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ON ROTA-BAXTER OPERATORS ON FINITE SIMPLE GROUPS OF LIE TYPE

ALEXEY GALT ", VSEVOLOD GUBAREV " *

ABSTRACT. Rota—Baxter operators on groups were introduced by L. Guo, H. Lang, Yu. Sheng in 2020.
In 2023, V. Bardakov and the second author showed that all Rota—Baxter operators on simple sporadic
groups are splitting, i.e. they correspond to exact factorizations of groups. In 2024, the authors of the
current paper described all non-splitting Rota—Baxter operators on alternating groups.

Now we describe Rota—Baxter operators on finite simple exceptional groups of Lie type and projective

special linear groups of degree two.

1. Introduction

In 1960 [5], G. Baxter introduced the notion of Rota-Baxter operator on an algebra. After more
than 60 years of the study, a lot of connections and applications of Rota—Baxter operators were found:
with different versions of the Yang—Baxter equation [1, 6, 22], pre- and postalgebras [1, 2, 14], double
Poisson algebras [11, 12, 21], etc.

The notion of Rota—Baxter operator (of weight +1) on groups was suggested by L. Guo, H. Lang,
and Yu. Sheng in [15]. This subject has generated considerable interest among specialists and is rapidly

developing in various areas [3, 4, 7, 8, 10, 13].
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Rota—Baxter operators have also been studied on Lie groups since the work [15] under the assumption
that an RB-operator must be smooth, see [17, 18]. Recently, S. Skresanov [23] proved that there are
only trivial RB-operators on a compact simple Lie group.

Given a group G, one has always trivial RB-operators By: g — 1 and B_1: g — g~ '. The analog of

the projection operator for algebras is the following: given an exact factorization G = H L, the map
B:hl =171

is a Rota—Baxter operator on G. We will call it a splitting RB-operator. It was shown in [3] that a given

Rota-Baxter operator B on a group G is splitting if and only if Im(BE) =1, where
B:G—G, Blg)=g 'Blg™"

is another RB-operator on G defined with the help of B. Different constructions of non-splitting Rota—
Baxter operators on groups were suggested in [3], but there are no non-splitting RB-operators on all
simple sporadic groups [3, Theorem 53]. Continuing the study of Rota—Baxter operators on finite simple
groups, all RB-operators on the alternating groups A,, were described in [9]. In particular, it was shown
that there are non-splitting RB-operators B on A, if and only if n satisfies certain conditions, and there
is an infinite number of such ones.

In the current paper we continue the classification of RB-operators on finite simple groups. Our first

result deals with exceptional groups.
Theorem 1.1. The finite simple exceptional groups of Lie type have only trivial Rota—Baxter operators.

The remaining but “largest” class of finite simple groups is the class of classical groups. In [9]
a new kind of equivalence on a set of Rota—Baxter operators was introduced (see the definition below).
Our second result classifies all Rota—Baxter operators on a simple linear group of degree 2 up to this

equivalence.

Theorem 1.2. The groups PSLa(q) do not have non-splitting Rota—Baxter operators. There are s non-
trivial non-equivalent splitting Rota—Baxter operators on PSLa(q), where

(a) s =3 for q=11;

(b) s =2 for q € {7,23,59};

(¢) s=1 forq#1 (mod 4), q ¢ {7,11,23,59};

(d) s=0 for g =1 (mod 4).

All factors Im(B) and Im(B) of PSLy(q) are given in Table 2.
Theorems 1.1 and 1.2 show that there are no non-splitting Rota—Baxter operators on these groups.
It is natural to ask does it true for all simple groups of Lie type? The answer is negative, and as shown

in Example 3.5, the group PSpg(2) has a non-splitting Rota—Baxter operator.
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In Lemma 3.4 we describe a construction of non-splitting Rota—Baxter operators, which includes
non-splitting RB-operators on PSpg(2) and on the alternating groups.

All known Rota—Baxter operators on finite simple groups arise from exact factorizations of the corre-
sponding group. In Lemma 3.6 we provide a new construction of a non-splitting Rota—Baxter operator
on a (not necessarily finite) group G. In this case G is an extension of an abelian group by a cyclic
group. We apply Lemma 3.6 to construct a non-splitting Rota—Baxter operator on a group of order 16
in Example 3.7. This is the first RB-operator that does not correspond to an exact factorization or to

a homomorphism into an abelian subgroup.

2. Notation and Preliminary results

Our notation is standard. Let ¢ denote a power of a prime number p. The cyclic group of order n is
denoted by Z,, or n, and the elementary abelian group of order p™ by p™.
Given a normal subgroup A and a subgroup B, an arbitrary extension and a split extension of A by

B are denoted by A.B and A : B, respectively. We write 2¥ = y oy and [z,y] = 2~ '2¥. We write
H < G and H QG if H is a subgroup or H is a normal subgroup of G, respectively.

We recall the definition and some properties of a Rota—Baxter operator on a group.

Definition 2.1. [15] Let G be a group. A map B: G — G is called a Rota—Baxter operator of weight 1
if
(2.1) B(g)B(h) = B(gB(9)hB(g)™")

holds for all g, h € G.
Note that a notion of Rota—Baxter operator on an abelian G coincides with homomorphism.

Proposition 2.2. [15] Let (G, B) be a Rota—Bazter group. Then
(a) Im(B) and ker(B) are subgroups of G,
() B(1) = 1,
(c) B(g)~" = B(B(g9)"'g~ " B(g)) for every g € G,
(d) B(h) = B(gh) for all h € G and g € ker(B).

Proposition 2.3. [15] Let (G, B) be a Rota—Bagzter group. Then
(a) the map B defined as follows, E(g) =g 'B(g7 ") is a Rota-Bazter operator on G,
(b) given ¢ € Aut(G), B®¥) = o' By is a Rota—Baater operator on G.

Proposition 2.4. [15] Let (G, -, B) be a Rota—Bazter group. Then
(a) The pair (G, o) with the product

(2.2) goh=gB(g)hB(9)™', g¢,h€G,
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1S G group.
(b) The operator B is a Rota—Baxter operator on the group (G, o).
(¢) The map B: (G,0) — (G,-) is a homomorphism of Rota—Baxter groups.

We will denote the group (G, o) by G,

Proposition 2.5. [15] If (G, B) is an RB-group, then
(a) ker(B) and ker(B) are normal in G,

(b) ker(B) <Im(B) and ker(B) <Im(B) in G,
(c¢) We have the isomorphism of the quotient groups

(2.3) Im(B)/ker(B) ~ Im(B)/ ker(B),

(d) We have the factorization

(2.4) G = Im(B)Im(B).

Proposition 2.6. Let B be a Rota—Baxter operator on a finite non-abelian simple group G.

(1) If G has no non-trivial factorizations, then B is trivial;
(2) If B is non-splitting, then 1 < ker(B) < Im(B) and Im(B) is not simple.

Proof. (1) [3, Corollary 52].
(2) follows from the proof of [3, Theorem 53]. O

Proposition 2.7. [17] Let B be a map defined on a finite group G. Define Hg = {(B(g),g9B(9g)) | g €
G} CGxG.

(a) If B is an RB-operator on G, then Hp is a subgroup of G x G.

(b) Let H be a subgroup of G x G. Then there exists an RB-operator B on G such that H = Hp if
and only if |H| = |G| and {ba=' | (a,b) € H} = G.

Given an element x of a group G, the automorphism g — ¢* is denoted by «,. Let us consider the

following subgroup of Aut(G x G):

QG) ={(p,paz) | ¢ € Aut(G), x € G} U{T((p, paz)) | ¢ € Aut(G), = € G},
where 7((¢, 9 az)): (g,h) = (¢ az(h), ©(g)).

Proposition 2.8. [9, Proposition 11] Let B be an RB-operator on a finite group G. For every ® € Q(G),
there exists an RB-operator B’ on G such that ®(Hg) = Hpr.

A pair of RB-operators B, B’ on a group G is called equivalent, if ®(Hp) = Hp' for some ® € Q(G).
Proposition 2.3 can be interpreted in terms of equivalent RB-operators as follows. If ® = 7((id, id)), we
have B’ = B. If & = (,¢), then B' = B¥).

The next proposition shows that this equivalence preserves main properties of RB-operators.
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Proposition 2.9. [9, Lemma 3] Let G be a finite group and B, B’ be a pair of equivalent RB-operators
on G. Then:

(a) GO(B) ~ G (B),

(b) B is trivial if and only if B’ is trivial,

(¢) up to action of B — B, we have Im(B) ~ Im(B'), Im(B) ~ Im(g),

(d) Im(BB) ~ Im(B'B’),

(e) B is splitting if and only if B’ is splitting,

(f) if G = ker(B) - Im(B), then up to the action of B — B, one has G = ker(B') - Im(B').

3. New constructions of Rota—Baxter operators

Proposition 3.1. [3, Proposition 5.1] If G is a group and H is its abelian subgroup, then any homo-

morphism (or antihomomorphism) B: G — H is a Rota—Baxter operator.

Proposition 3.2. [9, Corollary 1] Given an ezact factorization G = HL, let C' be a Rota—DBaxter
operator on L. IfIm(C~') < L normalizes H, then a map B: G — G defined by the formula B(hl) = C(1),
where h € H and | € L, is a Rota—Bazter operator.

Lemma 3.3. [9, Lemma 3] Let B be an RB-operator on a finite group G such that:
(i) R = Im(B) NIm(B) is abelian,
(ii) G = ker(B) - Im(B).
Then E‘Im(B) is a homomorphism onto abelian subgroup R of Im(B), and B is defined on G by

Proposition 3.2.

Lemma 3.4. Let G = HK, Hi < H, K1 < K and H/H, ~ K/Ky,. Let G = HiK be an ezxact
factorization of G and R = HN K be a subgroup of order two which normalizes Hy. Let t € K\ Ky and
r € R\ {e}. Every element g € G has the form g = hik = hit’ky, where hy € Hy,k € K,k € K, and
0 € {0,1}. Then a map B: G — G defined as

(3.1) B(g) = B(hik) = B(ht°ky) = k™ 17°
is a Rota—Baxter operator.

Proof. A map C = B|g: K — K acts as C(k) = k=%, Hence, C(k) = k'C(k™") = 10 is a homo-
morphism onto R ~ Zy and therefore C' and C are Rota-Baxter operators on K. Since Im(é) =R

normalizes Hi, B is a Rota—Baxter operator by Proposition 3.2. ]

Now we apply this lemma to give an example of a simple classical group with a non-splitting Rota—

Baxter operator.
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Example 3.5. According to [20, Table 10.7], the group G = PSpg(2) has the following factorization

G =HK =ImB-ImB = (SU3(3):2) - (S5 x2).
In addition, R = HNK = Zs and PSpe(2) = SU3(3) -(S5 x2) = (SU3(3):2) - S5 are exact factorizations

of G. We are in the situation of Lemma 3.4, which provides a non-splitting Rota—Bazter operator on G.

Lemma 3.6. Let G = (A, f), where A is a normal abelian subgroup of G. Let B: G — G be a map such
that B|4 is a homomorphism, B(f) € A, and B(f*a) = B(f)*B(a) for k € Z. Then B is a Rota-Baater

operator if and only if [Im(B), f] < ker(B).
Proof. We need to check the equality

B(g)B(h) = B(gB(g9)hB(g9)™")

for all g, h € G. From the construction of B it follows that Im(B) C A. Since A is abelian, the required
equality holds for g € G and h € A.
Let g = xa, h = yb, where a,b € A and x = f™, y = f" for some integers m,n. Then
B(gB(9)hB(9)™") = B(zaB(wa)ybB(xa)™") = B(zy(aB(za))’bB(za)™")
= B(zy) - B((aB(wa))’) - B(b) - B(B(wa)™").

On the other hand,
B(g)B(h) = B(za)B(yb) = B(z)B(a)B(y)B(b) = B(zy)B(a)B(b).

Hence, our equality is equivalent to

and
1 = B((aB(za))?) - B(B(za)™') - B(a™!) = B((aB(za))!B(za) ta™t).

Denote z = aB(za). Since z € A and [z, y] = 1, we have

1= B(xY27") = B(z"'2") = B([2,9]) = Bl([z2,y]) = B([zaB(za),y]) = B([B((za)™"),y]).

It means that [B(t),y] € ker(B) for every ¢t € G and y € (f), which is equivalent to [Im(B), f] <
ker(B). O

Now we apply Lemma 3.6 to construct a non-splitting Rota—Baxter operator on a group of order 16.
This is the first RB-operator that does not correspond to an exact factorization or to a homomorphism

into an abelian subgroup.
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Example 3.7. Consider the group
G = {(a,b,c|la* =0* =? =1,[a,b] = [¢,b] = 1,a° = ab) =~ (Zy x Zs) x Zs.
Then A = (a?,b,c) ~ Zo x Zy x Zs is a normal abelian subgroup of G. Define B: G — G as follows:
B| 4 is a homomorphism with B(a?) = 1, B(b) = a®b, B(c) = a’bc,

B(a) =a* € A, B(ax) = B(a)B(z), =€ A.

It is straightforward to check that Im(B) = (a,b). Hence, [Im(B),a] = 1 and B is a Rota—Baxter

operator on G by Lemma 3.6.

4. Proof of the main results

Proof of Theorem 1.1. Let B be a Rota—Baxter operator on a finite simple exceptional group of Lie
type G. By Proposition 2.5(d) we have the factorization G = Im(B)Im(B). All factorizations of G were
described in [16] and are presented in Table 1 (see [19, Table 5]). By Proposition 2.6(1) we need to
consider only the groups that have non-trivial factorizations.

Assume that G = Fy(q), ¢ = 2™. The only two possible factorizations of G are G = HL with
H = Sps(q) and L € {3Dy(q),3D4(q).3}. Since Sps(q) is simple, B cannot be non-splitting by Propo-
sition 2.6(2). On the other hand, these two factorizations are not exact and cannot lead to a splitting
Rota—Baxter operator. Thus, we have only trivial factorizations of G that give trivial Rota—Baxter
operators.

Assume that G = Gz(q). Consider the possible factorizations of G [19, Table 5]. The factorizations
Ga(4) = J2-SU3(4) = Jo-SU3(4) .2

are not exact and have a simple factor Jo. Thus, these factorizations do not correspond to a Rota—Baxter
operator.
Let ¢ = 32"+ and
Ga(q) = *Ga(q) - SLs(q) = *Ga(q) - SLs(q) -2.
Direct calculations show that |2Ga(q) NSL3(q) | = ¢ — 1. Hence, these factorizations are not exact and

have a simple factor 2Ga(q). Thus, these factorizations do not correspond to a Rota-Baxter operator.

Finally, let ¢ = 3™ and
Ga(q) = HL, where H € {SL3s(q),SL3(q) .2} and L € {SUs(q),SUs(q) .2}.

Denote R = HN L. Then |R| = k- |SL3(q) NSUs(q) | = k(¢?> — 1), where k|4. In particular, these
factorizations are not exact. We also have |R| = |Im(B) : ker(B)] ([9, equation (8)]) and ker(B) <Im(B).
On the other hand, every proper normal subgroup of SL3(q) lies in the center Z(SL3(q)). Since ¢ = 3™,
we have |Z(SLs(q))| = (3,¢ — 1) = 1. Hence, the case Im(B) = SL3(q) implies ker(B) = Im(B)

https://dx.doi.org/10.22108/ijgt.2026.147698.2003


https://dx.doi.org/10.22108/ijgt.2026.147698.2003

222 Int. J. Group Theory, 15 no. 4 (2026) 215-225 A. Galt and V. Gubarev

or ker(B) = 1. If Im(B) = SL3(q).2 and ker(B) = SLs(q), then we have |R| = 2 < k(¢ — 1), a

contradiction. Thus, B must be a trivial Rota—Baxter operator. O

TABLE 1. Factorizations of exceptional groups

G H L

Ga(q), g=3™  SLs(q) or SL3(q).2 SUs(q) or SUs(q).2

Ga(q), ¢ = 3™ SL3(q) or SL3(q).2 2Ga(q)

Fi(q), ¢ =2" Sps(q) *Dy(q) or *Dy(q).3

G2 (4) J2 SU3 (4) or SU3 (4).2

Proof of Theorem 1.2. Let B be a Rota—Baxter operator on G = PSLa(q). By Proposition 2.5(d) we
have factorization G = Im(B)Im(B). All maximal factorizations of G were described in [19, Tables 1, 3.
All factorizations X = AB, where X is a finite almost simple group and A, B are core-free subgroups
such that AN B is cyclic or dihedral, were determined in [20]. In particular, all exact factorizations can
be found in [20, Tables 10.3, 10.4].

At first, consider the case ¢ = 2™ > 4. Then we have only one maximal factorization G = H L, where
H =73":Z4-1 and L = Dy(q1). Notice that H has no subgroups of index 2. Denote R = H N L. Then
|R| = 2, and this factorization is not exact. If H = Im(B) and L = Im(B), we have 2 = |R| = |Im(B) :
ker(§)| and H has a subgroup of index 2, which is not true. Hence, the only possible factorization is
G = HL', where L' = Zq,1. This factorization is exact and gives the splitting Rota-Baxter operator
on G.

Now consider the case ¢ = p™ > 5 with an odd prime p. Let H = Z;”:Zq%l and L = Dgy1 (¢ #7,9)
be the maximal subgroups of G. According to [19, Table 1], we have a factorization G = HL if and
only if ¢ = 3 (mod 4). This factorization is exact, and we have a splitting Rota—Baxter operator.

The other maximal factorizations can be found in [19, Table 3]. All these maximal factorizations are
also presented in [20, Table 10.4], and therefore all possible factorizations of these groups are presented
in [20, Table 10.4]. All exact factorizations give us splitting Rota—Baxter operators (see Table 2). Since
A5 is simple, all non-exact factorizations with As do not lead to a Rota—Baxter operator.

The last factorization is PSLo(7) = HL = S4:7.3. We have |R| = |H N L| = 3. Since S4 does not
have a normal subgroup of index 3, this factorization does not lead to a Rota—Baxter operator.

All non-trivial Rota—Baxter operators on PSLa(q) are presented in Table 2. Now we explain why

every row of Table 2 corresponds to exactly one splitting Rota—Baxter operator up to the equivalence.
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Let G = HL = H'L' be two exact factorizations from a row of Table 2. Notice that there are two
conjugacy classes of the maximal subgroups of A5 and S4 in the corresponding groups and one conjugacy
class of the other factors. These two conjugacy classes of A5 or Sy are conjugate in the automorphism
group by some outer automorphism ¢. Hence, there exist ¢ € Aut(G) and ay € Inn(G) such that
H? = H' and (L**)? = L'. Putting ® = (¢, pas), we have ®(Hp) = Hp/, which means that our

factorizations correspond to equivalent Rota—Baxter operators. ]

TABLE 2. Rota-Baxter operators on PSLa(q)

Group Im(B) Im(B) Remark

PSLy(p™) Dgi1 p™:(%5Y)  ¢=3 (mod4), p #7,11,23,59

PSLy(p™) Zg+1 p™:i(g—1) p=2

PSLy(7) Sy 7

PSLy(7)  Ds 7:3

PSLy(11) A 11
PSLy(11) Ay 11:5

PSLQ(ll) D12 11 :5

PSLy(23) Sy 23 : 11

PSL2(23) D24 23 : 11

PSLy(59) A 59 : 29

PSLy(59) Dgo 59 : 29

Note that the equivalence on the set of RB-operators is stronger than a conjugation by the au-
tomorphism group. In particular, two conjugacy classes of Sy and As mentioned above provide two
RB-operators that are not conjugate in the automorphism group of PSL9(23) and PSLy(59) respec-
tively.
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