y−1, we have:

P ′ = (AY ∩ kACX,Y
k−1) ∩ yACY,X

y−1 = h−1xACX,Y
x−1h ∩ (AY ∩ yACY,X

y−1).

Using AY ∩ yACY,X
y−1 = yACY,X

y−1 and P ′ = h−1Ph, we ultimately have:

P = xACX,Y
x−1 ∩ hyACY,X

y−1h−1.

Returning to our initial setup, we have fAXf−1 ∩ gAY g
−1 = fPf−1, and since h = f−1g, we obtain:

fAXf−1 ∩ gAY g
−1 = fxACX,Y

x−1f−1 ∩ gyACY,X
y−1g−1,

with x ∈ AX and y ∈ AY , as desired. □

We adopt the standard graph-theoretic terminology as follows: for v ∈ V , the link of v is the

set Link(v) = {u : {v, u} ∈ E}, while Star(v) = Link(v) ∪ {v} is called the star of v.

Lemma 4.10. Let AS an (odd, odd)-free Artin group admitting ordinary retractions, and let g ∈
AS be any element. For X,Y ⊆ S set D = CX,Y ∪ CY,X . Suppose ACX,Y

∪ gACY,X
g−1 is not

contained in a proper parabolic subgroup of AS and for some s ∈ S \ D one has that D ̸⊂ Link(s).

Then ACX,Y
∩gACY,X

g−1 is contained in a parabolic subgroup over a proper subset of CX,Y or a proper

subset of CY,X .

Proof. This proof is adapted from the proof of [3, Lemma 3.6]. Here we use the no-∞-edge conven-

tion for the Coxeter graph. Let P = ACX,Y
∩ gACY,X

g−1. If AS\{s} = gAS\{s}, then g ∈ AS\{s}.

Consequently, both ACX,Y
and gACY,X

g−1 would be parabolic subgroups of AS\{s}, and thus their

union ACX,Y
∪ gACY,X

g−1, would be contained within the proper parabolic subgroup AS\{s} of AS .

This contradicts the assumptions of the proposition. Therefore, we assume AS\{s} ̸= gAS\{s}. Given

this, the presentation of AS allows us to view it as an amalgamated free product:

AS = AStar(s) ∗ALink(s)
AS\{s}.

Consider the Bass-Serre tree T associated with this splitting, as discussed, for example, in [13]. In this

tree, vertices fall into two categories: those representing left cosets of AStar(s) and those representing

left cosets of AS\s within AS . Vertices of different categories are the only ones that can be adjacent

in T . The group AS acts naturally on T , without edge inversions. Additionally, the stabilisers of

vertices in T correspond to conjugates of AStar(s) or AS\s, depending on the type of the vertex. The

stabilisers of edges, on the other hand, are conjugates of ALink(s).

In the tree T , the vertices AS\{s} and gAS\{s} are distinct, and yet belong to the same category.

Their stabilisers are AS\{s} and gAS\{s}g
−1, respectively. Since T is a tree, there exists a unique

geodesic path p connecting AS\{s} and gAS\{s}. Since s ̸∈ CX,Y ∪ CY,X , we have:

ACX,Y
⊆ AS\{s} and gACY,X

g−1 ⊆ gAS\{s}g
−1,
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implying that the parabolic subgroups ACX,Y
and gACY,X

g−1 stabilise the vertices corresponding to the

cosets AS\{s} and gAS\{s}, respectively. The intersection ACX,Y
∩ gACY,X

g−1 stabilises the geodesic p

connecting these vertices and, consequently, any edge belonging to p. Since the stabilisers of edges

in T are conjugates of ALink(s), it follows that:

P = ACX,Y
∩ gACY,X

g−1 ⊆ hALink(s)h
−1

for some h ∈ AS . We can express P as:

P = ACX,Y
∩ gACY,X

g−1 ∩ hALink(s)h
−1

= (ACX,Y
∩ hALink(s)h

−1) ∩ (gACY,X
g−1 ∩ hALink(s)h

−1).(4.1)

We follow Definition 4.4 and consider the sets CD,Link(s) and CLink(s),D.

Claim. There exists some y ∈ D such that y ̸∈ CD,Link(s).

Proof of Claim. Assume, for the sake of contradiction, that every y ∈ D \Link(s) is odd-connected to

some y′ ∈ Link(s)\D. Now focus on the Artin group A{y,y′,s}. Since the edge {y, y′} has an odd label,

then by the (odd, odd)-free condition, the edge {s, y′} has an even label (note that y′ ∈ Link(s), so this

edge cannot be ∞). Thus, by Lemma 2.3, the edge {s, y} cannot be labelled with ∞, as otherwise the

Artin group A{y,y′,s} would not admit (ordinary) retractions; implying that y ∈ Link(s). This implies

that every y ∈ D would need to be in Link(s), contradicting the assumption that D ⊊ Link(s).

By Lemma 4.9, the intersection in Equation 4.1 can be expressed as an intersection of parabolic

subgroups over the sets

CCX,Y ,Link(s); CLink(s),CX,Y
; CCY,X ,Link(s); and CLink(s),CY,X

,

all of which are subsets of D.

By the claim above there is some y ∈ D such that y ̸∈ CD,Link(s). Recall from our notation

that D = CX,Y ∪ CY,X , and so CD,Link(s) = CCX,Y ,Link(s) ∪ CCY,X ,Link(s). Therefore, depending on

where the y of the claim lies either ACX,Y
∩ hALink(s)h

−1 is contained in a parabolic subgroup over a

proper subset of CX,Y , or gACY,X
g−1∩hALink(s)h

−1 is contained in a parabolic subgroup over a proper

subset of CY,X , as desired. □

4.1. Artin groups with property C. We say that a family of (odd, odd)-free Artin groups has

property C if it satisfies the following conditions:

(1) The family consists of Artin groups whose underlying Artin graphs admit retractions and is

closed under taking subgraphs.

(2) For every Artin group AS in the family, for any subsets X,Y ⊆ S, and any element g ∈ AΓ, if

all vertices x ∈ S \ (CX,Y ∪ CY,X) satisfy Star(x) = S, then either:

(a) ACX,Y
= gACY,X

g−1, or
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(b) ACX,Y
∩ gACY,X

g−1 ⩽ dAHd−1 for some subset H properly contained in CX,Y or CY,X ,

and some d ∈ AS .

Remark 4.11. In [3, Theorem 5.2] the authors show that even Artin groups of FC-type satisfy the

condition C.

Lemma 4.12. Let AS be an (odd, odd)-free Artin group that admits ordinary retractions, and let X,Y ⊆
S. If ACX,Y

∪ gACY,X
g−1 is contained in a proper parabolic subgroup hAZh

−1 of AS, then there exist

subsets X ′, Y ′ ⊆ Z and elements f1, f2 ∈ AZ such that

h−1(ACX,Y
∩ gACY,X

g−1)h = f1ACX′,Y ′f
−1
1 ∩ f2ACY ′,X′f

−1
2 .

Proof. We will use the result [4, Theorem 1.1] - which states that if uARu
−1 ⩽ AQ for some u ∈ AS

and R,Q ⊆ S, then uARu
−1 = vAQ′v−1 for some v ∈ AQ, and some Q′ ⊆ Q. Now we know

that h−1ACX,Y
h = t1AX′t−1

1 for some X ′ ⊆ Z and t1 ∈ AZ . Similarly, h−1gACY,X
g−1h = t2AY ′t−1

2 for

some Y ′ ⊆ Z and t2 ∈ AZ . Now a direct application of Lemma 4.9 for the intersection t1AX′t−1
1 ∩

t2AY ′t−1
2 gives the appropriate elements f1, f2, providing the desired result. □

The following theorem reduces the problem of intersection of parabolic subgroups to property C.

Theorem 4.13. Let F be a family of (odd, odd)-free Artin groups. If F satisfies condition C, and AS

belongs to F , then the intersection of two parabolic subgroups of AS is again a parabolic subgroup.

Proof. This is an adaptation of [3, Proposition 3.8]. During this proof, we consider the no-∞-edge

convention for Coxeter graphs. Let AΓ = AS be an Artin group as described in the statement, and

let P,Q be two parabolic subgroups of AΓ. By Lemma 4.9, we can assume there exist X,Y ⊆ S

and h1, h2 ∈ AΓ such that

P ∩Q = h1ACX,Y
h−1
1 ∩ h2ACY,X

h−1
2 .

Therefore, P ∩ Q is a parabolic subgroup if and only if ACX,Y
∩ gACY,X

g−1 is a parabolic subgroup,

where g = h−1
1 h2.

If ACX,Y
∪ gACY,X

g−1 is contained in a proper parabolic subgroup of AS , by Lemma 4.12, we can

replace Γ with a proper subgraph ∆ and replace g with some h ∈ A∆. Note that A∆ also belongs

to F . Therefore, we can revert to the initial notation and further assume that ACX,Y
∪ gACY,X

g−1 is

not contained in a proper parabolic subgroup of AΓ.

We aim to show that for any X,Y ⊆ S and any g ∈ AΓ, the intersection ACX,Y
∩ gACY,X

g−1

is a parabolic subgroup. Let D := CX,Y ∪ CY,X . Our proof is by induction on |D|. If |D| = 0,

then |CX,Y | = |CY,X | = 0, i.e., ACX,Y
and ACY,X

are trivial, and the result follows. We now assume

that |D| > 0 and that the result holds for parabolic subgroups over smaller sets.

If there exists x ∈ S \ D such that D is not contained in Link(x), then by Lemma 4.10, we

have ACX,Y
∩ gACY,X

g−1 ⩽ dAHd−1 for some H properly contained in CX,Y or CY,X , and some d ∈
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AΓ. Suppose, without loss of generality, that H ⊊ CX,Y — (the other case works similarly up to

conjugacy). Now, additionally, we can assume that d ∈ ACX,Y
; indeed, we obtain it, by applying ρCX,y

to ACX,Y
∩ gACY,X

g−1 ⩽ dAHd−1. Hence,

ACX,Y
∩ gACY,X

g−1 = ACX,Y
∩ gACY,X

g−1 ∩ dAHd−1

= dAHd−1 ∩ gACY,X
g−1.

Since |H ∪ CY,X | < |D|, the desired result follows by induction.

So, from now on, we assume that for all x ∈ S \ D, one has D ⊆ Link(x). We now argue by

induction on N = ♯{x ∈ S \D : Star(x) ̸= S}. In the case N = 0, since we have property C, we have

that either ACX,Y
= gACY,X

g−1 and hence ACX,Y
∩ gACY,X

g−1 is parabolic, or ACX,Y
∩ gACY,X

g−1 ⩽

dAHd−1 for some H ⊊ D. In the latter case, we can use the same argument as before to prove

that ACX,Y
∩ gACY,X

g−1 is a parabolic subgroup. Now, assume that N > 0 and the result is known

for smaller values of N .

Since N > 0 and D ⊆ Link(x) for all x ∈ S \D, there exist a, b ∈ S \D that are not linked by an

edge. Setting Z = Star(a), U = S \ {a}, and L = Link(a), we obtain an amalgamated free product:

A = AZ ∗AL
AU ,

and there is an associated Bass-Serre tree T corresponding to this splitting. Consider the edges AL

and gAL on T . Let AL, g1AL, . . . , gnAL, gAL be a sequence of edges in the unique geodesic in T
connecting AL and gAL. If AL = gAL (i.e., n = 0) then g ∈ AL; taking into account that D ⊆ L, we

have that ACX,Y
∪ gACY,X

g−1 is contained in AL, which is a proper parabolic subgroup of AS , which

contradicts our hypothesis.

We will proceed by induction on n. Fix an n and suppose that the result is true for all smaller

values. By the construction of T , for any i = 0, . . . , n, one has either g−1
i gi+1 ∈ AZ or g−1

i gi+1 ∈ AU ,

where g0 = 1 and gn+1 = g. The intersection ACX,Y
∩ gACY,X

g−1 stabilises the endpoints of the

geodesic path in T , hence it stabilises the entire path. As the stabiliser of a geodesic in a tree is the

intersection of the stabilisers of its edges, we have the equality

ACX,Y
∩ gACY,X

g−1 = ACX,Y
∩ g1ALg

−1
1 ∩ · · · ∩ gnALg

−1
n ∩ gACY,X

g−1.

By Lemma 4.9, applied to ACX,Y
∩ giALg

−1
i , and the fact that CCX,Y ,L ⊆ L — recall that D ⊂ L —

we have that there are zi ∈ AL such that

ACX,Y
∩ giALg

−1
i is equal to ACX,Y

∩ giziACX,Y
z−1
i g−1

i .

Note that (gizi)
−1(gi+1zi+1) = z−1

i (g−1
i gi+1)zi+1. By a slight abuse of notation we can replace gizi

by gi and still have that g−1
i gi+1 ∈ AZ or g−1

i gi+1 ∈ AU , for any i = 0, . . . , n where g0 = 1 and gn+1 = g

(because zi, zi+1 belong in AL). Hence:

ACX,Y
∩ gACY,X

g−1 = ACX,Y
∩ g1ACX,Y

g−1
1 ∩ · · · ∩ gnACX,Y

g−1
n ∩ gACY,X

g−1.
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Consider now

giACX,Y
g−1
i ∩ gi+1ACX,Y

g−1
i+1 = gi(ACX,Y

∩ g′iACX,Y
g′−1
i )g−1

i ,

with g′i = g−1
i gi+1. As g′i ∈ AZ or g′i ∈ AU , the intersection ACX,Y

∩ g′iACX,Y
g′−1
i takes place either

in AZ or in AU . Note that the number of vertices in Z \ D (respectively in U \ D) whose star is

not equal to Z (respectively U) is smaller than N . Therefore, by the induction hypothesis on N , the

intersection is either equal to ACX,Y
or is contained in a proper parabolic subgroup over CX,Y .

Suppose first that CX,Y = CY,X . If for all i we get ACX,Y
∩ g′iACX,Y

g′−1
i = ACX,Y

then ACX,Y
∩

gACY,X
g−1 = ACX,Y

, otherwise, ACX,Y
∩ gACY,X

g−1 is contained in a proper parabolic subgroup

of ACX,Y
, and we have the result by induction on |D|.

Otherwise, for CX,Y ̸= CY,X one has |CX,Y | < |D| and we also have the same conclusion by induction

on |D|. □

If the class of FC-type Artin groups admitting retractions would satisfy condition C then the in-

tersection of any two parabolic subgroups, would be again parabolic. However, this article has not

managed to answer whether condition C is satisfied by FC-type Artin groups admitting retractions.

Nevertheless, the work presented here provides some new results — see the discussion on the following

remark.

Remark 4.14. In the general class of FC-type Artin groups we know that the intersection of a spherical

type parabolic subgroup and any other parabolic subgroup is again a spherical parabolic subgroup ( [22,

Theorem 3.1] and [21, Corollary 1.2]). We do not know if this is true for any two parabolic subgroups

of non-spherical type. Thanks to the results in this paper, even if we do not know if Condition C
is satisfied, we can provide some partial answers to this problem. For instance, we know now that

if X and Y have trivial intersection and no x ∈ X is connected to Y through an odd-label edge,

then AX ∩ g−1AY g is the trivial subgroup for any g in the group. Also, we know that if X and Y

intersect in a irreducible component AZ of the group and OX,Y = OY,X = ∅, then AX ∩g−1AY g = AZ .

For example, consider the FC-type Artin group A corresponding to the following Coxeter graph with

the no-2-edge convention:

3

a b

3 ∞ 4

∞ ∞

c d e
f

g

We discuss the intersection of pairs of some non-spherical parabolic subgroups AX , and g−1AY g;

denote this intersection as H = AX ∩ g−1AY g. If X = {d, e} and Y = {f, g}, we know that H = {1}.
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The same happens for the following pairs of generating sets (X,Y ):

({a, b, c, d, e}, {f, g})
({a, b, d, e}, {f, g})
({a, c, d, e}, {f, g})
({a, d, e}, {f, g})
({b, c, d, e}, {f, g})

({b, d, e}, {f, g})
({c, d, e}, {f, g})
({c, d, e}, {a, f, g})
({c, d, e}, {a, b, f, g})
({c, d, e}, {b, f, g})

If X = {a, b, d, e} and Y = {a, b, g, f}, or if X = {a, b, c, d, e} and Y = {a, b, g, f}, then H = A{a,b}.

Moreover, consider the following pairs (X,Y ):

({a, b, c, d, e}, {a, f, g})
({a, b, c, d, e}, {b, f, g})
({a, b, d, e}, {a, f, g})
({a, b, d, e}, {b, f, g})
({a, c, d, e}, {a, f, g})
({a, c, d, e}, {a, b, f, g})
({a, c, d, e}, {b, f, g})
({a, d, e}, {a, f, g})

({a, d, e}, {a, b, f, g})
({a, d, e}, {b, f, g})
({b, c, d, e}, {a, f, g})
({b, c, d, e}, {a, b, f, g})
({b, c, d, e}, {b, f, g})
({b, d, e}, {a, f, g})
({b, d, e}, {a, b, f, g})
({b, d, e}, {b, f, g})

In these cases we know that H is the intersection of two parabolic subgroups over subsets of {a, b}.
Since A{a,b} is an irreducible component of the group, the problem reduces to an intersection of groups

in A{a,b}, so we know that H is a parabolic subgroup by [11, Theorem 9.5].

5. Coherence for FC-type Artin groups that admit retractions

A group is called coherent if all its finitely generated subgroups are also finitely presented. In

this section, we provide an explicit characterisation of the coherence of our groups, highlighting their

similarities with other classes of Artin groups that admit retractions — e.g. the class of RAAGs [15],

which are groups only having 2 and ∞ edges, and even Artin groups of FC type [1].

A (simplicial) graph Γ is called chordal if all cycles of four or more vertices have a chord, which

is an edge that is not part of the cycle but connects two vertices of the cycle. Droms provided the

following simple characterisation of coherent RAAGs. We will consider the Coxeter graphs with the

no-∞-edge convention.

Theorem 5.1 ( [15, Theorem 1]). Let A be a RAAG based on Γ. A is coherent if and only if Γ is

chordal.

For a simplicial labelled graph Γ, denote by Γ≤2 the graph obtained from Γ by removing all the

edges with label > 2. In the same spirit as in [1, Theorem 6.2] we have the following:
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Theorem 5.2. Let AΓ be an Artin group of FC type admitting retractions. Then AΓ is coherent if

and only if both Γ and Γ≤2 are chordal.

This theorem can be deduced from the classification of coherent Artin groups, which was settled

in [26] after the reduction in [19], see [20, Section 3] for a summary, and the lemma below.

Lemma 5.3 ( [20, Theorem 3.1]). Let Γ be a labelled finite simplicial graph. The Artin group AΓ

based on Γ is coherent if and only if the following three conditions hold:

(i) Γ is chordal;

(ii) for any complete subgraph ∆ ⊆ Γ of 3 or 4 vertices, ∆ has at most one edge with a label

different to 2;

(iii) Γ has no subgraph as in Figure 1.

a

b

c

d

m with m > 2

Figure 1. The corresponding Artin group is not coherent as ⟨a2, b2, c2, d2⟩ ≃ F2 × F2.

Proof of Theorem 5.2. First suppose that conditions of Lemma 5.3 are satisfied. We have that Γ is

chordal, so it remains to show that Γ≤2 is chordal as well. Assume for contradiction that Γ≤2 is not

chordal, and so it contains an induced cycle C of length at least 4. If the length of C is bigger than 4,

then Γ being chordal implies that there are two chords in Γ with label bigger than 2 and an edge

of C forming a triangle, contradicting the fact that we can have only (2, 2, k)-triangles with k ≥ 2.

So, assume then that the induced cycle C has length 4 in Γ≤2. Since Γ cannot contain subgraphs

appearing in Figure 1, we conclude that vertices of C form a complete graph in Γ. This means

that AC is isomorphic to AI2(s) ×AI2(t) with s, t > 2, which contains F2 × F2 as a subgroup, which is

not coherent.

For the converse, suppose that both Γ and Γ≤2 are chordal. In particular condition (i) in Lemma

5.3 holds. Condition (iii) is also immediate as otherwise Γ≤2 would not be chordal. Now for condition

(ii) assume first that ∆ is a triangle; in this case obviously we can have at most one edge with label

greater than 2. Instead, if ∆ is complete of 4 vertices, with more than one edge with label greater

than 2, then ∆ has two non-adjacent edges with labels greater than 2. But this means that Γ≤2 is not

chordal. □
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