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ON THE NORMALIZER-SOLUBILIZER CONJECTURE

HAMID MOUSAVI

Abstract. Let G be a finite group and x be an element of G. Define SolG(x) as the set of all y ∈ G

such that ⟨x, y⟩ is soluble. We provide an equivalent condition for the normalizer-solubilizer conjecture,

namely |NG(⟨x⟩)| | | SolG(x)|, where NG(⟨x⟩) is the normalizer of ⟨x⟩. Furthermore, we demonstrate

that the conjecture holds in the special case where NG(⟨x⟩) is a Frobenius group with kernel CG(x),

the centralizer of x and |NG(⟨x⟩) : CG(x)| is of prime order. Finally, we will classify all finite simple

groups G that contain an element x for which SolG(x) is a maximal subgroup of order pq, where p and

q are prime numbers.

1. Introduction

Let G be a finite group. For an element x ∈ G, the solubilizer of x in G is define as

SolG(x) := {g ∈ G | ⟨x, g⟩ is soluble}.

By a result of John G. Thompson [17, Corollary 2] a finite group G is soluble if and only if every

two-generated subgroup of G is soluble.Therefore, G is soluble if and only if SolG(x) = G for all x ∈ G.

By [7, Theorem 1.1], x ∈ R(G), the soluble radical of G if and only if ⟨x, g⟩ is soluble for any g ∈ G.

So, SolG(x) = G if and only if x ∈ R(G).

In 2013, Hai-Reuven [8], prove that, for every x ∈ G, |CG(x)| divides | SolG(x)|, where CG(x) is the
centralizer of x in G. In 2023, Mousavi and et al. [14], propose the following conjecture:
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Conjecture (Normalizer-Solubilizer Conjecture). Let G be a finite insoluble group. Then for any

x ∈ G, |NG(⟨x⟩)| | |SolG(x)|, where NG(⟨x⟩) is the normalizer of x in G.

The authors of [1] confirm the validity of this conjecture for minimal simple groups and all groups

of orders up to 2000000. The purpose of this paper is firstly to present an alternative condition that is

equivalent to the normalization conjecture, and second is to prove the correctness of the normalizer-

solubilizer conjecture when NG(⟨x⟩) is a Frobenius group with kernel CG(x). Additionally, as an

application of these results, the paper classifies the finite simple groups G for which, for some x ∈ G,

SolG(x) is a maximal subgroup of order pq, where p and q are distinct primes.

All notations used are standard. We denote the normalizer of the subgroup generated by x as

NG(⟨x⟩), the centralizer of the element x as CG(x), soluble radical of G as R(G), the set of Sylow

p-subgroups of G as Sylp(G), where p is a prime number and set of all conjugates of x by elements

of G as xG. Additionally, Cn represents a cyclic group of order n, D2n denotes the dihedral group of

order 2n. In this paper, all finite simple groups are discussed using standard notation.

2. Preliminaries

The following lemmas will aid us in proving the main results.

Lemma 2.1. [2, 8] Let G be a finite group and N ⊴ G. Then, the following statements hold for any

x ∈ G.

(i) For every x ∈ G, |CG(x)| divides | SolG(x)|. So |x| divides | SolG(x)|.
(ii) If ⟨x⟩ = ⟨y⟩, then SolG(x) = SolG(y).

(iii) For any g ∈ G, SolG(x
g) = SolG(x)

g.

(iv) If N is soluble, then |SolG(x)| is divisible by |N |. In particular, |SolG(x)| is divisible by |R(G)|.
Furthermore, SolG

N
(xN) = SolG(x)

N = {xN |x ∈ SolG(x)}.
(v) |SolG(x)| = p is a prime number if and only if G is of order p.

(vi) If the elements of SolG(x) for some x ∈ G commute pairwise, then G is abelian.

Lemma 2.2. [14, Lemma 3.2] Finite insoluble groups do not have self-normalizing subgroups of prime

order.

Lemma 2.3. [14, Lemma 3.3] Let G be a finite group and x ∈ G. Then either NG(⟨x⟩) = SolG(x) or

| SolG(x)| > ℓ|x|, where ℓ = min{|⟨x⟩ : ⟨x⟩ ∩ ⟨xy⟩|
∣∣ y ̸∈ NG(⟨x⟩)}.

By Lemma 2.3, if |x| = p for some prime number p, then eitherNG(⟨x⟩) = SolG(x) or | SolG(x)| > p2.

Theorem 2.4. [18, Theorem 4.1] If q = 22n+1, n > 1, then the maximal subgroups of the Suzuki

group, Sz(q), are (up to conjugacy)

(i) Eq · Eq · Cq−1, where Eq is elementary abelian 2-group of order q;
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(ii) D2(q−1);

(iii) Cq+1+
√
2q : C4;

(iv) Cq+1−
√
2q : C4;

(v) Sz(q0), where q = qr0, r is prime, and q0 > 2.

A divisor r of qd − 1 is said to be a primitive divisor if r ∤ qi − 1 for i < d, and the largest primitive

divisor of qd − 1 is called the primitive part of qd − 1. If the divisor r is prime, it is called a primitive

prime or Zsigmondy prime, denoted by zq,d as mentioned in [3]. For any (q, d), the primitive prime

divisor of qd − 1 is not unique, for example, the primitive prime divisors of 176 − 1 are 7, 13 and 307.

Theorem 2.5. [3, Theorem 1.13.1](Zsigmondy [19]) Let q ≥ 2 be a prime power and d ≥ 3, with

(q, d) ̸= (2, 6). Then there exists at least one prime r such that r divides qd − 1 but does not divide

qi − 1 for all i < d.

Lemma 2.6. [3, Lemma 1.13.3]

(i) Let q ≥ 2 be a prime power and n ≥ 3. Then qd + 1 is divisible by zq,2d if and only if

(q, d) ̸= (2, 3).

(ii) If zq,d divides qm − 1 then d divides m.

(iii) The prime zq,d ≡ 1 (mod d), so in particular, zq,d > d.

3. Main Results

In this section, we present our main results, including the compatibility condition for the normalizer-

solubilizer conjecture (Theorem 3.4). Additionally, we discuss the connectedness of the normalizer-

solubilizer conjecture in the special case where the normalizer of an element x in group G is a Frobenius

group, and its kernel CG(x) has prime index (Theorem 3.5).

Lemma 3.1. Let G be a finite group and x ∈ G. Then NG(⟨x⟩) acts by conjugation on SolG(x).

Proof. Assume that y ∈ SolG(x) and t ∈ NG(⟨x⟩). Then for some i coprime to |x|,

⟨x, yt⟩ = ⟨xt−1
, y⟩t = ⟨xi, y⟩t = ⟨x, y⟩t.

Hence ⟨x, yt⟩ is soluble and so yt ∈ SolG(x). □

We consider the following notations for this section. Let G be a finite group and x ∈ G. We set

Nx = NG(⟨x⟩) and Cx = CG(x). By Lemma 3.1, for any subgroup H of G such that Cx ⩽ H ⩽ Nx, H
acts by conjugation on SolG(x). The number of orbits resulting from this action is denoted by ℓH. So

for H = Cx or Nx, we have ℓCx and ℓNx .

As H ⊴ Nx, then, H\{1} = ∪ℓ
i=1g

Nx
i for some gi ∈ H and ℓ ∈ N. Also for any g ∈ H, we set

n(g, x) := |SolCG(g)(x)|/|NCG(g)(⟨x⟩)|.
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Note that n(1, x) = | SolG(x)|/|Nx|. Now, for any u ∈ H, as NCG(g)(⟨x⟩) = Nx ∩ CG(g), then

|Nx ∩ CG(gu)| = |(Nx ∩ CG(g))u| = |Nx ∩ CG(g)|.

Also,

| SolG(x) ∩ CG(gu)| = | SolG(xu
−1
) ∩ CG(g)| = |SolG(x) ∩ CG(g)|.

The last equality follows from Lemma 2.1-(ii), since ⟨x⟩ = ⟨xu⟩. Therefore, for any u ∈ H, n(g, x) =

n(gu, x).

Lemma 3.2. Let G be a finite group. By the notation above, for any x ∈ G, we have

|H|ℓH = | SolG(x)|+ |Nx|
ℓ∑

i=1

n(gi, x).

Proof. We note that |H|ℓH =
∑

g∈H |FixY (g)|, where Y = SolG(x),

|H|ℓH =
∑
g∈H

|FixY (g)|

= |SolG(x)|+
∑

1̸=g∈H
|FixY (g)|

= |SolG(x)|+
∑

1̸=g∈H
|CG(g) ∩ SolG(x)|

= |SolG(x)|+
∑

1̸=g∈H
| SolCG(g)(x)|

= |SolG(x)|+
∑

1̸=g∈H
n(g, x)|NCG(g)(⟨x⟩)|

= | SolG(x)|+
∑

1 ̸=g∈H
n(g, x)|CNx(g)|

= | SolG(x)|+
ℓ∑

i=1

∑
g∈gNx

i

n(g, x)|CNx(g)|

= | SolG(x)|+
ℓ∑

i=1

n(gi, x)|CNx(gi)||gNx
i |

= | SolG(x)|+ |Nx|
ℓ∑

i=1

n(gi, x).

□

By Lemma 3.2 we can provide a formula for calculating the number of orbits resulting from the

conjugation action of H on SolG(x) (especially for H = Cx or Nx). We note that, if G is soluble, then

for any x ∈ G, and any H ⩽ G, SolH(x) = H. Hence, for any 1 ̸= g ∈ Cx,

n(g, x) = |SolCG(g)(x)|/|NCG(g)(⟨x⟩)| = |CG(g) : Nx ∩ CG(g)|.
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According to Lemma 3.2, we have:

(1) ℓH = |G : H|+ |Nx : H|
ℓ∑

i=1

|CG(gi) : Nx ∩ CG(gi)|,

where H\{1} = ∪ℓ
i=1g

Nx
i .

Instead of the solubility assumption, a weaker assumption can be considered. For example, let

G = KH be a Frobenius group with kernel K and complement H. Suppose that 1 ̸= x ∈ K. Since

K ⩽ R(G), so SolG(x) = G and, for any g ∈ Cx\{1}, as CG(g) ⩽ K, SolCG(g)(x) = CG(g). Hence, by

Lemma 3.2, ℓCx is given by Equation (1) with substituting Cx for H. Additionally, if K is abelian,

then Cx = CG(g) = K ⩽ Nx, so

ℓCx = |H|+ ℓ|Nx : K|,

where ℓ+ 1 is the number of orbits resulting from the action of Nx/Cx on K, for Cx acts trivially on

K.

Remark 3.3. We note in Lemma 3.2,

ℓH = |SolG(x)|/|H|+ |Nx : H|
ℓ∑

i=1

n(gi, x).

So, if
∑ℓ

i=1 n(gi, x) is an integer, where gi ∈ H, then |H| | | SolG(x)|, in particular when H = Nx. On

the other hand,

|Cx|
|Nx|

ℓCx =
|SolG(x)|

|Nx|
+

ℓ∑
i=1

n(gi, x).

Now, if normalizer conjecture is true, this means that, for any group G and for any x ∈ G, |Nx| |
| SolG(x)|, then for any 1 ≤ i ≤ ℓ, n(gi, x) is an integer, where gi ∈ Cx\{1}. So |Cx|

|Nx|ℓCx is an integer.

Let G ∼= A5, the alternating group of degree 5. Using GAP [6], we compute the solubilizer of the

conjugacy class representative of elements in G, |Cx|, |Nx| and ℓCx .

Table 1. Analysis of the group A5

x ( ) (1 2) (1 2 3) (1 2 3 4 5)

|SolG(x)| 60 36 24 10

|Nx| 60 4 6 10

Structure of Nx A5 C2 × C2 S3 D10

|Cx| 60 4 3 5

ℓCx 1 12 10 6
|Cx|
|Nx|ℓCx 1 12 5 3
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In the group A5, cycles of length 5 form two distinct conjugacy classes, represented by (1 2 3 4 5)

and (2 1 3 4 5) = (1 2 3 4 5)(1 2). As SolG(x
g) = (SolG(x))

g, Cxg = Cg
x and Nxg = N g

x , so ℓCxg = ℓCx .

Therefore, we have the same result as (1 2 3 4 5) for x = (2 1 3 4 5).

By Table 1, the value of |Cx|
|Nx|ℓCx is always an integer for group A5.

Theorem 3.4. The following statements are equivalent.

(i) For any finite group G and any x ∈ G, |Nx| | | SolG(x)|.
(ii) For any finite group G and any x ∈ G, |Cx|

|Nx|ℓCx is an integer.

Proof. Assume that (i) holds. Let G be a finite group and x ∈ G. Then for any g ∈ Cx, by (i),

|NCG(g)(⟨x⟩)| divides | SolCG(g)(x)|. So n(g, x) is an integer (note that n(1, x) = | SolG(x)|/|Nx|). Now,
by Lemma 3.2,

|Cx|
|Nx|

ℓCx =
|SolG(x)|

|Nx|
+

ℓ∑
i=1

n(gi, x),

where Cx\{1} = ∪ℓ
i=1g

Nx
i . Therefore |Cx|

|Nx|ℓCx is an integer and (ii) holds.

Assume that (ii) holds. We show that for any group G and any x ∈ G, |Nx| | | SolG(x)|. Let G be

a finite group and x ∈ G. We will use induction on |G|. Assume that for any group H with an order

less than |G| and for any x ∈ H, |NH(⟨x⟩)| | | SolH(x)| (we note that this is true for any group of

order less that 60). We set Z := Z(G). Suppose that Z ≠ 1 and Ḡ = G/Z. Since NḠ(⟨x̄⟩) = Nx/Z
and SolḠ(x̄) = SolG(x)/Z then, by induction, we find that |Nx/Z| | |SolG(x)/Z|, which implies that

|Nx| | |SolG(x)|.
Now suppose that, Z = 1. Then for all 1 ̸= g ∈ Cx, CG(g) is a proper subgroup of G contains x. By

induction,

|NCG(g)(⟨x⟩)| | |SolCG(g)(x)| = |CG(g) ∩ SolG(x)|.

Therefore, n(g, x) is an integer and by Lemma 3.2, with H = Cx we have

|SolG(x)|
|Nx|

=

ℓ∑
i=1

n(gi, x)−
|Cx|
|Nx|

ℓCx ,

is an integer. Therefore (i) holds. □

In the following we show that, when Nx is a Frobenius group with kernel Cx for some x ∈ G, then

|Nx| | |SolG(x)|, if |Nx : Cx| is prime. We note that the conjecture always is true for a soluble group

G, since SolG(x) = G for any x ∈ G. Therefore, the insoluble case is important.

Theorem 3.5. Let G be a finite insoluble group and 1 ̸= x ∈ G. If Nx is a Frobenius group with

kernel Cx such that |Nx/Cx| is a prime number. Then |Nx| | |SolG(x)|.
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Proof. Without loss of generality, we can assume that x ̸∈ R(G). Let the result be considered true for

every insoluble group of order less than |G| (note that the induction process begins with A5, as shown

in Table 1, where |x| = 3 or 5. In these cases, respectively, NG(⟨x⟩) ∼= S3 or D10).

As Nx is a Frobenius group, Z(G) ⩽ Z(Nx) = 1. Thus for any 1 ̸= g ∈ Nx, CG(g) is a proper

subgroup of G. First assume that 1 ̸= g ∈ Cx. Then x ∈ CG(g), so Cx ∩ CG(g) ̸= 1. If CG(g) is

soluble, then SolCG(g)(x) = CG(g). Hence |NCG(g)(⟨x⟩)| | |SolCG(g)(x)|. Otherwise, since |CCG(g)(x)| |
SolCG(g)(x)| by Lemma 2.1-(i), we can assume that

NCG(g)(⟨x⟩) = Nx ∩ CG(g) ̸= Cx ∩ CG(g) = CCG(g)(x).

Then NCG(g)(⟨x⟩) is Frobenius group with kernel CCG(g)(x). Also,

1 ̸=
NCG(g)(⟨x⟩)
CCG(g)(x)

=
Nx ∩ CG(g)
Cx ∩ CG(g)

∼=
(Nx ∩ CG(g))Cx

Cx
↪→ Nx

Cx

So, |NCG(g)(⟨x⟩) : CCG(g)(x)| is prime and by induction |NCG(g)(⟨x⟩)| | |SolCG(g)(x)|.
Now assume that g ∈ Nx\Cx. Let H be a complement of Cx in Nx. By assumption H is cyclic. We

set H = ⟨t⟩. Then for any g ∈ Nx\Cx, g ∈ Hu for some u ∈ Nx, so

|NCG(g)(⟨x⟩)| = |CNx(g)| = |Hu| = |H|.

Now for any z ∈ SolCG(g)(x), as ⟨x, z, g⟩ ∼= ⟨x, z⟩ ⋊ ⟨g⟩ is soluble, so ⟨x, zgi⟩ is soluble too, for any

i ≤ |g|. Thus zgi ∈ SolCG(g)(x), so zHu = z⟨g⟩ ⊂ SolCG(g)(x), for |⟨g⟩| = |H|. Hence, the cosets of Hu

cover the set SolCG(g)(x). Therefore,

|NCG(g)(⟨x⟩)| = |Hu| | | SolCG(g)(x)|.

Thus, for any 1 ̸= g ∈ Nx,

n(g, x) = | SolCG(g)(x)|/|NCG(g)(⟨x⟩)|

is an integer. According to Lemma 3.2 with H = Nx, we get

ℓNx =
1

|Nx|
| SolG(x)|+

ℓ∑
i=1

n(gi, x).

Therefore, |Nx| | |SolG(x)|. □

In the [14, Theorem 3.6] the authors presented the following theorem.

Theorem 3.6. Let G be a finite insoluble group and for some x ∈ G, | SolG(x)| = 2p, where p is an

odd prime number. Then G is simple and NG(⟨x⟩) = SolG(x).

In [14, Remark 3.7], it is stated that the same result holds when | SolG(x)| = pq and |x| = q >

p. Now, the condition |x| = q > p can be removed. The stated theorem can be strengthened as

demonstrated below.
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Theorem 3.7. Let G be an insoluble group and x be an element of G such that | SolG(x)| = pq, where

p ≤ q are primes. Then G is simple, |x| = q > 3 and p | q − 1. In addition, SolG(x) = NG(⟨x⟩) is a

subgroup of G.

Proof. Step 1. ⟨x⟩ = Cx is a Sylow subgroup of G.

Since |x| | |SolG(x)|, |x| ∈ {p, q}. Also |Cx| | |SolG(x)|, if Cx = SolG(x), then SolG(x) is an abelian

subgroup of G. So G is abelian by Lemma 2.1-(vi) and we have a contradiction to the insolubility of

G. Hence ⟨x⟩ = Cx is a Sylow subgroup of G.

Step 2. |x| = q and p | q − 1.

Let r ∈ {p, q} and ⟨x⟩ = R ∈ Sylr(G). Now by using Lemma 2.2, we have ⟨x⟩ ≠ Nx. Therefore Nx

is a Frobenius group with kernel Cx. By Theorem 3.5, Nx = SolG(x). Therefore r = q, p | q − 1 and

CG(Q) = Q.

Step 3. G is simple and q > 3.

Assume that G is not simple and N is a minimal normal subgroup of G. If q | |N |, then G =

NNG(Q). By the step 2, |NG(Q)| = pq, where Q = ⟨x⟩, so NN (Q) = Q. According to Lemma 2.2, N

is soluble. Since NG(Q) is also soluble, it follows that G is soluble, which is a contradicts. Therefore

q ∤ |N |, so Q ∩ N = 1 and QN is a Frobenius group with kernel N (because Q = CG(Q)). Hence N

is nilpotent and NQ is soluble. It implies that NQ ≤ SolG(x) = NG(Q), so |N | = p and SolG(x) is

abelian, which contradicts the insolubility of G.

If q = 3, as |NG(Q) : CG(Q)| = 2, then G ∼= S3 or A4 by [15, Theorem A], which is a contradiction.

Therefore q > 3. □

Remark 3.8. By Theorem 3.7, we conclude that for any insoluble group G and x ∈ G, |SolG(x)| ≠ 6.

4. Simple groups with SolG(x) as maximal subgroup of order pq

Now the question arises: which of the finite simple groups G has an element x of prime order q

such that for some prime p, | SolG(x)| = pq?

The above question is generally difficult to answer, but if SolG(x) is a maximal subgroup for some

x ∈ G, the above question can be checked. By Theorem 3.7, SolG(x) is a q-local subgroups of a finite

simple group G, where q is odd.

Assume that M ⩽ G is a maximal subgroup of order pq, where q > p is prime. Then, either Sylow

q-subgroup of G is normal or M = NG(⟨x⟩), where ⟨x⟩ ∈ Sylq(G). So, if G is simple, then M is a

q-local maximal subgroup of G. To address the question above, we must find the maximal subgroups

of order pq of all finite simple groups.

The local maximal subgroups of all finite simple groups are known and listed in the atlas of

groups [5], except for the 2-locals maximal subgroups of the Monster and Baby Monster which are

found in [9, Theorems 1, 2] if which are of characteristic 2 and [13, Theorems A, B] if which are not of
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characteristic 2. All maximal subgroups of the Monster and Baby Monster have been identified with

these classifications.

Let G be a finite non-abelian simple group. Then G is one of the following:

(a) One of the 26 sporadic groups:

• the five Mathieu groups M11,M12,M22,M23,M24;

• the seven Leech lattice groups Co1, Co2, Co3, McL, HS, Suz, J2;

• the three Fischer groups Fi22, F i23, F i′24;

• the five Monstrous groups M = F1, B = F+
2 , Th = F3 HN = F5, He = F3;

• the six pariahs J1, J3, J4, Ly, Ru, O′N .

(b) One of the exceptional simple group of Lie type: 3D4(q), G2(q), E6(q),
2E6(q), E7(q), E8(q),

F4(q), where q is a prime power, or 2F4(2
2n+1), 2G2(3

2n+2), where n ≥ 1 or the Tits group
2F4(2)

′.

(c) The Suzuki group Sz(q), where q = 22n+1.

(d) An alternating group An, of degree n ≥ 5.

(e) One of the finite classical simple group:

Linear: PSL(n, q), where n ≥ 2, except PSL(2, 2) and PSL(2, 3);

Unitary: PSU(n, q), n ≥ 3, except PSU(32);

Symplectic: PSp(2n, q), n ≥ 2, except PSp(4, 2);

Orthogonal: PΩ(2n + 1, q), n ≥ 3, q odd, PΩ+(2n, q), n ≥ 4, PΩ−(2n, q), n ≥ 4, where q is a prime

power.

For G ∈ {G2(2),
2G2(3)}, G′ is simple and |G : G′| = q, where q = 2 or 3. In fact G2(2)

′ ∼=
PSU(3, 3), 2G(3)′ ∼= PSL(2, 8).

(a) We must only consider q-local maximal subgroups, where q is an odd prime, which are fully

represented in the atlas of groups [5]. Upon examining the atlas of finite groups, we find that the only

sporadic simple groups with a local maximal subgroup of the structure Cq : Cp, where p and q are

primes, are as follows:

• The Mathieu group M23, with one conjugacy class of maximal subgroups isomorphic to C23 :

C11.

• The Baby Monster group B = F+
2 , with one conjugacy class of maximal subgroups isomorphic

to C47 : C23.

• The Monster group M = F1, with one conjugacy class of maximal subgroups isomorphic to

C59 : C29.

(b) The list of all maximal subgroups of G2(q),
2G2(3

2n+2), 3D4(q), F4(q), q ≥ 5 and 2F4(2
2n+1)

respectively presented in [18, Table 4.1 and Theorems 4.2, 4,3, 4.4 and 4.5]. None of them has an

order that can be expressed as a product of two prime numbers. According to [4, Theorems 2, 3 and
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Table 2] and [12, Theorem 1, Tables 5.1, 5.2], all local maximal subgroups of finite exceptional simple

groups E6(q),
2E6(q), E7(q), E8(q) and F4(q) are the normalizer of some elementary abelian groups

of type (p, p) or (p, p, p). The structures of these maximal subgroups are detailed in [4, Tables 1, 2].

For the group 2F4(2)
′ and F4(2), we can reefer to [5, pages 74, 170]. Again, none of them has an order

that can be expressed as a product of two prime numbers.

(c) The structure of maximal subgroups of Suzuki groups is presented in [18, Theorem 4.1]. The

Suzuki group Sz(22n+1), n > 1 has a maximal subgroup of order 2q if and only if q = 22n+1 − 1 is a

Mersenne prime number by Theorem 2.4-(ii). This maximal subgroup is isomorphic to D2q which is

normalizer of its Sylow q-subgroup.

(d) According to the main theorem of [11], the alternating group An for n > 5 does not possess any

local maximal subgroup of order pq. Note that A5
∼= PSL(2, 5).

(e) Assume that G ∼= PSp2n(q), where q is odd. The structure of maximal subgroups of G is

presented in [18, Theorems 3.7, 3.8]. According to these theorems, G does not contain any local

maximal subgroup of order that can be expressed as a product of two prime numbers.

Assume that G is a non-soluble orthogonal group. Note that for dimension n ≤ 6, we have the

following isomorphisms [10, Proposition 2.9.1].

PΩ3(q) ∼= PSL(2, q), (q ≥ 4).

PΩ+
4 (q)

∼= PSL(2, q)× PSL(2, q), (q ≥ 4).

PΩ−
4 (q)

∼= PSL(2, q2).

PΩ5(q) ∼= PSp4(q).

PΩ+
6 (q)

∼= PSL±(4, q).

PΩ−
6 (q)

∼= PSU(4, q).

Also PΩ2k−1(q) ∼= PSp2k−2(q), when q is power of 2, (see [18, Section 3.4.7 and p. 76]). So, we just

consider G ∼= PΩn(q), when nq is odd and n ≥ 7 or G ∼= PΩ±
2k(q), when k ≥ 4.

Assume that G ∼= Ωn(q) when nq is odd. The maximal subgroups of G are thoroughly described

by several results [10, Propositions 4.1.6 & 20, 4.2.14-15, 4.3.17, 4.4.18, 4.5.8, and 4.7.8], and none

of them exhibit the expected structure. Also the structures of maximal subgroups of PΩ−
2k(q), when

k ≥ 4 are presented in [10, Propositions 4.1.6-7 & 20, 4.2.11 & 14-16, 4.3.16 & 18 & 20, 4.4.7 and

4.5.10] and for PΩ+
2k(q), [10, Propositions 4.1.6-7 & 20, 4.2.7 & 11 & 14-16, 4.3.14 & 18 & 20, 4.4.12

& 14-17, 4.5.10, 4.6.8 and 4.7.5-7]. Again, none of them has the structure we expect.

The structure of maximal subgroups of finite projective special linear of dimension 2, PSL(2, r),

where r = pn can be found in [16, Theorems 6.25 and 6.26]. Assume that G ∼= PSL(2, r), where

r = pn ≥ 4, if p = 2 and r = pn ≥ 5, if p is odd prime. According to [16, Theorems 6.25 and 6.26], the

group G has three types of conjugacy classes of maximal subgroups, with orders that can be expressed

as the product of two prime numbers. Two of these classes exhibit a dihedral structure with an order

of 2q, where q = r ± 1 if p = 2, q = (r + 1)/2, r ̸= 7, 9 and q = (r − 1)/2, r ≥ 13 if p is an odd
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prime. The third class is isomorphic to the group Cr : Cq, where n = 1, r = p is an odd prime and

q = (p− 1)/2. Note that in each case, q must be a prime number.

The structure of maximal subgroups in finite projective special linear and unitary groups of dimen-

sions greater than 2 is extensively documented in various theorems and tables found in [10, Chapter

4]. However, we will focus on specific cases of these structures based on Lemma 4.1, which will be

presented below.

Assume that d ≥ 3. We set Gη = GLη(d, q), where η = ± and q = pn is power of a prime p. In the

notation, we use G+ = GL(d, q) is linear group and G− = GU(d, q2) is unitary group. Similarly, we

set Lη = SLη(d, q), Ḡη = PGLη(d, q) and L̄η = PSLη(d, q).

If r ∤ q − η = |GLη(d, q) : SLη(d, q)|, then the sets of Sylow r-subgroups in GLη(d, q) and SLη(d, q)

coincide. In the following we show that for any odd prime r, r ∤ q− η, if |R| = r, where R ∈ Sylr(L
η).

Lemma 4.1. Let r be a prime divisor of |Lη| and R ∈ Sylr(L
η). If |R| = r, then r ∤ q − η.

Proof. Let L̄η has a Sylow subgroup of odd prime order r. Note

|L̄η| = 1

(d, q − η)
qd(d−1)/2

d∏
i≥2

(qi − ηi).

In the L case, (q − 1)n−1 | |L̄+| and in the U case (q + 1)[(d+1)/2] | |L̄−|. If r | q − η, as d − 1 ≥ 2, so

[(d+ 1)/2] ≥ 2. Therefore r | (d, q − η). Since the r-part of

(q − η)(q + η)

(d, q − η)

d∏
i≥3

(qi − ηi),

is r, thus r ∤ q−η
(d,q−η) (for r ∤ q + η) and so r = d = 3. Now we have

|L̄η| = 1

3
q3(q2 − q)(q3 − η3) =

(q − η)

3
(q + η)q3(q − η)(q2 + ηq + η2),

and 3 ∤ q−η
3 . Since

q2 + ηq + η2 = (q − η)(q + η) + η(q + 2η),

and r | q − η, r | q + 2η, thus r | q2 + ηq + η2 and so we have the contradiction r2 | |L̄η|. □

According to Lemma 4.1, If PSLη(d, q) has a Sylow r-subgroup of prime order r, then, as r ∤ q−η
(d,q−η) ,

thus for some n ≥ 3, r | qn−ηn

q−η and for all i < n such that i | n, r ∤ qi−ηi

q−η . So for all n < i ≤ d, n ∤ i,
therefore d/2 < n ≤ d. If n is odd, such prime number r is known as a primitive prime divisor of

qn − η when n is the smallest such that r | qn − η.

By [10, Proposition 4.3.6], for m = 1, PSLη(d, r) has a maximal subgroup isomorphic to Cq : Cd,

where q = rd−η
(r−η)(r−η,d) . Hence this maximal subgroup is of order product of two primes, if both d and

q are primes. Therefor q is the largest primitive prime divisor of rd − η, also q ≡ 1, (mod d). Those
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subgroups are of class C3 (the stabilizers of extension fields of Fq of prime index d) of Aschbacher’s

collection [10, Table 1.2.A] or [3, Table 2.1].

The groups listed in Table 2 are the only simple groups with a maximal subgroup M whose order is

a product of two prime numbers. These groups could be potential candidates for which M = SolG(x)

for some element x ∈ G.

Table 2. Simple groups with local maximal subgroups whose orders are the product of two

prime numbers

Type of Group Structure Maximal subgroup Conditions

PSL(2, 2n), D2q q = 2n + 1 is a Fermat prime

n ≥ 2 D2q q = 2n − 1 is a Mersenne prime

Projective Spesial PSL(2, r) , Cp : Ct n = 1 and t = (p− 1)/2 is prime

Linear Groups r = pn ≥ 5, D2q r ̸= 7, 9 and q = (r + 1)/2 is prime

r is odd D2q r ≥ 13 and q = (r − 1)/2 is prime

PSL(d, r), d ≥ 3

r = pn
Cq : Cd

d& q = rd−1
(r−1)(r−1,d)

are primes

q ≡ 1 (mod d)

Projective Spesial

Unitary Groups

PSU(d, r), d ≥ 3

r = pn

(d, r) ̸= (3, 5)

Cq : Cd

d& q = rd+1
(r+1)(r+1,d)

are primes

q ≡ 1 (mod d)

Suzuki Groups Sz(22n+1), n > 1 D2q q = 22n+1 − 1 is a Mersenne prime

Mathieu Group M23 C23 : C11 q = 23, p = 11

Baby Monster B = F2+ C47 : C23 q = 47, p = 23

Monster M = F1 C59 : C29 q = 59, p = 29

Before discussing this section’s main theorem, we need to establish two lemmas. These lemmas

will specify the conditions under which a maximal subgroup can be equal to the solubilizer of certain

elements of G.

Lemma 4.2. Assume that for some group G and x ∈ G, |SolG(x)| = pq, where p < q are primes. If

H = NG(⟨x⟩) is a maximal subgroup of G, then HG is only conjugacy class of maximal subgroups of

G such that q | |H|.

Proof. By Theorem 3.7, |x| = q, p | q − 1 and G is simple. Also SolG(x) = NG(⟨x⟩), where ⟨x⟩ ∈
Sylq(G). Set H = ⟨x, y⟩ = SolG(x), where |y| = p.

Let M be a maximal subgroup of G such that x ∈ M . If y ̸∈ M , then | SolM (x)| = q hence M is

soluble and so we have contradiction M = ⟨x⟩, by Lemma 2.1, (i) and (v). Therefore y ∈ M and

H = M and so H is only maximal subgroup of G such that x ∈ H.

If N is a maximal subgroup of G such that xg ∈ N for some g ∈ G, then similar to previous

paragraph yg ∈ N and N = Hg, since SolG(x
g) = SolG(x)

g. Therefore G contains only one conjugacy

class HG of maximal subgroups such that q | |H|. □
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The converse of Lemma 4.1 is also true and can be stated as follows:

Lemma 4.3. Let G be a group and Q ∈ Sylq(G) be of prime order q. Assume that H = NG(Q) is

maximal subgroup of G and HG is only conjugacy class of maximal subgroups of G such that q | |H|.
Then for some x ∈ G of order q, SolG(x) = NG(⟨x⟩) is a maximal subgroup of G.

Proof. Let x ∈ H be of order q and z ∈ SolG(x). Now for some maximal subgroup M of G, ⟨x, z⟩ ⩽ M .

Then q | |M | and so M ∈ HG. Thus for some g ∈ G, M = Hg and x ∈ NG(⟨x⟩g). Hence ⟨x⟩ = ⟨x⟩g

and g ∈ NG(⟨x⟩). Therefore z ∈ M = H and so SolG(x) = H □

Theorem 4.4. Let G be a finite group and x ∈ G an element such that | SolG(x)| = pq for some

primes p < q. Then G is simple group, |x| = q, p | q − 1. In additional, if SolG(x) is a maximal

subgroup in G, then:

(i) G ∼= M, the monster group and SolG(x) ∼= C59 : C29 for some 59-element x.

(ii) G ∼= B, the baby monster group and SolG(x) ∼= C47 : C23 for some 47-element x.

(iii) G ∼= M23, the Mathieu group and SolG(x) ∼= C23 : C11 for some 23-element x.

(iv) G ∼= PSL(2, 2n), where q = 2n + 1 is a Fermat prime number and SolG(x) ∼= D2q for some

q-element x.

(v) G ∼= PSL(2, p), where p ≥ 5 is prime and SolG(x) ∼= Cp : Ct for some p-element x if t =

(p− 1)/2 is odd prime and SolG(x) ∼= D2q where q = (p+ 1)/2 ≥ 7 is prime.

(vi) G ∼= PSL(2, pn), where q = (pn + 1)/2 ≥ 7 is a prime number and SolG(x) ∼= D2q for some

q-element x.

(vii) G ∼= PSL(d, pn), where d ≥ 3, p and q = rd−1
(r−1)(r−1,d) are primes, r = pn. In this case

SolG(x) ∼= Cq : Cd, for some q-element x.

(viii) G ∼= PSU(d, pn), (d, pn) ̸= (3, 5), d ≥ 3, p and q = rd+1
(r+1)(r+1,d) are primes, where r = pn. In

this case SolG(x) ∼= Cq : Cd, for some q-element x.

Proof. The first part of Theorem 4.4 is proved in Theorem 3.7. Therefore, we assume that SolG(x)

is a maximal subgroup of G. The simple groups with a maximal subgroup of order pq are listed in

Table 2. We need to identify which groups in Table 2 satisfy the theorem conditions.

Let, for some q-element x, NG(⟨x⟩) be a maximal subgroup of G of order pq. Assume that H is

another maximal subgroup of G such that q | |H|. Then for some g ∈ G, xg ∈ H. If H is not conjugate

to NG(⟨x⟩), then NH(⟨xg⟩) is a proper subgroup of NG(⟨x⟩)g, so |NH(⟨xg⟩)| = q and H is soluble by

Lemma 2.2.

By GAP [6], we can compute the conjugacy class of maximal subgroups of the Mathieu group

M23 and the baby monster group B. The group M23 just contain one conjugacy class of maximal

subgroups isomorphic to C23 : C11 which is normalizer of its Sylow 23-subgroup. So, by Lemma 4.3,

for any 23-element x of M23, SolM23(x) = C23 : C11.
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Similarly, the baby monster group B, has only one conjugacy class of maximal subgroups isomorphic

to C47 : C23 which is normalizer of its Sylow 47-subgroups. So, by Lemma 4.3, for any 47-element x

of B, SolB(x) = C47 : C23.

The Monster group M contains a maximal subgroup that is isomorphic to C59 : C29. According

to [9, 13], M contains no 2-local soluble maximal subgroups. Furthermore, as noted in [5, p. 234] and

[18, Table 5.6], the Monster group M has only one soluble maximal subgroup whose order is divisible

by 59. We note that another maximal subgroup H of M which is not displayed in [18, Table 5.6],

satisfies S ⩽ H ⩽ Aut(S) where S is a simple group. Hence, H is not soluble (see [18, p. 258]). So

by Lemma 4.3, for some 59-element x, SolG(x) ∼= C59 : C29.

The Suzuki group has a maximal subgroup isomorphic to D2q of order 2q. By Theorem 2.4,

the Suzuki group has another soluble maximal subgroup contains a Sylow q-subgroup which is not

conjugate whit D2q, so SolG(x) ̸= NG(⟨x⟩), where x is an q-element. Therefore | SolG(x)| > q2 by

Lemma 2.3. Consequently, Suzuki groups have been removed from our list of candidates.

Let G ∼= PSL(2, 2n), where q = 2n − 1 is a Mersenne prime number. Then G has two class of

maximal subgroups D2q and E2n : Cq which orders divides by q. Therefore SolG(x) ̸= NG(⟨x⟩), where
x is a q-element (by Lemma 4.2). Assume that G ∼= PSL(2, 2n), where q = 2n + 1 is a Fermat prime

number. In this case G only contains one conjugacy class of maximal subgroups D2q. Therefore, for

any q-element x, SolG(x) ∼= D2q (by Lemma 4.3.

Assume that G ∼= PSL(2, p), where p ≥ 5 is odd prime. If (p− 1)/2 is prime, then G contains only

one conjugacy class of maximal subgroup isomorphic to Cp : C(p−1)/2 which is normalizer of some

p-element. So by Lemma 4.3, SolG(x) ∼= Cp : C(p−1)/2. Assume that (p + 1)/2 is a prime number.

Then for p ̸= 7, G has a maximal subgroup of type Dp+1. If p = 5, then G ∼= A5 has two conjugacy

classes of maximal subgroups D6 and A4, so this case is not what we want (by Lemma 4.2). Therefore

p ≥ 13 and G only contains one conjugacy class of maximal subgroups of type D2q, where q = (p+1)/2

is prime. By Lemma 4.3, SolG(x) ∼= D2q for some q-element x.

Now assume that G ∼= PSL(2, pn), where p is odd prime and n ≥ 2. By using of GAP we see

that PSL(2, 9) is not what we want. First assume that q = (pn − 1)/2 is a prime. Since in this case,

pn ≥ 13, so G has two classes of maximal subgroups Epn : Cq and D2q, that is not what we want

(by Lemma 4.2). Let q = (pn + 1)/2 be a prime when pn ̸= 9. Then G has only one conjugacy

class of maximal subgroups with dihedral structure D2q which is normalizer of its Sylow q-subgroup.

Therefore SolG(x) ∼= D2q, where q = (pn + 1)/2 is prime (by Lemma 4.3).

Let d ≥ 3. Then by Table 2, PSLη(d, r) has a maximal subgroup isomorphic to Cq : Cd, where d is

prime and q = rd−η
(r−η)(r−η,d) is the largest primitive prime divisor of rd − η, also q ≡ 1, (mod d). Since

the maximal subgroups of other classes, are subgroups of PGLη(d′, r′), where d′ < d or r′ < r ( see [10,

Tables, 3.5.A-B, Pages 70-71]), it follows that q does not divide the order of those maximal subgroups

(by Lemma 2.6-(ii)). Therefore, the group G contains one conjugacy class of maximal subgroups that
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are isomorphic to Cq : Cd, which are the normalizer of some q-elements. Therefore SolG(x) ∼= Cq : Cd

for some q-element x (by Lemma 4.3). □
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