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A NEW NOTION DERIVED FROM THE DEEP COMMUTING GRAPH

BAHRAM ARVIN, BEHROUZ EDALATZADEH *, ALI REZA SALEMKAR

ABSTRACT. The deep commuting graph of a given group G is a graph whose vertex set is G, and
two elements of G are adjacent if their inverse images in every central extension of G commute. In this
paper, we introduce the concept of deep isoclinism for groups and tie this concept to the deep commuting

graphs.

1. Introduction

The relationship between group theory and graph theory has led to a wealth of research that uncovers
deep connections between algebraic structures and combinatorial objects. By linking graphs to groups,
we can visualize and investigate complex relationships within these algebraic systems, often revealing
hidden properties and offering fresh insights into classical problems.

There are several graphs that relate to finite groups. One of the most fundamental and widely studied
examples in group theory is the commuting graph of a finite group introduced by Brauer and Fowler
in [4]. In this graph, the vertices represent the (some times, non-central) elements of the group G,
while the edges connect pairs of elements that commute with each other. This graph provides a visual
representation of the commutativity structure within the group.

Deep commuting graph is another important graph that is related to a finite group which is introduced

by Cameron and Kuzma in [6]. This graph studies the commuting relation of elements in a deeper layer.
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More precisely, two elements are adjacent in the deep commuting graph if their pre-images commute

in every central extension of the group.

2. Deep isoclinism

Let G and H be groups with the centers Z(G) and Z(H), and the commutator subgroups |G, G]
and [H, H|, respectively. Then G and H are called isoclinic if there exist isomorphisms n: G/Z(G) —
H/Z(H) and ¢: [G,G] — [H, H| such that for all g1,¢92 € G and h; € n(g1Z(G)), ha € n(92Z(G)) the

following condition holds:
¢([91, 92]) = [h1, ha].

The concept of isoclinism was introduced by P. Hall in [7] assists in classifying prime-power groups.
Isoclinism is an equivalence relation between groups such that all abelian groups fall into one equivalence
class of isoclinism. Isoclinism preserves the conjugate type, solvability, nilpotency and the commuting
degree of groups. Also, isoclinic groups of the same order have isomorphic commuting graphs, see
Proposition 4.1. Covering groups of a given group are another important examples of isoclinic groups,
which we recall here.

Let G be an arbitrary group. An exact sequence e : 1 — Z — H — G — 1 is called a central
extension if Z is contained in the center of H. The central extension e is referred to as a stem extension
of G when Z is contained in the commutator subgroup of H. Moreover, the stem extension e is called
a Schur stem cover (or Schur cover) of G, if Z = Hy(G,Z), where H2(G,Z) is the second integral
homology of G. In this case, H is called a Schur covering group (or a representation group) of G.
Note that any finite group admits at least one Schur covering group and a finite group may have non-
isomorphic Schur covering groups; however, all Schur covering groups of a finite group are mutually
isoclinic. We refer the reader to [9] for the detailed proofs.

The discussion has now reached a point where, in order to make further progress, we need to recall
the notion of epicenter of a group.

A group G is said to be capable if it is isomorphic to the central factor group H/Z(H) for some
group H. According to [2], the epicenter Z*(G) of a group G is defined as ﬂgb(Z(H)), where e : 1 —

e

Z > HS% G — 1 is a central extension of G. It is straightforward to verify that the epicenter of
G is a characteristic subgroup of G and is contained in the center of G, see [2]. Also, Z*(G) is the
smallest normal subgroup of G such that the quotient group G/Z*(G) is capable. There are many
interesting ways to characterize the epicenter of a group, which we mention to some of them in the

following proposition. One can find the proofs in [2, 13].

Proposition 2.1. Let G be a finite group. Then the following statements hold:
(i) If1 = Z = G* 5 G = 1 is a Schur stem cover of G then Z*(G) = o(Z(G*)).
(i) If 1 = R — F 5 G — 1 is a free presentation of G, then Z*(G) = #(Z(F/[R, F))), where 7 is
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induced by .
(#i1) For any central subgroup N of G, the following statements are equivalent:
(1) N < Z*(G);
(2) H*(G,C*) =2 H*(G/N,C*)/(|G,G]N N);
(3) The sequence 1 — Ho(G,Z) — Hy(G/N,Z) — [G,G] NN — 1 is ezact.
Here H?(G,C*) is the second cohomology group of G with coefficients in the multiplicative group of

complex numbers.

Let 1 - Z — G* — G — 1 be a Schur stem cover of a groups G. Cameron and Kuzma in [6],
proposed the concept of deep commutativity between elements of G. The elements z,y € G are deeply
commute if their pre-images commute in G*. Note that if  and y are deeply commute then [z,y] = 1;
however, the converse does not hold in the general case. We employ this idea to define the concept of

deep isoclinism for groups.

Definition 2.2. Let G and G be groups and suppose that G and G5 are arbitrary Schur covering
groups of G1 and Ga, respectively. We say G1 and Go are deep isoclinic if G] and G35 are isoclinic.
It is important note that since the Schur covering groups of a given group are isoclinic, the concept of

deep isoclinism is independent of the choice of the Schur covering groups for the groups G1 and Gs.
Suppose €; : 1 — A; — G 2 G — 1is a Schur stem cover of Gj, for i = 1,2. As Z*(G;) =
©i(Z(GY)), the epimorphism ¢; induces an isomorphism
Gi/Z(G7) = Gi/ Z*(Gi).
Hence the groups G and G are deep isoclinic groups if and only if there exists isomorphisms ¢: [G], G7] —

[G5,G5] and n: G1/Z*(G1) — G2/Z*(G2) such that the following diagram is commutative.

G G c * *
7 X weny —— GGl

nxnl ¢l
G G ¢ AL
e X 7 —— (G5, G,
where ¢;: G/Z*(G;) x G/Z*(G;) — [GF, G}] is the commutator function that is defined by

ci(pi(x)Z27(Gi), i(y) 27 (Gi)) = [z, yl,

for all z,y € G7.
It is easy to check that deep isoclinism defines an equivalence relation between groups. We call the

equivalence classes of this relation as deep isoclinism families.

Example 2.3. (i) The groups G1 = Qs, the quaternion group of order eight, and Go = Cy x Co are
deep isoclinic. The only Schur covering group of Gy is isomorphic to Gy, because Hy(G1,Z) is trivial.
Also, Ho(G2,7) = Cy and one the Schur covering group of Go is isomorphic to

(C2)? % Cy = (a,b,c:a® = =b'=1,ca = ac,cb = be, ab = cha).
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Note that Go has another Schur covering group representing as
D22 4 o34 _ _ _
(a,b,c:a*=c"=1,b" = ¢,ac = ca,bc = cb,ab = cba).

(i) Suppose G is an arbitrary abelian group and 1 — A — G* A G — 1 is a Schur stem cover of
G. By Proposition 2.1(iii), Hy(G/Z*(G),Z) = Hy(G,Z), and as Z*(G) = p(Z(G*)), then 1 - A —
G*/Z(G*) 4 G/Z*(G) — 1 is a Schur stem cover of G/Z*(G). This implies that G and G/Z*(G) are
deep isoclinic groups.

(iii) Let G be a perfect group and G* be the (unique) Schur covering group of G. As Ha(G*,Z) = 1,
the group G* is the Schur covering group of itself. Hence G and G* are deep isoclinic groups.

(iv) Let G1 and Gy be non-abelian simple groups. As simple groups are perfect, using (iii), the groups

G1 and G are deep isoclinic if and only if they are isomorphic.

3. Some properties of deep isoclinism

In Example 2.3(i), we observed that if G; and Gy are deep isoclinic groups then Hy(G1,Z) and
Hy(G2,7Z) may not be isomorphic. However, we can derive the following fact. Throughout the rest, for

a group X, we denote the abelianization group X/[X, X] by X.

Proposition 3.1. If G1 and Gy are deep isoclinic finite groups, then Ho(G$°,Z) = Ho(GSY, 7).

Proof. Suppose G} is a Schur covering group of G;, for i = 1,2. Since G7/Z(G?) = G5/Z(G%), we have
(G1/Z*(G1))™ = (G}/Z(GY))™ = (G3/Z(G5)™ = (G2/Z*(Ga))™

But

~ Gy
( G ) GmG (Gi) - ([Gi,Gi]27(GY) /G, Gi]
and as [Gy, G;]Z*(G,)/[Gi, Gi) € Z*(G), applying Proposition 2.1(iii), we infer that

Hy(Gi/[Gs, Gi) Z*(Gs), Z) = Hy (G, Z).
We therefore conclude Ho(GS°,Z) = Hy (G, Z). O

The following corollary indicates that for the abelian groups of the same order, the concepts of

isomorphism and deep isoclinism are equivalent.

Corollary 3.2. Supposes G and Go are abelian groups of the same order. Then Gy and Go are deep

isoclinic if and only if they are isomorphic.

Proof. By virtue of Proposition 3.1, Hy(G1,Z) = Hy(G2,7Z). Assume S}, ..., S™ are all sylow subgroups
of G;. Applying the Kiinneth formula for the second homology, Ha(G;,Z) = Hy(S}, Z)x - - - x Ho(SP, Z).
Hence, as Ho(G;,Z) is a finite abelian group, it is enough to prove that if G; and Gy are two p-groups
of the same order with Hy(G1,Z) = Ho(G2,7Z), then G = Go. It is known that if G is a finite abelian
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p-groups, then G can uniquely be written as G = Cpni X -+ X Cpny,, where Cyn; is the cyclic group of

order p™ and ng < --- < nj. Then by the Kiinneth formula
Hy(G,Z) = Cps x C2 x -+ x C Y,

where C;ST) denotes the direct product of m copies of Cpn. Because Hy(G1,Z) and Hy(Go,7Z) are
isomorphic abelian p-groups, they should have the same decomposition to p-power cyclic groups. This

yields G1 and G5 have the same direct product decompositions and thus they are isomorphic. Il

We remark that all abelian groups belong to the same isoclinism family; however, as demonstrated
in Example 2.3(i), an abelian group can be deep isoclinic to a non-abelian group. In the following, we

determine the deep isoclinism family of the trivial group.

Proposition 3.3. A finite group G is cyclic group if and only if G is deep isoclinic to the trivial group.

In particular, if G and H are finite cyclic groups then G and H are deep isoclinic.

Proof. Suppose G is a cyclic group, then Hs(G,7Z) = 1 by [15, Example 6.2.3],and 1 - 1 — G 4G
is a Schur stem cover of G, that is, GG is a Schur covering group of itself. So G is deep isoclinic to the
trivial group. Conversely, suppose that G is deep isoclinic to the trivial group. Then G/Z*(G) = 1,
and consequently, Z*(G) = Z(G) = G. Thus G is abelian and [3, Proposition 4.9(c)] implies that G is

cyclic. O

It is well-known that if G; and H;, i = 1,2, are groups such that G; is isoclinic to H;, then G1 x Ga
and Hy x Hy are isoclinic. In particular, for any abelian group A, the groups G and G x A are isoclinic.
However, by Proposition 3.3, a similar result does not hold in general for deep isoclinism. In the

following, we show this result under some conditions.

Proposition 3.4. Let G; and H;, i = 1,2, be groups such that G; is deep isoclinic to H; and G"fb X7z
G%b = Hjlb ®7, HQ‘lb =1, where ®y denotes the abelian tensor product. Then G1 X Go and Hy x Hy are

deep isoclinic.

Proof. Applying the Kiinneth formula, we have Ho(G1 X Ga,7) = Ho(G1,7Z) X H2(G2,Z), and similarly,
Hy(Hy x Hy,7Z) = Hy(Hy,7Z) x Hy(Ho,7Z). Hence, for i = 1,2, if G} and H; are Schur covering groups
of G; and H;, respectively, then G] x G35 is a Schur covering group of G x G2 and H{ x Hj is a Schur
covering group of Hy x Hy. Now, as G} and H are isoclinic groups, the groups G7 x G35 and H{ x H3

are isoclinic. Hence G1 x Go and Hy x Hs are deep isoclinic. O

By combining propositions 3.3 and 3.4, we have the following.

Corollary 3.5. Let G and H be groups such that H is cyclic and G® H =1. Then G and G x H are

deep isoclinic.

To give our next important result, we first need the following lemma.

https://dx.doi.org/10.22108/ijgt.2025.145983.1971


https://dx.doi.org/10.22108/ijgt.2025.145983.1971

140 Int. J. Group Theory, 15 no. 3 (2026) 135-144 B. Arvin, B. Edalatzadeh and A. R. Salemkar

Lemma 3.6. Let G be a group an N be a normal subgroup of G that is contained in Z*(G). Then
Z*(G/N) =Z*(G)/N.

Proof. By considering the basic property of the subgroup Z*(G), the group (G/N)/(Z*(G)/N) =
G/Z*(Q) is capable. On the other hand, the subgroup Z*(G) is the smallest subgroup of G such that
the quotient G/Z*(G) is a capable group. Therefore, we conclude that Z*(G/N) C Z*(G)/N. To prove
the reverse inclusion, we begin by recalling some key points about the second cohomology of groups.

The group H?(G,C*) is defined as the quotient group Z?(G,C*)/B%(G,C*), where Z?(G,C*) and
B?(G,C*) are called the second cocycle and the second cobounday of G, respectively. The elements of
Z%(G,C*) are functions a: G x G — C* such that a(z, y)a(zy, 2) = a(y, 2)a(z, yz), for all z,y,2z € G,
see [10]. Invoking [13, Theorm 3.5], one can identify the elements of the epicenter of G through the use

of 2-cocycles as follows:
(3.1) ZG) ={a € Z(GQ) : a(z,a)a(a,z) "' = 1,for all z € G, [a] € H*(G,C*)}.

Here [a] denotes the class of the 2-cocycle « in the quotient group Z2(G, C*)/B?(G,C*).
Given 8 € Z*(G/N,C*), we can assign to 3 the cocycle ag € Z?(G,C*), defined by as(x,y) =
B(xN,yN), for all 7,y € G. Then the assignment 3 + az induces a homomorphism inf: H%(G/N,C*) —

H?(G,C*), which is called the inflation homomorphism. Now, suppose a € Z*(G), then for an arbitrary
[3] € H?(G/N,C*) and all z € G, we have

B(zN,aN)B(aN,zN)™' = ag(x,a)ag(a,z) " .

As ag € Z2(G,C*), it follows from (3.1) that the right-hand side of the above equation is equal to 1.
By applying the criterion mentioned in (3.1) for the group G/N, we obtain aN € Z*(G/N), and the

proof is complete. U

Suppose G is a finite group with a normal subgroup N. Then G and G/N are isoclinic groups if and

only if N N[G,G] = 1. In the following, we give an analogous result for deep isoclinic.

Theorem 3.7. Let G be a finite group with a normal subgroup N. Then G/N and G are deep isoclinic
if and only if N C Z*(QG).

Proof. Let 1 - R — F = G — 1 be a free presentation of the group G, and L/N = F/S in which S
is the preimage of N in F'. Also, suppose 1 - M — G* HG—>1landl > A— H— G/N — 1 are
Schur stem covers of G and G/N, respectively. Invoking [14, 9.2; Page 246], there is an epimorphism
B: F/[R,F] — G* such that the following diagram is commutative.

1 —— RJ/[R,F] —— F/[R,F] —— @ 1
lﬁl LB lld
1 —— M — G* LENe! 1.
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Evidently, the epimorphism £ restricted to an epimorphism from [F/[R, F|, F/[R, F]] onto [G*, G*]. On
the other hand, by Hopf’s formula, we have M = Hy(G,Z) = (RN [F, F])/[R, F] and so
‘ [ F F [F, F R ﬂ F F]
[R,F]" [R,F]]|

Hence [G*,G*] = [F, F|/[F, R], and similarly [H, H] = [ Fl/[F,S].
Now, suppose N C Z*(G). Applying Proposition 2.1(iii), Z*(G) = 7(Z(F/[R, F])) and [[R ok [RSF]} =
1, implying that [F, R] = [F,S]. Hence there is a natural isomorphism [G*, G*] — [H, H]. Since by

Lemma 3.6, we have a natural isomorphism >~ G/Z*(G), it follows that G and G/N are deep

=[G, Gl [M] = [|G", G™]|.

_G/N__
Z-(G/N) —
isoclinic.

Conversely, suppose the groups G and G/N are deep isoclinic. Then [F, F|/[F, R] = [F, F]/[F,S],
forcing [F, R| = [F,S]. Hence S/[F,R| C Z(F/[F, R]) and it therefore follows from Proposition 2.1(ii)
that N C Z*(G). O

The following interesting corollary provides an equivalent condition for two extra-special p-groups of

order greater than p3 to be deep isoclinic.

Corollary 3.8. Let G and Gy be two extra-special p-groups of order grater than p>. Then G1 and Go
are deep isoclinic if and only if |G1| = |Gal.

Proof. Assume G and Go are of the same order p?"™! for some n > 1. Then by [3, Page 223],
Z*(Gy) = Z(G;) and so G;/Z*(G;) is an elementary abelian p-group of order p?*, for i = 1,2. But this
yields G1/Z*(G1) = G2/Z*(G3). We therefore conclude from Theorem 3.7 that G and G2 are deep
isoclinic.

The converse holds trivially. O

Remark 3.9. In general, Corollary 3.8 does not hold when n = 1. For instance, consider the extra-
special 2-groups G1 = Qg, the quaternion group of order eight, and Go = Dy, the dihedral group of
order eight. We observe that Z*(G1) = Cy, while Z*(Gy) = 1. Consequently, G1 and Go are not deep

isoclinic. It is interesting to note that G1 and Go are isoclinic groups.

A group G is called stem if the center of G is contained in the derived subgroup of G. It is shown
in [1, Chap. 29| that any isoclinism family of finite groups contains at least one stem group and these
groups have the minimum order among elements of the isoclinism family. Now, we give a parallel result

for the concept of deep isoclinism.

Proposition 3.10. Let C be a deep isoclinic family of finite groups. Then
(i) C contains exactly one capable group.
(73) A finite group G € C is capable if and only if |G| = min{|H|: H € C}.

Proof. (i) Suppose G € C. Then the quotient group G/Z*(G) is capable and using Theorem 3.7,
G/Z*(G) € C. We now assume that G and H are two capable deep isoclinic groups. Then Z*(G) =

https://dx.doi.org/10.22108/ijgt.2025.145983.1971
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Z*(H) =1, implying that G = H. Hence C contains, up to isomorphism, a unique capable group.

(ii) Suppose G € C and G is finite. Then G/Z*(G) € C is capable and |G/Z*(G)| < |G|. Now assume
that G is a finite group of C such that |G| = min{|H| : H € C}. Since G/Z*(G) € C and is capable, the
minimality of |G| implies that Z*(G) = 1 and hence G is capable. O

For a given group G, suppose the group G A G is the non-abelian exterior square of G, defined by
Miller [11]. Then there is a surjective homomorphism Ag: G A G — [G, G| such that A\g maps the
generator z Ay to [z, y]. Miller shows that ker(Ag) is a central subgroup of G A G and is isomorphic to
Hy(G,Z). Now, the quotient group of ker(Ag) on the subgroup (t Ay € GAG: x,y € G,[x,y] =1) is
called the Bogomolov multiplier of G and denoted by By(G).

A central extension e : 1 - Z — H — G — 1 is called commutativity preserving (or briefly CP-central
extension) if commuting pairs of elements of G have commuting lifts in H. Also, a stem CP-central
extension e is said to be a CP-stem cover of G if Z is isomorphic to the Bogomolov multiplier of G.
In this case, the group H is called CP-covering group of G. It was proved in [8] that any finite group

possesses at least one CP-stem cover.

Proposition 3.11. Let Gy and Gy be finite groups of same order such that the Bogomolov multiplier
and the Schur multiplier of these groups are equal. Then G1 and Gy are isoclinic if and only if they

are deep isoclinic.

Proof. We first claim that if for a finite group G, we have By(G) = Hz(G,Z) then the Schur stem
covers and the CP-stem covers of G are the same. Suppose e : 1 — Hy(G,Z) - G* —- G — 1
is a Schur stem cover of GG, we prove that e is a CP-central extension. Choose a CP-stem cover
¢ :1— By(G,Z) - G° — G — 1 of G. Thanks to the Yamazaki’s Theorem [16], there exists a Schur
stem cover ¢” : 1 — Hy(G,Z) — GT — G — 1 and an epimorphism f : Gt — G° such that the following

diagram is commutative.

"1 —— Hy(G,7) Gt y G 1
| I
¢:1 —— By(G) G° G 1.
As |G°| = |GT|, we infer that f is an isomorphism and hence €’ is a CP-central extension. Since e and

¢’ are isoclinic central extensions, Proposition 3.6 of [8] implies that e is a CP-central extension. The
converse of the statement is trivial.
Now, suppose that G and G9 are isoclinic groups. By [8, Proposition 4.10], CP-stem covers of isoclinic
groups are isoclinic and then, by the above claim, the Schur covering groups of G1 and G5 are isoclinic.
This means GG1 and GGy are deep isoclinic.

Conversely, suppose GG1 and Go are deep isoclinic groups. Hence, ife; : 1 = Z; — G — G; — 1is a
Schur stem cover (and also CP-stem cover) of G, then G and G5 are isoclinic. Suppose this isoclinism

is obtained by the isomorphisms ¢: [G}, Gi] — [G5, G5] and n: G5/Z(G7) — G3/Z(G%). By [8, Lemma
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4.9], Z(G}) = Z; x Z(G;), and consequently,  induces an isomorphism G1/Z(G1) = G2/Z(G2). Also,
since e; is commuting preserving, ¢ induces an isomorphism [G1, G1] = [G2, G2|. Therefore G; and Go

are isoclinic groups. (I

4. An application

For a group G, we denote the commuting graph and the deep commuting graph of G by Com(G)
and DCom(G), respectively. In [12, Proposition 2.3], a sufficient condition is provided for two groups

to have isomorphic centerless commuting graphs. Here we restate the proof for commuting graphs.
Proposition 4.1. Let G and H be isoclinic finite groups of the same order. Then Com(G) = Com(H).

Proof. As G and H are isoclinic, there are isomorphisms n: G/Z(G) — H/Z(H) and ¢: [G,G] —
[H,H]. Suppose G/Z(G) = {x1Z(H),...,znZ(H)}, H/Z(H) = {y1Z(G),...,ynZ(G)}, and n maps
i Z(G) toy; Z(H), for all 1 <i <n. As |G/Z(G)| = |H/Z(H)| and |G| = |H]|, for all 1 <,5 < n the
size of cosets ;Z(G) and y; Z(H) are equal. Also, it is clear that for any a,b € x;Z(G), we have a and
b are adjacent in Com(G). A similar fact also holds for H. Now, define ¥ : G — H to be an arbitrary
bijective function that maps elements of z; Z(G) to y; Z(H). We claim that ¥ is a graph homomorphism.
If a1, aq are adjacent vertices in Com(G), then [a1,as] = 1. As ¥(a;) € n(a;Z(G)), by the definition,
[W(a1), ¥(az)] = ¢(|a1, az]) = 1. This implies ¥(a;) and ¥(az) are adjacent in Com(H). O

Now, we are ready to give the main objective of this section.

Theorem 4.2. Let G1 and Go be two finite groups of a same order. If G1 and Go are deep isoclinic
groups then DCom(G1) = DCom(Ga).

Proof. Suppose 1 = Z; — G % @; — 1is a Schur stem cover of G;, for i = 1, 2. Thanks to Proposition
4.1, G7 and G5 have isomorphic commuting graphs. Since ¢; is a graph homomorphism, as well as, the
result follows from the fact that DCom(G;) is the image of Com(G}) under ;. O

We finish this paper by posing the following question.
Question 4.3. Is it correct that groups with isomorphic deep commuting graphs are deep isoclinic?

It is interesting to note that the analogous conjecture for commuting graphs and isoclinism is false.
An example provided by Eamonn O’Brien demonstrates this with two groups of order 64 that are

nilpotent of class 2.
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