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GROUPS IN WHICH EVERY LAGRANGE SUBSET IS A FACTOR

MOHAMMAD HADI HOOSHMAND ™ AND STEFAN KOHL ™ *

ABSTRACT. We determine the finite groups G in which every subset A C G of cardinality dividing the
order of G is a factor, i.e. has a complement B C G of cardinality |G|/|A| such that G = A - B or
G=B-A

1. Introduction and preliminaries

Given two subsets A and B of a group G, we put AB := {ab | a € A,b € B}. We say that the
(subset) product AB is direct, and denote it by A - B, if for every element = € AB there is only one
pair (a,b) € A x B such that x = ab. Hence we have G = A- B if and only if G = AB and the product
AB is direct. If G is finite, we have G = A - B if and only if G = AB and |G| = |A||B].

We call A a left (respectively right) factor of G if there exists a subset B C G such that G = A- B
(respectively G = B - A). In this situation, we call B a right (respectively left) factor complement
of A. TIf the subset A is a left or a right factor of G, we also call it just a factor of G. If it is a left and
a right factor, we call it a two-sided factor. For example, every subgroup of G is a left (respectively
right) factor with respect to its right (respectively left) transversal in G, hence it is a two-sided factor

of G.
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Let G be a finite group with subsets A and B of cardinality a and b, respectively. If G = A - B,
then |G| = ab. If for the group G the converse is true as well, i.e. if for every factorization |G| = ab of
the order of G into positive integers, there exist subsets A and B of G such that |A| = a, |B| = b and
G = A- B, we say that G has the CFS (‘converse of factorization by subsets’) property. Problem 20.37
in the Kourovka Notebook [5] asks whether every finite group has the CFS property (see also [4]).
Partial solutions to this problem have been provided in [1, 2]. It can be shown that the CFS property

is equivalent to each of the following statements:

o for every divisor d of |G| there exists a left factor of size d;
e for every divisor d of |G| there exists a right factor of size d;

e for every divisor d of |G| there exist a left factor and a right factor of size d.

But from another perspective, one can imagine a stronger converse of the above proposition. For the
stronger version, we consider the concept of Lagrange subsets of groups (and semigroups) stated and
studied in [3]. A subset A of G is called a Lagrange subset if |A| divides |G|. Since G = A - B and
G = B - A both imply that A and B are Lagrange subsets of GG, as the converse, one may ask whether
every Lagrange subset is a factor of G. The answer is negative in general, but we arrive at the next

definition.

Definition 1.1. We say that a finite group G has the strong CFS property if every Lagrange subset

is a factor of G.
To better examine such groups, we need the following lemma.

Lemma 1.2. Let G be a group and let A C H < G. Then A is a left, respectively right, factor of H
if and only if it is a left, respectively right factor of G. Moreover, the following hold:

a) if G=A- B for some subset BC G, then H=A-(BNH), and
b) if H= A-B for some subset B C H, then G = A-(BX) where X is any right transversal of H in
G.

(Similar results can be obtained for the right case.) Therefore, A is a factor (respectively two-sided
factor) of H if and only if it is a factor (respectively two-sided factor) of G.

Proof. a) Assume that G = A - B for some subset B C G. Putting C' := BN H, we have AC C
AH = H. Also, if h € H, then h = ab for some a € A and b € B. This implies h € AC since
b=a'he A-'H=H. Hence H=AC CAB=A-Bandso H=A-C.

a) Assume that H = A - B for some subset B C H. If X is a right transversal of H in G, then
G=H-X=(AB)- X =A-(BX).

O
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The above lemma has various consequences, one of which is that A is a factor of G if and only if it
is a factor of (A). Thus, if G is finite and A is not a Lagrange subset of (A) (i.e., |A| does not divide

|(A)|), then A is not a factor of G. The following lemma is another consequence.

Lemma 1.3. Every subgroup of a group with the strong CFS property has the strong CFS property as

well.

Proof. Let G be a finite group with the strong CFS property, and let H < G be a subgroup. If A is
a Lagrange subset of H, then A is a Lagrange subset and so a factor of G. Thus Lemma 1.2 implies

that A is a factor of H, and the proof is complete. O

2. Main results

Now, we are ready to characterize all finite groups which have the strong CFS property.

Theorem 2.1. The finite groups which have the strong CFS property are precisely the following:
(1) The trivial group.
(2) The cyclic groups of prime order.
(8) The groups C3, C4, C3 and C3.

Proof. First we check that the listed groups indeed have the strong CFS property. Lacking nontrivial
divisors of the group order, for the trivial group and for the cyclic groups of prime order this is clear.
For the other groups G, we check that for every subset A C G of cardinality a nontrivial divisor of
|G|, there is a set B of cardinality |G|/|A| such that G = AB. Without loss of generality, we only

need to consider the sets A which contain the identity.

e Let G = (3. A two-element subset A = {1,2} C G is a subgroup, hence a factor.
e Let G = (a|a* =1) =2 Cy. Then we have G = {1,a}-{1,a?} = {1,a%}-{1,a} = {1,a®}-{1,a?}.
e Let G = C3. A two-element subset A = {1,z} C G is a subgroup, hence a factor. If
A={l,z,y,2z} C G is a four-element subset, it suffices to consider two cases:
(1) z € (z,y), in which case A is a subgroup, hence a factor;
(2) z ¢ (x,y), in which case G = A - {1, zyz}.
e Let G=C3. If A= {1,2,y} C G is a three-element subset, it suffices to consider two cases:
(1) y € (x), in which case A is a subgroup, hence a factor;
(2) y ¢ (x), in which case G = A - {1, zy, (zy)?}.
Now we prove that there are no other groups which have the strong CFS property. — Let G be a finite
group which is not among the groups listed in the theorem. We show that there is a subset A C G
of cardinality dividing n := |G| for which there exists no subset B C G of cardinality n/|A| such that
G = AB or G = BA. For this, we distinguish the following cases:
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The group G = (a) is cyclic. As G is none of the groups listed in the theorem, n has a proper
divisor d > 3. Now it is easy to check that the set A := {1,a% a3, ...,a%} of cardinality d has
the desired property (try tiling G with translates Aa”*, k € Z of A — the key is the “hole” a ¢ A
and having at least two consecutive powers a2, a3, ..., a).

The group G = (a,b) is 2-generated. If we can show that there is a subset A C @G such that
|A| — 1 divides n, such that 1 € A and such that for every g € G' we have

e |[ANAg|>2o0r

e 1¢ AN Ay,

we can put A := A\ {1}, and we are done (the key is the “hole” 1 ¢ A, which cannot be
covered by translates Ag without overlap with A). Now if A

e contains the ball Ba(1) of radius 2 about 1 with respect to the generating set {a, b},

e corresponds to a connected subgraph of the Cayley graph of G with respect to that
generating set, and

e has cardinality one more than a divisor of n,

then A fulfills our conditions: note that the subgraph induced by Ag is connected and con-
tains g. Assume that it also contains 1. Then, a path between 1 and ¢ lies entirely within Ag.
If g ¢ Bs(1), such a path must go through at least two other vertices in By(1). For the case
g € By(1), it suffices to consider representatives for word lengths 1 and 2, each. — If g = a, the
set flg contains a path between a~! and a, and if g = ab, it contains a path between 1 and ab.

Since the ball of radius 2 about 1 in the free group of rank 2 has cardinality 17, we have

|B2(1)] < 17. It follows that if n has a proper divisor d > 16, we are done — i.e. we can restrict
our further considerations to groups of order 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25
26, 27, 28, 30, 33, 35, 39, 45, 49, 55, 65, 77, 91, 121, 143, and 169. Since the ball of radius 2
about 1 in the free abelian group of rank 2 has cardinality 13, for abelian groups the bound
on d can be lowered to 12. In particular, this rules out the group orders 45, 65, 91, 143, and
169. Further, by (1) and Lemma 1.3, we can rule out the groups which have cyclic subgroups
of composite order > 6. This leaves us with the following 21 groups to be checked, which in
the sequel we will deal with one-by-one: Sz, Cy4 x Ca, Dy, Qg, D5, Ay, D7, C2, (Cyq x C3) x Ca,
C4 x Cy, C5 x Cy, C7 x C3, D1y, Sy, CZ, Dy3, C% x C3, C13 x C3, CZ, C1q x C5, and C34.

e Assume G = ((1,2,3),(1,2)) = S3. Then, the set A :={(),(1,2,3)} is not a factor, since
for B C S3 of cardinality 3, the products AB and BA cannot contain all 3 even and all 3
odd permutations. By Lemma 1.3, this rules out G = Sy as well.

e Assume G = (a,b | a®> = b® = (ab)® = 1) = A4. Then, the set A := {1,a,b, ab,b?, aba} is
not a factor, since there is no g € G such that Ag =G\ Aor gA =G\ A.
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e Assume G = {(a,b | a* = b% = [a,b] = 1) = C4 x Cy. Then, the set A := {1,a,a? b} is not
a factor, since there is no g € G such that Ag = G\ A. By Lemma 1.3, this rules out
G=C3 G=(CyxCy) xCyand G=CyxCy as well.

e Assume G = (a,b | a? = V* = 1,a® = a7 1) 2 D, for ¢ € {4,5,7,11,13}. Then, the
set A := {1,b,ab,a? a*(4 < k < q)} is not a factor, since there is no g € G such that
Ag=G\ Aor gA =G\ A. By Lemma 1.3, for ¢ = 5 this rules out G = C5 x Cy4 as well.

e Assume G = Qg = (i,7). Then, the set A :={1,—1,4,j} is not a factor, since there is no
g € G such that Ag=G\ Aor gA =G\ A.

e Assume G = (a,b | a? = b? = 1,a® = a¥) where (p,q, k) is any of (7,3,2), (11,5,4) or
(13,3,3), and put Ay := {a,b,a"t,b"1 ab,a"tb,ba"'}. In case (p,q,k) = (7,3,2), put
A = Ay, in case (p,q, k) = (11,5,4), put A := AgU {ab=t,a~ b1 ba,b"2}, and in case
(p,q, k) = (13,3,3), put A := AgU {ab~t, a7 b7 ba, b ta,b=1a"t, a?}. Then, the set A
is not a factor, since the “hole” 1 ¢ A cannot be covered by translates Ag or gA (g € G)
of A without overlap. This covers the cases G = C, x Cq, (p,q) € {(7,3),(11,5),(13,3)}.

e Assume G = (a,b | a® = bv® = (ab)? = (a®b)® = (ab?)® = 1) = C3 % C;z. Then, the
set A:={a,b,a"1,b7 1 ab,atb,ab"!,a" b7 ba=1} is not a factor, since all intersections
AN Ag and ANgA (g € G) are non-empty.

e Assume G = (a,b | a? = b’ = [a,b] = 1) ¥ CJQD where p € {5,7,11}, and put Ay :=
{a,b,a=1, b7 ab}. Then, in case p = 5 the set A := Ay is not a factor, since the “hole”
1 ¢ A cannot be covered by translates Ag or gA (¢ € G) of A without overlap. In
cases p = 7 and p = 11, the same holds for A := Ay U {a"'b,ab™'} and A := Ay U
{a='b,ab™ ", a" b7, a% a2, b%}, respectively.

(3) The group G is neither cyclic nor 2-generated. If G has a cyclic subgroup of composite order
# 4, or if G has a 2-generated subgroup other than C3 and C2, we are done by Lemma 1.3.
Thus it suffices to rule out G = C3 and G = C3. —

e Assume G = (a,b,c,d) = C3. Then, A := {a,b,c,d,ab,ac,ad,bd} is not a factor, since
there is no g € G such that Ag = G\ A.

e Assume G = (a,b,c) = C3. Then, A := {a,b,c,a?, b, c?, ab,ac,bc} is not a factor, since

all intersections AN Ag (g € G) are non-empty.
O

Corollary 2.2. If G is a finite group, then the following statements are equivalent:

e G has the strong CFS property;
e cvery Lagrange subset of G is a left factor;
o cvery Lagrange subset of G is a right factor;

o cvery Lagrange subset of G is a two-sided factor;
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e for every Lagrange subset A there exists B C G such that G=A-B =B - A;

o GG is one of the groups mentioned in Theorem 2.1.

Therefore, in particular no nonabelian group satisfies any of the above equivalent conditions.
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