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ON ARTIN GROUPS ADMITTING RETRACTIONS
TO PARABOLIC SUBGROUPS

BRUNO A. CISNEROS DE LA CRUZ", MARIA CUMPLIDO" AND ISLAM FONIQI"*

ABSTRACT. We generalise the retractions to standard parabolic subgroups for even Artin groups to
FC-type Artin groups and other more general families. We prove that these retractions uniquely
extend to any parabolic subgroup. We use retractions to generalise the results of Antolin and Foniqi
that reduce the problem of intersection of parabolic subgroups to weaker conditions. As a corollary,

we characterise coherence for the FC case.

1. Introduction and notation

Let T" be a simple graph with a finite set of vertices .S, and a set of edges F labelled by elements
in {2,3,...} U{oco}. We define the Artin group associated to I" as:

Ap = (S| sts--- =tst--. whenever {s,t} € E and ms; # o),
Mms,t Mms,t

’ )

where m,; is the label of the edge joining vertices s and t. We will refer to I' as the Cozeter graph
associated with the Artin group. The definition of Coxeter graphs varies based on their usage: either
with no edge if the label is 0o (no-oco-edge), with no edge if the label is 2 (no-2-edge), or with all
labelled edges (full edge). In this article, we will use these three versions of Coxeter graphs, always

indicating it beforehand. When the graph is fixed, we also denote Ar by Ag.
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One can also define the Cozeter group based on T' which is the group Ar/{(s?| s € S)). An Artin
group Ar is called of spherical type if the associated Coxeter group Wr is finite, see for example [5,6].

Despite their simple definition and the thorough understanding of Coxeter groups, Artin groups have
posed a challenge for the community of group theorists ever since their study began in the 1960s with
Jacques Tits and the Bourbaki group [5]. For example, basic questions such as the word problem or the
conjugacy problem still do not have a general answer. However, several families of Artin groups have
been found to possess a rich geometric structure: actions on different simplicial complexes [7,9,11,24]
have been discovered, and their study has been very fruitful. One of the main ingredients for the
construction of these complexes are the so-called parabolic subgroups. Given X C S, the standard
parabolic subgroup Ax is the subgroup of Ar generated by X. By [25] we know that Ax = Ap
where I is the subgraph of I" induced by X. Any conjugate of a standard parabolic subgroup is called
a parabolic subgroup.

We say that a group morphism p: G — H, where H < G, is a retraction if p|g = idg. Given an
Artin group A with only even labels, it admits an evident retraction p: A — Ax defined by p(s) =1
if s ¢ X and p(s) = s otherwise. In [3], the authors use the already known retractions of even Artin
groups to standard parabolic subgroups, and they manage to prove several results in even FC-type

Artin groups, including that the intersection of parabolic subgroups is again a parabolic subgroup.

Remark 1.1. Note that in literature there is another notion of retractions for Artin groups [18] with
important applications [4,8,14]. The retractions appearing there are not homomorphisms, they are
set-theoretic retractions that nevertheless behave well with respect to the Salvetti complex, and should
not be confused with the retractions appearing here, which involve different and more combinatorial

techniques.

This article is a first approach to the generalisation of the ideas in [3] and [1] to other classes of
Artin groups where we could have odd labels too. Here we will explore how one can define these
retractions and their use to obtaining analogous results as in the aforementioned articles.

During the rest of the article, when we say Artin groups admitting retractions, we will be referring
to Artin groups that admit retractions to standard parabolic subgroups. In Section 2, we give a
complete classification of FC-type Artin groups admitting retractions to standard parabolic subgroups.
In Section 3 we show that an Artin group admitting retractions to every standard parabolic subgroup
also admits retractions to all of its parabolic subgroups. Moreover, for FC-type and other cases,
these retractions are uniquely determined for every parabolic subgroup P, i.e., the definition for the
retraction does not depend on how we choose to express P = aAxa~!. In Section 4 we adapt results
from [3] for even Artin groups, to Artin groups with retractions sending generators to generators or
identity and satisfying additional conditions (where FC-type admitting retractions are included). In

particular, we reduce the problem of intersection of parabolic subgroups to a weaker condition — see
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Theorem 4.13 —. Finally, in Section 5 we also expand the results of [1] to characterise coherence in

our class of FC-type Artin groups admitting retractions.

2. FC-type Artin groups admitting retractions

Our first aim is to identify a family of Artin groups admitting retractions, which is different from
the family of even Artin groups. In this section, we completely classify the family of FC-type Artin
groups admitting retractions and give explicit retractions for each case. An FC-type Artin group Ar
is defined by the property that for every subgraph A of I' without oo edges, Aa has spherical type
— in other words the associated Coxeter group over A is finite. The family we focus on appears
naturally, as many well-known results already exist for it, and FC-type Artin groups are also studied
in [3] through the use of retractions. We show that the family of FC-type Artin groups admitting
retractions properly contains the family of even FC-type Artin groups.

In this section, we will solve some equations in dihedral Artin groups. For elements x and y, we
will denote by s(x,y) the alternating product zyz--- of s factors, and by (z,y)s the alternating

product - --yzy of s factors.

Proposition 2.1. Let F5 be a free group generated by a and b. For natural numbers r, s with r odd,

and s even, the system of equations (a,z), = (z,a), and (b,x)s = (x,b)s, is incompatible in Fs.

To prove the proposition, we will use two well known results about free groups, stated in the

following lemma.

Lemma 2.2. Let F' be a free group, and let u,v € F' be any two non-trivial elements.

(i) If u =" for some n € N, then u = v.

(ii) The centraliser of v is the maximal cyclic subgroup in F' containing v.

Proof of Proposition 2.1. The equation (b,z)s = (z,b)s for an even s, is equivalent to the equa-
tion (bz)2 = (xb)2, so any solution for it, is also a solution for bz = zb. Now z belongs to the
centraliser of b so x is in the cyclic group (b). Assume that z = b* for some k € Z. Substituting it
into (a,z), = (z,a), yields an equality of two distinct reduced words in Fy, hence there is no solution

to the system. (I

If X is a three-element subset of the set of standard generators of an Artin group Ag, we call the
subgroup Ax a triangle and we will refer to it using the notation (m1, ma, ms), where the numbers m;

are the labels of the three corresponding edges formed from elements of X.

Proposition 2.3. Let m,n be positive integers. Artin groups defined by triangles (oo,2m,2n + 1)

and (00,2m + 1,2n 4+ 1) do not admit retractions.
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Proof. Let us first treat the (co,2m,2n + 1) case. Let A,p. be an Artin group such that mgqp =
00, Mg, = 2m, and my . = 2n + 1. Suppose that there is a retraction p to Ay, such that p(c) = =.
The element x must satisfy the equations (a,x)2m = (x,a)2m and (b, z)on+1 = (2,b)2n41 in Fo, and
we know by Proposition 2.1 that there is no solution to this system of equations.

For the (c0,2m + 1,2n + 1) case, notice that any solution of (a, x)2m+1 = (2, a)2m+1 is also a solution
of (a,z)am+2 = (x,a)4m+2, which together with the equation (b,x)2,+1 = (x,b)2p+1 provides an

incompatible system of equations in F5. O

Proposition 2.4. Artin groups corresponding to triangles (2,3,3) and (2,3,5) do not admit retrac-

tions.

Proof. Take first the triangle (2,3,3) defining an Artin group A with generators {a,b,c} and with
labels mg, = 2, my . = 3, meq = 3. Suppose that there is a retraction p from A onto A{a,b}' Then, any
surjective morphism from A onto Ay, 3y would induce a surjective morphism on their abelianisations, Z
and Z? respectively; but one cannot have a surjective morphism from Z onto Z2.

The same argument works for the triangle (2,3,5). O

For the next proposition we will use Garside normal forms in the dihedral Artin group with a
relation of length 4 and generators a and b — see [6,12]. In this case, we know that the centre of
the group is generated by abab and that every element x can be uniquely expressed on its normal
form (abab)Pzy - - - x,, with p € Z and each z; equal to a, b, ab, ba, aba or bab, satisfying the condition

that the last letter of x; and the first letter of x;11 must be the same.
Proposition 2.5. The Artin group corresponding to triangle (2,3,4) does not admit retractions.

Proof. Let A be an Artin group generated by {a,b, ¢} with mgp = 4, mp . = 3, and m., = 2. Suppose
that there is a retraction p from A onto Ay, and set p(c) = z. Since p is a homomorphism, the
equations ax = wa and brb = zbx must be satisfied in A, ). By [23, Theorem 5.1], x is a product of
powers of a and positive powers of bab or b~'a~'b~!. When putting this in left normal form, we have
two options: 2 = (abab)®a’ or x = (abab)®(bab)’, where ¢t > 0. Notice that, since abab = baba in A, s,
any equality between words demands that the exponent sum of b’s in each word is the same. For any x

as above, the exponent sum of b’s in zbx is odd and in bzb is even, leading to a contradiction. O

Theorem 2.6. An FC-type Artin group Ag admits retractions to parabolic subgroups if and only if
every triangle in its Coxeter graph T' is of the form (2,2,k), (2m,2n,00), or (k,00,00), for m,n >0,
and k > 1 (this allows k = oo as well).

Moreover, for X C S, the group Ag admits the retraction px : Ag — Ax defined as follows: p(x) = x
for allx € X, p(v) = a forv e S\ X if there is an odd labelled edge connecting v to some a € X

and p(v) = 1 otherwise.
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Proof. If a triangle on I' contains some oo, then by Lemma 2.3, these triangles can only be of the
form (2m,2n,00) or (k,00,00). Otherwise, the FC condition tells us that the only triangles we can
have are (2,2, k), (2,3,3), (2,3,4), and (2,3,5), which are the only triangles having spherical type. By
Proposition 2.4 and Proposition 2.5, the only triangle admitting retractions to parabolic subgroups
from that list is (2,2, k).

Now we need to prove that any FC-type Artin group whose defining graph contains only triangles
given as above, admits retractions. It is obvious that the retraction described in the statement is
well-defined for these triangles. Let X be a proper subset of S. To show that p is a retraction, we
need to verify that p preserves the defining relations. Consider an edge {vi,v2} of I' with label I. We

examine the following cases:

(1) wv1,v92 € X. Here both generators are fixed, so the relation is preserved.
(2) v1 € S\ X, va2 € X (the other case in analogous). Here we have p(v2) = v2 . Now we have
two options for p(v;):
(2.1) If [ is odd, then p(v1) = we. The relation ;(vi,v2) = ;(ve,v1), after applying p, be-
comes vh = vl in Ay.

(2.2) If I is even, we have two situations:

e If any edge connecting v; to X is even or oo, then p(vi) = 1. Hence, the rela-
tion ;(v1,v2) = 1(v2,v1), after applying p, becomes UZQ/Q = vé/Q in Ax.

e Suppose that there is an odd edge connecting v to X, say {vi,x}. Then [ = 2 and the
edge {vy,x} also has label 2. In this case, p(v1) = z, so the relation vjvy = vovy, after
applying p, becomes zvy = vox in Ay, as required.

(3) vi,v2e S\ X.

(3.1) Suppose [ is odd; since we cannot have two consecutive odd labels, one has that labels
from v1,v2 to X are either equal to 2, or to co. So p(vi) = 1 = p(v2). The rela-
tion ;(v1,v2) = ;(va,v1) after applying p becomes 1 =1 in Ax.

(3.2) If [ is even, we have the following cases:

e If [ > 2, then both v; and vy are connected to X by even labels, so p(v1) = 1 and p(ve) =
1. Hence, the equality of the relation is obviously preserved.

e If [ = 2 and both v, and vy are connected to X by even labels, then again the equality
of the relation is preserved as p(v1) = 1 and p(v2) = 1.

e Finally, if [ = 2 and one of v; or va, say vy, is connected to x € X by an odd label,
then p(v1) = x and p(vy) = 1. Therefore, the relation vive = wyvy, after applying p,

becomes £ =z in Ax.
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Remark 2.7. Notice that in FC-type Artin groups admitting retractions, odd-labelled edges can only
be adjacent to edges labelled with oo or 2. In particular, these groups include those constructed from

an even FC-type Artin group by taking direct and free products with odd dihedral Artin groups.

Remark 2.8. Any retraction used so far sends a fixed generator to either a generator or to identity.
We call such retractions ordinary retractions. It is an open question if every Artin group admitting
retractions also admits ordinary ones. Also, note that retractions used previously in [2], [3], and [1]

are ordinary.

Example 2.9. Not every retraction is ordinary. Indeed, consider the group:
Apya) = (a,b| abab = baba).

The morphism induced by pgy: Aryay — (b) which maps a,b to b%,b respectively, is a retraction but

it is not an ordinary one.

As a summary of this section, we have that FC-type Artin groups admitting retractions do in fact
admit ordinary retractions as well. Since the presence of retractions is the main important thing on
deducing results, we will focus only on the ordinary retractions.

The main results in this paper are about the class of FC-type Artin groups, together with the
ordinary retractions defined in Theorem 2.6. However, most of the results in Section 3 and Section 4
hold for other Artin groups admitting ordinary retractions.

Here we provide a class of Artin groups, that together with its ordinary retractions, contains the

class of FC-type groups with the ordinary retractions.

Definition 2.10. We say that an Artin group Ar is (odd, odd)-free if I does not contain two con-

secutive odd-labelled edges.

Remark 2.11. Notice that our class of FC-type Artin groups with ordinary retractions is (odd, odd)-

free.

If we follow Theorem 2.6, we notice that we can try to define ordinary retractions in the same way
in (odd, odd)-free Artin groups as well. Moreover, here we obtain more groups admitting ordinary

retractions than in the FC-type case.

Example 2.12. Let I’ be the following labelled graph, with m,n € N.

c
2m
a 2n+1
2m
b
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The corresponding Artin group Ar admits ordinary retractions. Note that the Ar is not of FC-type
if m> 1.

3. Retractions to standard parabolic subgroups extend uniquely to all parabolic

subgroups

For even Artin groups, in [3] Antolin and the third named author observed that if we have a standard
retraction px: Ag — Ay, then for the parabolic subgroup P = aAxa~!, the map ps: As — P,
defined by p%(g) = apx(a~lga)a™l, is also a retraction. This observation holds for any Artin group.

Indeed, for v € Ag denote by ¢, the conjugation map

cy: As — Ag defined by ¢, (g) = vy

Then one has the following commutative diagram:

P _
Ag X aAxa 1

ca,li Tca

As —ox— 4x

showing that pS is indeed a morphism which when restricted to aA xa~ ! gives the identity, hence it
is a retraction as well.

Note that for the same parabolic subgroup one could have several retractions to it, in the sense that
if P = aAxa~! = BAy B!, then both p% and pe are retractions to P and they could be different.
In this section we will prove that this is not possible, i.e. all retractions to parabolic subgroups are

determined by any associated retraction to a standard parabolic subgroup.

Remark 3.1. [3, Corollary 3.5.] In even Artin groups, a parabolic subgroup P = aAxa ™! cannot be
expressed as Ay~ with X #Y.

Lemma 3.2. If P = aAxa~! = BAxB~ " in an even Artin group Ag, then P = pf(.

Proof. The equality P = aAxa™" = BAx B!, implies that Ax = yAx~y~ ! for v = o~ !4. In this case
to show that p§ = pg pick g € Ag. One has the equations:

p%(9) = apx(a~lga)a™t, and p%(9) = Box (B~ 'gB)B 7"

Rewriting o~ tga as v371gBy 1, and setting h = 37 1¢f it remains to show that: px(yhy™!) is equal
to vpx (h)y~!. But both of these belong to Ax as Ax = yAx~y~!, so we can apply py, which yields
the equality vpx (h)y™" = px (vpx (h)y™!) = px(vhy™!), as required. O

One aim in this section is to show that in FC-type Artin groups admitting retractions, the definition
of p§ does not depend on the presentation of P = oA xa~ ! ie. it does not depend on the choice

of X and o
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https://dx.doi.org/10.22108/ijgt.2025.143611.1935

78 Int. J. Group Theory, 15 no. 2 (2026) 71-92 B. A. Cisneros de la Cruz, M. Cumplido and I. Foniqi

Remark 3.3. Differently to even Artin groups, note that in FC-type Artin groups admitting retractions
one can have aAxa™' = BAy B~ with X #Y . Indeed, consider the group:

Ar,3) = (a,b|aba = bab).
The relation aba = bab gives the equality aba™' = b~tab, implying that aA{b}a_1 = b_lA{a}b.

Another goal is to find conditions for p§ = pi in the general setting of Artin groups. The conditions
that we will obtain are sufficient but not necessary, and they hold in particular for the class of FC-type
Artin groups admitting retractions.

First, to describe the general situation of the Remark 3.3, we use a lemma which is a particular case
of a result of [23] — see also [10, Section 2] for an alternative explanation —. Using the no-2-edge
convention for the Coxeter graph I" of Ar, we can consider the connected components of I'; which we

denote by Ay, Ao, ..., A,. In this framework, we have that
AF:AAl ><AA2 X e XAAT,

and we call each Aa, an irreducible component of Ar. Note that the irreducible components of Ar

are standard parabolic subgroups.

Lemma 3.4 (Adapted from [23, Section 4]). Let Ar be an Artin group such that any of its irreducible
components Az with |Z| > 2 is of non-spherical type, and let P = fAxf~1 be a parabolic subgroup.
Then P = gAy g~ with Y # X only if there exists © € X such that Ax can be decomposed as a direct
product with one factor being (x), and z is connected in T' to some y € Y through a path of odd labels.
In this case, Ay = (y) x Ayr and Ax = (x) x Ax/, with X' = X \ {z}, and Y =Y \ {y}.

Roughly speaking, an irreducible component of an Artin group can be conjugated to another ir-
reducible component only if it has spherical type and sits inside a standard parabolic subgroup of
spherical type. Also, the generator of the centre of this bigger standard parabolic subgroup needs to
be the square of its Garside element. In our case, the only irreducible components that satisfy these
conditions are the ones with just one generator connected through odd labels to another generator in
the Coxeter graph.

As another auxiliary result, we describe the normalisers of standard parabolic subgroups in Artin
groups such that every irreducible Ay with |Z| > 2 is of non-spherical type.

Consider X such that (x), with x € X, is an irreducible component of Ax. For y € §'\ X, we will
say that

(Me,y)—1

and its inverse are elementary ribbons if the irreducible component of Axy,} containing y also con-
tains = and defines a dihedral Artin group with mg, > 2. If we write X = {z} U X', then the
elementary ribbons above conjugate X to Y € {X, X' U {y}}; we refer to the ribbon above by the

https://dx.doi.org/10.22108/ijgt.2025.143611.1935
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name elementary X -ribbon-Y . In a more general setting, an X-ribbon-Y is an element r = ry---7,,
where each r; is an elementary X; i-ribbon-X;, with X9 = X and X,, =Y. We denote the set of
all X-ribbons-Y by Ribb(X,Y).

Conjecture 3.5 (Adapted from [16, Conjecture 1]). Let A be an Artin group such that every irredu-
cible Az with |Z| > 2 is of non-spherical type. If Ax does not have any cyclic irreducible component (x)
with x € X, then

N(Ax) =Ax x Ax1,
where
Xt={ye S\ X |zy=uyz,Vzec X}
Otherwise, the elements that conjugate Ax to Ay are given by the set

Conj(X,Y) = (Ribb(X,Y) - Ax) - Ay..

Remark 3.6. Notice that, by definition, every X -ribbon-Y commutes with every non-cyclic irreducible

component of X.

For every Artin group, there is a general version of ribbon and a general conjecture to describe
normalisers of standard parabolic subgroup — see [16, Conjecture 1] — but we will not need it for
retractions in the FC case. In general, we know that FC-type Artin groups [17, Theorem 0.3] and
2-dimensional Artin groups satisfy this general ribbon conjecture [16, Theorem 3]. Notice that our

condition includes 2-dimensional Artin groups.

Lemma 3.7. Let A be an Artin group admitting ordinary retractions. For every standard parabolic

subgroup Agqpcy with mayp and my . odd, we have that mg is also odd.

Proof. Since pyq,c}(b) € {a,c}. We have that the relation aca- - = cac--- of length m, or my . needs

to be fulfilled in Ay, .y, which is impossible if mq . is even. O

Theorem 3.8. Let A be an Artin group admitting ordinary retractions, such that A satisfies Conjec-
ture 3.5 and every irreducible standard parabolic subgroup Ay with |Z| > 2 is of non-spherical type.
Let P = fAxf~! be a parabolic subgroup, where f € A. Then, for every ordinary retraction px, the
morphism

priA— P pkla)=fox(faf)f

1

defines a retraction. Moreover, if P = gAy g+ as well, then pg( (a) = pi-(a) for alla € A. We denote

this unique retraction by pp.

Proof. If fAx f~!is such that Ax has no cyclic irreducible component, then by Lemma 3.4 we know
that Ax cannot be a conjugate of a different standard parabolic subgroup. Suppose P = fAxf~!

https://dx.doi.org/10.22108/ijgt.2025.143611.1935
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1

and P = gAxg~". In this case, g € fN(Ax); hence, by Conjecture 3.5, one has g = f -0 - ¢ for

some 0 € Ax and some ¢ € Ay .. By our definition,

1

ph(a) = fox(F7af)f~' = fox (f) " px(a)ox (£,
p% (@) = gpx (9~ ag)g™" = gpx(9) ' px(a)px(g)g "

One has gpx(g)~t = focpx(c) px(o)tpx(f)~!. Since 0 € Ax, one has px(c) = o; also, the
element ¢ commutes with anything in Ax, so px(c) =1, gpx(9)~ = fpx(f)lc, and pr(a) = p¥-(a).
Let f(a)f~! be a cyclic direct component of Ax. Assume fAyf~! = hAyh~!. Denote the compon-
ents of Ax by Ax, and the components of Ay by Ay,. We need to prove the equality p§< (9) = Pt (9).
We can suppose that every Ay, is a conjugate of Ay, by fh~1.
By Lemma 3.4, every cyclic Ay} is conjugate by fh™! to a cyclic Aqpy, where b is either a or a
different generator in Y. For the remaining components, there is Y; such that X; = Y;. Since any z € S

is mapped to a unique component through px or py, notice that

px(flaf) =pxi,(F'af) - px, (f19f),
and
py (h™'gh) = py, (R gh) - py, (k" gh),

so the problem reduces to proving that h~!f conjugates px,(f~1gf) to py,(h~gh).

Assume that X; = Y; and | X;| > 1. By Conjecture 3.5, h~! f can be decomposed as the product f3f2 f1,
where f are elements commuting with X, f5 is an element inside Ax, and f3 are X-ribbons-Y. No-
tice that px,(f1) = 1, px,(f2) is the part of the direct product decomposition of f that lies in Ax;,
and px,(f3) =1 (Remark 3.6). This implies

W fpx (7 g f) F = px, (W Ppx, (F g f)px, (f1h)
=px,(h ffgffMR)
= py,(h"'gh)

as we wanted. If X; =Y; = {a}, we have

W f o (F g ) f th =R fla™™ a™a™ ) f~ h = a™

and pgoy(h~gh) = a™™ a™a™ = a™. Now, suppose X; = {a} and Y; = {b} are different and
conjugate to each other by h~!f. Then we have

W oy (F ) f P h =R fla™™ a™a™) f = h = b

Finally, by Lemma 3.7, a and b are connected to the same number of vertices by odd labels, so
py(h~tgh) = b= bmpm" = pm. O
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4. Retractions and intersection of parabolic subgroups

Retractions have proven to be useful in extracting properties of parabolic subgroups of Artin groups.
For instance, the following lemma holds for any Artin group, as shown in [21, Proposition 2.6]. The

proof provided below, which uses retractions as in even Artin groups [3, Lemma 3.4], is much simpler.

Proposition 4.1. Let Ag be an Artin group admitting retractions, g,h € Ag and X C S. IfgAxg~! <
hAxh™! then gAxg~' = hAxh™!.

Proof. One has gAxg~' < hAxh~! if and only if h~'gAxg~'h < Ax. Now one can apply the
retraction py to obtain h~lgAyg~'h = px(h~'gAxg~'h) = Ax, as we wanted. O

In even Artin groups, retractions commute, moreover they satisfy
pxny () = px o py(z) = py o px(z)

for every generator z (hence for every group element as well). Unfortunately, in more general cases,

and specifically in the FC-case, this property does not hold. Indeed, consider the example below.

Example 4.2. In the group Ar,3) = (a,b|aba = bab), for X = {a}, and Y = {b} using our ordinary

retractions, we have

px o py(a) = a but py o px(a) =b.

However, we can identify the situations where obstructions occur. Recall that an Artin group Ar
is (odd, odd)-free if I does not contain two consecutive odd-labelled edges. Notice that the condition
in the proposition below is more restrictive than the one in Theorem 3.8, but the FC-case still fits

within it.

Proposition 4.3. Let Ag be an (odd, odd)-free Artin group admitting ordinary retractions. Sup-
pose X, Y C S with px, py the corresponding retractions. Then, for every s € S, one of the following
holds:

(i) pxny(s) =1,

(1) pxny(s) = px o py(s) = py o px(s).
In particular, the case (ii) always holds except when s € X \Y (or analogously s € Y \ X ) and there is
an odd-labelled edge in the Cozeter graph connecting s to' Y \ X (respectively connecting s to X \'Y ).

Proof. We simply check all the cases coming from the definition of our retractions. We denote by e

(if it exists) the odd-labelled edge with one endpoint s; denote its other endpoint by s'.
e Case 1: If s X NY, then s=pxny(s) = px(s) = py(s), which gives as well:

5 = pxny(s) = px o py(s) = py o px(s).
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e Case 2: Assume s ¢ X UY.

— If e does not exist or e is not adjacent to X UY, then px(s) =1 = py(s), giving:

1= pxny(s) = px © py(s) = py © px(s).

— If e is adjacent to X NY, then s = pxny(s) = px(s) = py(s), yielding:

s' = pxny(s) = px o py(s) = py o px(s).

— If e is adjacent to X \ 'Y (the case for Y \ X is analogous), then px(s) = s’. Since we
are in an (odd, odd)-free situation, we have pxny(s) = 1, py(s) = 1, and py(px(s)) =
py (s') = 1. Finally we have:

1= pxny(s) = px o py(s) = py o px(s).
e Case 3: Suppose that s € X \ 'Y (the case for s € Y \ X is analogous), so px(s) = s.

— If e is adjacent to X NY, then pxny(s) = ¢, and py(s) = s’. Note that s € X NY,
so px(s') = s = py(s'). Ultimately:

s' = pxnv (s) = px o py(s) = py o px(s).

— If e does not exist or is not adjacent to Y, then py(s) =1 and pxny(s) = 1, so:

1= pxny(s) = px o py(s) = py o px(s).

— Finally, assume that e is adjacent to Y\ X. This is the only case where case (ii) does not

hold, as we have px(py(s)) = px(s') = s and py (px(s)) = py(s) = ¢'.
Nevertheless, we have the equality pxny(s) = 1, so case (i) holds.

This finishes the proof. O

The generators for which commutation does not occur in the previous proposition will be of special

importance in this section and will form distinguished sets.

Definition 4.4. Let Ag be an (odd, odd)-free Artin group admitting ordinary retractions. For
sets X, Y C S, denote by Ox y the elements in X \'Y connected to Y \ X through an odd labelled edge.
We also define Cxy := (X NY)UOxy.

Remark 4.5. In the class of even Artin groups (consequently in right-angled Artin groups as well)

we do not have odd labels, so in those groups one has Oxy =0 and Cxy = X NY.

Remark 4.6. Notice that, with the (odd, odd)-free condition, px (when restricted to generators)

defines a bijection between Oxy and Oy x, and consequently between Cxy and Cy x.

Lemma 4.7. [25] Let Ag be any Artin group and let X, Y C S. The following equality holds:

Ax NAy = Axny.
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In the following lemma, we prove that the intersection of two parabolic subgroups over X and Y

reduces to intersections of parabolic subgroups over the special sets C'x y and Cy, x.

Remark 4.8. For the proof of the next lemma we want to use a convention on parabolic subgroups.
For an Artin group As and X,Y C S, we want to have px(Ay) = A, (yv). This is true under the
convention that Ay = {1} in Ag, and Azypy = Az in Ag for Z C S. From this point onwards, we

will not include the identity 1 in the generating set of parabolic subgroups.

Lemma 4.9. Let Ag be an (odd, odd)-free Artin group admitting ordinary retractions. For any two
elements f,g € Ag and X, Y C S, there exist x € Ax and y € Ay such that

fAxf ' NgAyg™' = frAcy o f T NgyAcy v g

Proof. This proof is similar to the one of [3, Lemma 3.3], with minor modifications to include the
sets Cxy and Cy x. We write it below for completeness.

We start with the equality

FAXF T NgAvg™ = flAx 0 (F ) Av(f g

Set h = f~'g and consider P = Ax NhAyh~!. Using P C Ay and Ax N Ay = Axny (Lemma 4.7),

we obtain:
P = px(P) = px(Ax NhAyh™1)
C px(Ax) N px(hAyh™)
= Ax N px(h)px (Ay)px (h ™)
= px (M)A, rypx(h) ™.
Notice that px(Y') consists of X NY and the elements of X \ Y connected to ¥ \ X through an odd

label. In other words, px(Y) = Cxy. Setting 2 = px(h) € Ax, we can write the inclusion above
as P C xAcy o', and we notice that zAcy 27! C Ax. Recalling as well P = Ax NhAyh™!, we

have:
P=(AxNhAyh ) NzAcy o7 !
=hAyh™'N(Ax N xACX’YJ:_l)
=hAyh™IN J:Acxyyxfl.
Conjugating the last equation by h~! and setting P’ = h~'Ph and k = h~ 'z, we obtain:
P'=Ay NkAcy k7"
Applying the same procedure as for P above, we obtain:

P’ C pY(k)ACY,XpY(k)_17
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where Cy x = py(Cxy) (Remark 4.6). Setting y = py(k) € Ay, we express the inclusion above
as P C yAcy vy~ ' C Ay. Combining P’ = Ay NkAcy k™! and P’ C yAc, ,y !, we have:

P'=(Ay N k:ACX’kal) N yACY’nyl = hila:Achx*lh N(Ay N yACY,nyl).
Using Ay N yACY,Xy_1 = yACY,Xy_1 and P’ = h~!Ph, we ultimately have:
P = mACX’Yx_l N hyACY’Xy_lh_l.
Returning to our initial setup, we have fAxf ' NgAyg~' = fPf~!, and since h = f~'g, we obtain:

fAxf 7 NgAyg™ = frAcy yat f T NgyAcy oy e
with £ € Ax and y € Ay, as desired. O

We adopt the standard graph-theoretic terminology as follows: for v € V, the link of v is the
set Link(v) = {u : {v,u} € E'}, while Star(v) = Link(v) U {v} is called the star of v.

Lemma 4.10. Let Ag an (odd, odd)-free Artin group admitting ordinary retractions, and let g €
As be any element. For X,Y C S set D = Cxy UCy,x. Suppose Acy, U gACY’Xg_1 is not

contained in a proper parabolic subgroup of As and for some s € S\ D one has that D ¢ Link(s).

1

Then Acyy NgAcy g~ is contained in a parabolic subgroup over a proper subset of Cx y or a proper

subset of Cy x.

Proof. This proof is adapted from the proof of [3, Lemma 3.6]. Here we use the no-oo-edge conven-

tion for the Coxeter graph. Let P = Acy . N gACY,ngl. If Ag\s) = gAs\(s), then g € Ag (4.

Consequently, both Ac, . and gAc,  g7!

1

would be parabolic subgroups of Ag\ (s}, and thus their
union Acy . U gAcy g~ ", would be contained within the proper parabolic subgroup Ag (4 of Ag.
This contradicts the assumptions of the proposition. Therefore, we assume Ag\ (51 # gAg\ (53- Given

this, the presentation of Ag allows us to view it as an amalgamated free product:

As = AStar(s) *ALink(s) AS\{S}'

Consider the Bass-Serre tree T associated with this splitting, as discussed, for example, in [13]. In this
tree, vertices fall into two categories: those representing left cosets of Agiay(s) and those representing
left cosets of Ag\, within Ag. Vertices of different categories are the only ones that can be adjacent
in T. The group Ag acts naturally on 7', without edge inversions. Additionally, the stabilisers of
vertices in T" correspond to conjugates of Aggar(s) Or Ag\s, depending on the type of the vertex. The

stabilisers of edges, on the other hand, are conjugates of Ap,i(s)-

In the tree T', the vertices Ag\ (s} and gAg fs are distinct, and yet belong to the same category.
Their stabilisers are Ag\ (5} and gAS\{S}gfl, respectively. Since T is a tree, there exists a unique

geodesic path p connecting Ag\ (5} and gAg\ (). Since s € Cxy U Cy x, we have:

Acyy CAg\sy and gAcy, (g ' C gAg 9
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implying that the parabolic subgroups Acy ,, and gAcy, ¢~ ! stabilise the vertices corresponding to the
cosets Ag\ (s} and gAg (41, respectively. The intersection Acy , NgAcy g~ ! stabilises the geodesic p
connecting these vertices and, consequently, any edge belonging to p. Since the stabilisers of edges

in T" are conjugates of Arjyi(s), it follows that:
P = ACX,Y N gACY,Xg_l - hALink(S)h_l
for some h € Ag. We can express P as:

P=Acy, NgAcy 9 ' N hALms)h ™!
(41) = (ACX,Y N hALink(s)hil) N (gACY’Xgil N hALink(s)hil).

We follow Definition 4.4 and consider the sets Cp pnk(s) and Crink(s),p-
Claim. There exists some y € D such that y ¢ Cp pink(s)-
Proof of Claim. Assume, for the sake of contradiction, that every y € D\ Link(s) is odd-connected to
some ¢ € Link(s)\ D. Now focus on the Artin group Ay, 5. Since the edge {y, '} has an odd label,
then by the (odd, odd)-free condition, the edge {s,y’} has an even label (note that 3 € Link(s), so this
edge cannot be o). Thus, by Lemma 2.3, the edge {s,y} cannot be labelled with oo, as otherwise the
Artin group Ay, . 1 would not admit (ordinary) retractions; implying that y € Link(s). This implies
that every y € D would need to be in Link(s), contradicting the assumption that D C Link(s).

By Lemma 4.9, the intersection in Equation 4.1 can be expressed as an intersection of parabolic

subgroups over the sets

Ccy.y Link(s); CLink(s).Cx.y3 CCy. x Link(s); and CLink(s),Cy.x >

all of which are subsets of D.

By the claim above there is some y € D such that y ¢ Cppinks)- Recall from our notation
that D = Cxy U Cyx, and so Cp Link(s) = Coyy Link(s) Y Coy y Link(s)- Therefore, depending on
where the y of the claim lies either Acy N hALink(s)h_l is contained in a parabolic subgroup over a

1

proper subset of Cx y, or gAcy, g N hALink(s)h~ " is contained in a parabolic subgroup over a proper

subset of Cy, x, as desired. O

4.1. Artin groups with property C. We say that a family of (odd, odd)-free Artin groups has

property C if it satisfies the following conditions:

(1) The family consists of Artin groups whose underlying Artin graphs admit retractions and is
closed under taking subgraphs.

(2) For every Artin group Ag in the family, for any subsets X,Y C S, and any element g € Ar, if
all vertices z € S\ (Cx,y U Cy,x) satisfy Star(z) = S, then either:
(a) Acxy = gACY’Xg_l, or
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(b) Acxy N gACYYXg_1 < dApd~" for some subset H properly contained in Cy or Cy x,
and some d € Ag.

Remark 4.11. In [3, Theorem 5.2] the authors show that even Artin groups of FC-type satisfy the

condition C.

Lemma 4.12. Let Ag be an (odd, odd)-free Artin group that admits ordinary retractions, and let X, Y C
S. If Acxy U gACY,Xg*1 is contained in a proper parabolic subgroup hAzh™' of Ag, then there exist
subsets X', Y' C Z and elements fy, fo € Az such that

h Aoy y NgAcy v Db = fiAcy, . [T 0 f2Acy, o f3"

Proof. We will use the result [4, Theorem 1.1] - which states that if uAgu~! < Ag for some u € Ag
and R,Q C S, then udpu™' = UAQ/v_l for some v € Ag, and some @' C Q. Now we know
that hflAcxyyh = tlAXrtl_l for some X’ C Z and t; € Az. Similarly, hilgAcyyxg*Ih = t2Ay/752_1 for
some Y/ C Z and ty € Ayz. Now a direct application of Lemma 4.9 for the intersection t; A X/tfl N

toAy ity ! gives the appropriate elements fi, f2, providing the desired result. U

The following theorem reduces the problem of intersection of parabolic subgroups to property C.

Theorem 4.13. Let F be a family of (odd, odd)-free Artin groups. If F satisfies condition C, and Ag

belongs to F, then the intersection of two parabolic subgroups of Ag is again a parabolic subgroup.

Proof. This is an adaptation of [3, Proposition 3.8]. During this proof, we consider the no-oo-edge
convention for Coxeter graphs. Let Ar = Ag be an Artin group as described in the statement, and
let P,Q be two parabolic subgroups of Ar. By Lemma 4.9, we can assume there exist X, Y C S
and hq, ho € Ap such that

PNQ=hiAcy, hi' NhoAcy (hy'.

1

Therefore, P N Q is a parabolic subgroup if and only if Ac, NgAcy. (g~ is a parabolic subgroup,

where g = hy 'hy.

i contained in a proper parabolic subgroup of Ag, by Lemma 4.12, we can

If Acyy UgAcy 9~
replace I' with a proper subgraph A and replace g with some h € An. Note that Aa also belongs
to F. Therefore, we can revert to the initial notation and further assume that Acy ,, U gAcy g lis
not contained in a proper parabolic subgroup of Ar.

We aim to show that for any X,Y C S and any g € Ar, the intersection Acy, N gAcy (g~
is a parabolic subgroup. Let D = Cxy U Cy x. Our proof is by induction on |D|. If |D| = 0,
then |Cxy| = [Cy,x| =0, ie., Aoy, and Ac, , are trivial, and the result follows. We now assume
that |D| > 0 and that the result holds for parabolic subgroups over smaller sets.

If there exists z € S\ D such that D is not contained in Link(z), then by Lemma 4.10, we

have Acy , NgAcy g~ < dApd™! for some H properly contained in Cxy or Cy,x, and some d €
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Ap. Suppose, without loss of generality, that H C Cxy — (the other case works similarly up to
conjugacy). Now, additionally, we can assume that d € Ay, ; indeed, we obtain it, by applying pcy,
to Acyy NgAcy x9~ " < dApgd~'. Hence,

Acyy NgAcy g ' = Aoy NgAcy g ' NdApd ™!
=dAgd™' N gACY’Xg_l.

Since |H U Cy x| < |D|, the desired result follows by induction.
So, from now on, we assume that for all z € S\ D, one has D C Link(xz). We now argue by
induction on N = #{x € S\ D : Star(z) # S}. In the case N = 0, since we have property C, we have

1 1

that either Acy , = gAcy g ' and hence Aoy, NgAc, g ' is parabolic, or Acy , NgAcy g1 <

dApd~"' for some H C D. In the latter case, we can use the same argument as before to prove

l'is a parabolic subgroup. Now, assume that N > 0 and the result is known

that ACx,y N gACY’Xg*
for smaller values of N.
Since N > 0 and D C Link(z) for all z € S\ D, there exist a,b € S\ D that are not linked by an

edge. Setting Z = Star(a), U = S\ {a}, and L = Link(a), we obtain an amalgamated free product:
A=Azxa, Ay,

and there is an associated Bass-Serre tree T corresponding to this splitting. Consider the edges Ar,
and gAr, on T. Let Ap,q1Ar,...,9,AL, gAL be a sequence of edges in the unique geodesic in T
connecting Ay, and gAyr. If Ay = gAyr (i.e., n =0) then g € Ay; taking into account that D C L, we

l'is contained in Ay, which is a proper parabolic subgroup of Ag, which

have that Acy, UgAcy 9~
contradicts our hypothesis.
We will proceed by induction on n. Fix an n and suppose that the result is true for all smaller
values. By the construction of T, for any ¢ = 0,...,n, one has either gl-_lgiﬂ € Az or gi_lgzurl € Ay,
where go = 1 and gn+1 = g. The intersection Acy, N gAcy « g~ ! stabilises the endpoints of the
geodesic path in T, hence it stabilises the entire path. As the stabiliser of a geodesic in a tree is the

intersection of the stabilisers of its edges, we have the equality

ACX,Y N gACY,Xg_l = ACX,Y N glALgl_l n---N gnAngl N gACY,Xg_l'
By Lemma 4.9, applied to Acy, N giALgi*l, and the fact that Ccy 1, € L — recall that D C L —
we have that there are z; € A, such that

Acxy N gZ'ALgi_1 is equal to Acy . N giziA(;X,Yzi_lgi_l.

Note that (g;2;) " (gir12i11) = z;l(gi*lgiﬂ)ziﬂ. By a slight abuse of notation we can replace g;z;
by ¢; and still have that gi_lgzurl € Az or gi_lg,url € Ay, foranyi=0,...,nwherego =1land g,+1 =g

(because z;, zj+1 belong in Ar). Hence:

Acyy NgAcy 9" = Acxy NG1Acyy g1 O Ngndceyy 9, NgAcy c97 "
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Consider now

9iAox v 0 Ngin1Aoy v 03 = 9i(Aoxy NgiACy v 9 g !,

with ¢/ = g7 'giv1. As g} € Az or g} € Ay, the intersection Acyy N gl’-AcX’Ygg_l takes place either
in Az or in Ay. Note that the number of vertices in Z \ D (respectively in U \ D) whose star is
not equal to Z (respectively U) is smaller than N. Therefore, by the induction hypothesis on N, the
intersection is either equal to Ay, or is contained in a proper parabolic subgroup over Cx y.

Suppose first that Cxy = Cy,x. If for all i we get Aoy, N g;ACX,YgZ'-_l = Acyy then Acy, N
gAcy x gl = Acx.y > otherwise, Aoy, N gAcy y g~! is contained in a proper parabolic subgroup
of Acy, and we have the result by induction on |D]|.

Otherwise, for Cxy # Cy x one has |Cx,y| < |D| and we also have the same conclusion by induction
on |D|. O

If the class of FC-type Artin groups admitting retractions would satisfy condition C then the in-
tersection of any two parabolic subgroups, would be again parabolic. However, this article has not
managed to answer whether condition C is satisfied by FC-type Artin groups admitting retractions.
Nevertheless, the work presented here provides some new results — see the discussion on the following

remark.

Remark 4.14. In the general class of FC-type Artin groups we know that the intersection of a spherical
type parabolic subgroup and any other parabolic subgroup is again a spherical parabolic subgroup ( [22,
Theorem 3.1] and [21, Corollary 1.2]). We do not know if this is true for any two parabolic subgroups
of non-spherical type. Thanks to the results in this paper, even if we do not know if Condition C
1s satisfied, we can provide some partial answers to this problem. For instance, we know now that
if X and Y have trivial intersection and no x € X is connected to Y through an odd-label edge,
then Ax N g 'Ayg is the trivial subgroup for any g in the group. Also, we know that if X and Y
intersect in a irreducible component Az of the group and Oxy = Oy, x =0, then Ax Ng 1Ayg = Ay.

For example, consider the FC-type Artin group A corresponding to the following Coxeter graph with

the no-2-edge convention:

0

3

We discuss the intersection of pairs of some non-spherical parabolic subgroups Ax, and g 'Ayg;
denote this intersection as H = Ax Ng 'Ayg. If X = {d,e} and Y = {f, g}, we know that H = {1}.
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The same happens for the following pairs of generating sets (X,Y):

({a,b,c,d,e}, {f.g}) ({b,d, e}, {f.q})
({a,b,d, e}, {f.g}) ({e.d, e}, {f:9})
(a,c,d,e},  {f.9}) ({e.de},  {a, f.g})
({a,d,e}, {f.9}) ({e.d,e}, {a,b,f,g})
({b,c,d.e},  {f.9}) ({e,d,e}, {1, 9})

If X ={a,b,d,e} andY ={a,b,g, f}, orif X ={a,b,c,d,e} andY = {a,b,g, f}, then H = Ag, .
Moreover, consider the following pairs (X,Y):

{a/’b7c7d7e}7 {a/7f’g}
{a,b,c,d, e}, {b, f, 9}
{a7b7d76}7 {a7f7g}

) {a,d,e},  {a,b, f g}
)
)
{a,b,d, e}, {6, f,9})
)
)
)
)

)
{a,d,e}, {b, 1. 9})
{b,c.d,e},  {a, f.g})
{b,c,d, e}, {a,b, f,g})
{a,c,d,e}, {a, f, g} {b,c.d.e},  {b.f.9})
{a,c,d,e},  {a,b, f g} )
{a,c,d e}, {0, f, 9} {b.d.e},  {a,b, f,g})
{a,d, e}, {a, f, g} {b.d, e}, {b, f,9})

In these cases we know that H is the intersection of two parabolic subgroups over subsets of {a,b}.

(
(
(
(
(
( {b,d, e}, {a. f. g}
(

(

(
(
(
(
(
(
(
(

Since Agqpy is an irreducible component of the group, the problem reduces to an intersection of groups

in Agqpy, S0 we know that H is a parabolic subgroup by [11, Theorem 9.5].

5. Coherence for FC-type Artin groups that admit retractions

A group is called coherent if all its finitely generated subgroups are also finitely presented. In
this section, we provide an explicit characterisation of the coherence of our groups, highlighting their
similarities with other classes of Artin groups that admit retractions — e.g. the class of RAAGs [15],
which are groups only having 2 and co edges, and even Artin groups of FC type [1].

A (simplicial) graph I" is called chordal if all cycles of four or more vertices have a chord, which
is an edge that is not part of the cycle but connects two vertices of the cycle. Droms provided the
following simple characterisation of coherent RAAGs. We will consider the Coxeter graphs with the

no-oo-edge convention.

Theorem 5.1 ( [15, Theorem 1)). Let A be a RAAG based on I'. A is coherent if and only if T' is
chordal.

For a simplicial labelled graph T, denote by I'S? the graph obtained from I' by removing all the
edges with label > 2. In the same spirit as in [1, Theorem 6.2] we have the following:
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Theorem 5.2. Let Ap be an Artin group of FC type admitting retractions. Then Ar is coherent if
and only if both T' and I'S? are chordal.

This theorem can be deduced from the classification of coherent Artin groups, which was settled

in [26] after the reduction in [19], see [20, Section 3| for a summary, and the lemma below.

Lemma 5.3 ( [20, Theorem 3.1]). Let I' be a labelled finite simplicial graph. The Artin group Ar

based on I' is coherent if and only if the following three conditions hold:

(i) T is chordal;
(ii) for any complete subgraph A C T' of 3 or 4 wvertices, A has at most one edge with a label
different to 2;
(iii) T has no subgraph as in Figure 1.

a & with m > 2

FIGURE 1. The corresponding Artin group is not coherent as (a2, b?,c?, d?) ~ Fy x Fj.

Proof of Theorem 5.2. First suppose that conditions of Lemma 5.3 are satisfied. We have that I" is
chordal, so it remains to show that I'S? is chordal as well. Assume for contradiction that I'S? is not
chordal, and so it contains an induced cycle C' of length at least 4. If the length of C' is bigger than 4,
then T' being chordal implies that there are two chords in I" with label bigger than 2 and an edge
of C forming a triangle, contradicting the fact that we can have only (2,2, k)-triangles with k£ > 2.
So, assume then that the induced cycle C' has length 4 in I'S?. Since I' cannot contain subgraphs
appearing in Figure 1, we conclude that vertices of C' form a complete graph in I". This means
that Ac¢ is isomorphic to Ap,(s) X A, ) with s,¢ > 2, which contains Fa x Fy as a subgroup, which is
not coherent.

For the converse, suppose that both T' and I'S? are chordal. In particular condition (i) in Lemma
5.3 holds. Condition (iii) is also immediate as otherwise I'S? would not be chordal. Now for condition
(ii) assume first that A is a triangle; in this case obviously we can have at most one edge with label
greater than 2. Instead, if A is complete of 4 vertices, with more than one edge with label greater
than 2, then A has two non-adjacent edges with labels greater than 2. But this means that I'S? is not
chordal. ]
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