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ON THE UNIT GROUP OF F,[SL(2,F;)] AND IT°'S NORMAL COMPLEMENT

DIKSHA UPADHYAY ~ AND HARISH CHANDRA ™~

ABSTRACT. In this paper, we study the structure of the unit group of the semisimple group algebra
F,[SL(2, F7)], where F; is a finite field of characteristic p # 2,3,7, and SL(2, F7) denotes the special
linear group consisting of 2 x 2 matrices over the finite field F7 with determinant 1. The group SL(2, Fr)
is a finite non-abelian group of order 336, and its group algebra over a finite field provides an interesting
case for algebraic exploration, especially in the semisimple case, which occurs when the characteristic of
the field does not divide the order of the group. We provide a detailed characterization of the unit group
U(F4[SL(2, F7)]) and examine whether SL(2, F7) has a normal complement within this unit group. Our
findings show that for all primes p # 2,3, 7, the group SL(2, F7) does not admit a normal complement
in U(Fq[SL(2, F7)]). This contributes to the broader understanding of the subgroup structure and
normality conditions in unit groups of semisimple group algebras involving non-abelian quasi-simple

groups.

1. Introduction

Let Fj be a field, G a finite group, and F;G the group algebra of finite group G over F,. The
unit group of the group algebra F,G is represented by the symbol U(F,G). Finding their unit groups
is an important open research problem in group algebra theory, as it is relevant to many practical

applications, such as the isomorphism problem and the study of Lie characteristics. The group algebra
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isomorphism problem is among the trickiest in this discipline. Some results related to normal comple-
ment problem of group algebra is studied in [10, 11]. The structure of F;,G when G is a finite abelian
group are discussed in [3, 4, 17]. In [19], T. Hurley established a correspondence between a group
ring and specific ring of matrices. A significant amount of effort has been put into determining the
algebraic structure of the unit group U(F,G) of a finite non-abelian group G. Unit group structure of
group algebra of some Dihedral groups have been examined in [2, 5, 13, 14]. There has been extensive
research on the unit group of finite semisimple group algebras of metabelian groups, groups in which
there exists a normal subgroup N of G such that G/N and N both are abelian. Maheshwari and
Sharma [12] provided the unit group of F,SL(2, F3), where SL(2, F3) is the group of 2 x 2 matrices
with determinant 1 over the field F3, and ¢ = p¥,p > 5. The unit groups of the semisimple group
algebras of non-metabelian groups up to order 72 have been covered by [16]. Further, [18] provided
the structure of unit group of F,SL(2, F5) for semisimple case. The main objective of this study is to
characterize the unit group U(F,[SL(2, F7)]) of F,[SL(2, F7)]. The normal complement of SL(2, F7)
was then looked for in U(Fy[SL(2, F7)]).

2. Preliminaries

Let Fj; be any arbitrary finite field, ¢ be a primitive eth root of unity, and e be the exponent of G.
Then T be the multiplicative group consisting of those element t, taken modulo e, for which ¢ — ¢?
defines an automorphism of F,({) over Fj i.e.,

T = {t: ¢+ (' is an automorphism of F,(¢) over F,}. For any p-regular element g € G, we denote

g as the sum of all of its conjugates and the cyclotomic F-class of v, is denoted by

S(’yg) = {’ygt S T}.

Let us recall the following results concerning the cyclotomic F-classes.

Theorem 2.1. [7] The number of simple components of F,G/J(F,G) and the number of cyclotomic

F classes in G are equal.

Theorem 2.2. [7] Let j be the number of cyclotomic F-classes in G. If K;, 1 <i < j, are the simple
components of center of FyG/J(FyG) and S;, 1 < i < j, are the cyclotomic F-classes in G, then
|Si| = [K; : F| for each i after suitable ordering of the indices.

Theorem 2.3. [11] Let F;, be a finite field with prime power order q. If e is such that ged(e,q) =1, ¢
is the primitive eth oot of unity and z is the order of ¢ modulo e, then we have T = {1,q,¢*,...,¢° "1}

mod e.

To this end, let us now recall some results which will be helpful in the determination of the com-

mutative simple components of the group algebra F,G.

https://dx.doi.org/10.22108/1ijgt.2026.144473.1969
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Theorem 2.4. [15] If KG is a semisimple group algebra, then
KG2 K(G/G")® AG,G),

where G’ is the commutator subgroup of G, K(G/G") is the sum of all commutative simple components

of KG, and A(G,G’) is the sum of all noncommutative simple components of KG.

Theorem 2.5. [6] Let G be a finite group and let Fy be a finite field of characteristic p. Suppose that

J
the group algebra Fy,G is semisimple and has Wedderburn decomposition F,G = @ My, (Fy,), where
t=1
F,, is a finite field extension of Fy, then p does not divide any of the n;.

Lemma 2.6. [15] Let M be a semisimple module and M = € M; be its decomposition as a direct sum
i€l
of simple modules. If N is a submodule of M, then there exists a subset J of I such that N = @ M,;.
jedJ
Lemma 2.7. [10] If G has a normal complement in U(F,G), then m;¢(G) has a normal complement
in GL(n;,q") for 1 <i <r.

3. Unit Group of F,[SL(2, Fy)]

The primary goal of this section is to obtain the structure of unit groups of Fy[SL(2, F;)] for
semisimple case. In order to determine the unit group of group algebra F,[SL(2, F7)], firstly we have
to discuss it’s conjugacy classes. It can be easily seen that SL(2, F7) has 11 conjugacy classes. Let us
use the notation C;, i = 1---11 to represent these classes. For being more specific we have Table 1:

The conjugacy classes of SL(2, Fy), including class representatives and class sizes, were computed
using GAP [8]. The results are consistent with the known classification of conjugacy classes in fi-
nite linear groups. It is evident from the above explanation that the exponent of SL(2, Fy) is 168
and the derived subgroup (SL(2, F7))’ is SL(2, F7). Next we give the Wedderburn decomposition of
F,[SL(2, F7)].

Theorem 3.1. Let F; is a finite field of characteristic p # 2,3,7, then the Wedderburn decomposition
of F4[SL(2, Fr)] is as follows:

Proof. As we know that for p # 2,3,7, F,[SL(2, F7)] is semisimple, so it’s Wedderburn decomposition

is given by:

(3.1) Fy[SL(2, Fr)] = @My, (Fr),ny > 1
t=1
and F} is a finite extension of F,. By lemma (2.6),
i—1
(3.2) Fy[SL(2, Fr)] = FyfD M, (F),
t=1

https://dx.doi.org/10.22108/1ijgt.2026.144473.1969
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TABLE 1.
Representative Number of elements in the class | Order of element
1 0
C = 1 1
0 1
0 6
Co = 24 14
1 5
0 4
Cs = 24 14
5 5
6 0
Cq = 1 2
0 6
0 6
Cs = 24 7
1 2
0 4
Ce = 24 7
5 2
0 6
Cr = 42 4
1 0
0 6
Cs = 42 8
1 4
0 6
Cy = 42 8
1 3
4 0
Cipo = 56 3
0 2
5 0
Ci1 = 56 6
0 3

Condition on k

Wedderburn Decomposition

k is even or

p* = {1,23,25,65,71,95,113, 121,127,137, 143,151,155} mod 168 with k as odd

F,[SL(2, F¥)] = F, & Ms(F,)? ® My(F,)*®

Mg(Fy)3 ® M7(F,) ® Mg(F,)?

p* = {17,31,41,47,55,73,89,97, 103,145,167} mod 168 with k as odd

F[SL(2, Fy)] = F, ® My(Fp2) ® My(Fp2)®

A’f(;(Fq)S &3] AI7(FQ) D ]\f;g(Fq)Z

p* = {11,29,37,43,53,67,85,107, 109, 115,149, 163} mod 168 with k as odd

F,[SL(2, F;)] 2 F, ® M3(F,)* ® My(F,)*®

Mg(Fy) @ Mg(F2) ® Mr(F,) & Mg(F,)*

p* = {5,13,19,53,59,61,83,101, 125,131,157} mod 168 with k as odd

F[SL(2, Fy)) = F, & My(Fp) & Ma(Fyp) & My (F,)

OMs(Fp2) ® My(Fy) ® Mg(Fy)®

Now, first we discuss about the case when k is even, then p=1 mod 3, p=1 mod 8 and p =1,2,4

mod 7. Therefore by using Chinese remainder theorem we can see that p* =1 mod 168 or p* = 25

https://dx.doi.org/10.22108/1ijgt.2026.144473.1969
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mod 168 or p¥ = 121 mod 168. Here T'= {1,25,121}, thus |S(v,)| = 1 for all g € G. Theorem (2.1)
imply that

10
(33) FQ[SL(27F7)] = Fq@Mnt(Ft)
t=1

Now by using dimension formula, we have

10
(3.4) 335 = nj,n > 1,7t
t=1

Next, using the fact (SL(2, F7)) = SL(2, F7) and Theorem (2.4) in above, we have
10
335 =Y_n? ny >2,Vt.
t=1
There are finitely many numerical solutions for the tuple n; satisfying above equation; in fact, there

are 207 such possibilities. To determine the correct one, we proceed as follows. Let N be the normal
6 0
subgroup of G generated by the element of order 2, represented by the scalar matrix (0 6). Then

the quotient group G/N is isomorphic to PSL(3,2), which is in turn isomorphic to SL(3,2). The
Wedderburn decomposition of the group algebra F,[SL(3,2)] is known (see [1, Proposition 4.3]) and

is given by
(3-5) FqSL(?’a 2) = Ml(Fq) D M3(Fq)2 D MG(Fq) D M7(Fq) D M8(Fq)‘

Now using Equation (3.5) and [15, Proposition 3.6.7], we have

5
(3-6) Fq[SL(27 F7)] = Ml(Fq) ® M3(Fq)2 & MG(Fq) & M7(Fq) & MS(Fq)@Mnt (Ft)
t=1

with
5
168 = t;nf, ng > 2,V t.

The possible choice for the tuple n; satisfying above equation are (2,3,3,5,11), (2,3,5,7,9), (3,3,5,5,10),
(3,5,6,7,7), and (4,4,6,6,8). We now show that M;s(Fj,) cannot occur as a Wedderburn component of
F,G. Assume, for contradiction, that Ms(Fy) appears as a Wedderburn component of F,,G. Since
g =1 (mod 168), we may take ¢ = p* = 5% to eliminate inadmissible block sizes. By Theorem (2.5), if
M, (F,) occurs as a Wedderburn component of a semisimple group algebra, then the prime p does not
divide any of the remaining block sizes n;. Applying this result with p = 5, we obtain that 5 does not
divide any of the integers n;. This contradicts the assumption that a block of size 5 occurs. Hence,

Ms5(Fy) is not a Wedderburn component of F,G. Consequently, all candidates tuples containing the

https://dx.doi.org/10.22108/ijgt.2026.144473.1969
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integer 5 are excluded. Therefore, the only admissible choice is (4, 4, 6, 6, 8), which uniquely determines

the Wedderburn decomposition in this case. Hence,
(3.7) Fy[SL(2, F7)] = Fy ® M3(F,)* @ Ma(Fy)* @ Mg(Fy)® © Mq(Fy) ® Ms(Fy).

Now we will move to the case when k is odd and this is discussed in following 4 cases. Next,
we observe that in the present situation the set T can be described explicitly. More precisely, it con-
sists of the following residue classes modulo 168: T'= {1,5,11,13,17,19, 23, 25,29, 31,37, 41, 43,47, 53,
55,59,61,65,67,71,73,79,83,85,89,95,97,101, 103,107,109, 113,115,121, 125,127,131, 137,139, 143, 145,
149,151, 155,157,163,167} (mod 168).

Case 1. If pF = {1,23,25,65,71,79,95,113,121,127,137,151} mod (168). We observe the cyclo-
tomic Fy-class of 74 =1, i.e., |S(v,)| = 1, Vg € G, hence the Wedderburn decomposition will be same
as Equation (3.5).

Case 2. If p¥ = {17,31,41,47,55,73,89,97,103,145,167} mod (168). Now, we have |S(vc,)| =
{rents 1S(ven)l = {ress ot 1S(e)l = {vests 1S(ves)l = {vessvoh 1S(en)l = {ver s 15(ves)| =
{rvests 1S(vae)l = {10o ) 1S(vee)| = {reae} and [S(vor )l = {7en )5 ¥V g € G- Which implies that

6
FQ[SL(27F7)] = FQQMM(F(]) D Mn7(Fq2) @Mng(FqQ) )

6
335 =) m; + 202 + 23, ny > 2,V L.
t=1

We observe that, in the present case, the Wedderburn decomposition of Fy,SL(3,2) is known (see [1,
Proposition 4.3.]) and is given by

(3.8) FgSL(3,2) = Fy @ M3(Fq2) © Mg (Fy) & M7(Fy) & Ms(Fy).

Using this decomposition together with [15, Proposition 3.6.7], and Equation (3.10) and (3.11) , we
obtain the following Wedderburn decomposition of F;,G:

3
(3.9) FG=Fo M3(F(12) 5= M6(Fq) 5= M7(Fq) 52 MS(Fq) ® @Mm(Fq) © Mn4(Fq2)7
t=1
where the remaining block sizes n; satisfy the relation
3
(3.10) 168 =Y nf +2nf,n > 2,V ¢

t=1

All admissible integer solutions of equation (13) are given by the following tuples:
(2,3,5,11), (3,3,5,10), (3,5,6,7), (5,5,3,10), and (6,6,8,4).
Now using Theorem (2.5), we have

(3.11) F [SL(2, Fy)] & F, & Ms(Fpe) & My(Fp2) & Mg(Fy)* & M7 (F,) & Ms(Fy)*.

https://dx.doi.org/10.22108/1ijgt.2026.144473.1969
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Case 3. If p* = {11,29,37,43,53,67,85,107,109, 115,149, 163} mod (168). Now we have |S(y¢, )| =

{701}’ |S(’702)| = {76’2}’ |S(703)| = {703}7 |S(’YC4)’ = {’704}’ ‘S(7C5)| = {’76’5}’ |S(706)| = {'YCe}v
|S(’VC7)‘ = {707}7 |S(’)/CS)’ = {’708’709}’ ‘5(7010” = {7010} and ’5(7011)‘ = {7011}7 V g € G. Which

implies that

8
FQ[SL(27F7)] = thqaant(FlI) @MTZQ(FQZ) ’

8
335 = nj + 2ng,n; > 2,V
t=1

Now using Theorem (2.5) and unit group structure of SL(3,2), one can see that the Wedderburn

decomposition is given by:

(3-12) Fq[SL(Q’Fﬁ] = Fq D M3(Fq)2 D M4(Fq)2 D M6(Fq) D MG(FqQ) D M7(Fq) D MS(FQ)Q-

Case 4. If p* = {5,13,19,53,59,61,83,101, 125,131,157} mod (168), then we have |S(yc,)| = {vc, }
|S(’YC2)‘ = {7027’703}’ ‘8(704” = {’704}’ |S(705)| = {7057706}7 |S(’YC7)| = {707}’ ’5(708” =
{7087/)/09}7 ‘5(7010)| = {7010} and ’S(7011)‘ = {7011}7 Vge G. Which implies that

5
Fy[SL(2, F7)] = Fq@le (Fy) © Mg (Fi2) © My, (Fip) © Mg (Fpp)

5
335 = n; + 2ng + 207 + 203,y > 2,V t
t=1

Now using Theorem 2.5 and unit group structure of SL(3,2), one can see that the Wedderburn

decomposition is given by:

(3.13) Fq[SL(Q, Fr)) = F, @ Mg(FQQ) ) M4(Fq2) D M@(Fq) ©® M@(qu) D M7(Fq) ©® Mg(Fq)Q.

Hence the unit group of F,[SL(2, F7)] for semisimple case is given by:

4. Normal Complement of SL(2, F7) in U(F,[SL(2, F7)])

Theorem 4.1. For a finite field F, of positive characteristic p # 2,3,7, SL(2, F7) does not have
normal complement in U(F,[SL(2, F7)]).

Proof. Let F, be a field of characteristic p and SL(2, F7) be the special linear group of order 336. If k is
even or p* = {1,23,25,71,113,121,127,137,143,151, 155} mod 168 with k odd, then from Section 3,

¢
we have U (Fy[SL(2, F7)]) ~ K x GL(8, Fy), where K is direct product of General Linear groups. Now
suppose SL(2, F7) has a normal complement in U(Fy[SL(2, F7)]). Consider the projection mapping
m: ¢1(U(F,[SL(2, F7)])) — GL(8,F,). Using Lemma 2.7, m¢1(SL(2, F7)) has normal complement

https://dx.doi.org/10.22108/ijgt.2026.144473.1969
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Condition on k Unit Group

k is even or
pk = {1,23,25,65,71,95,113,121,127, 137,143,151, 155} mod 168 with k as odd U(Fy[SL(2, F7)]) = Cym1 @ GL;,(FQ)2 3} GL4(Fq)2C[}-

GLs(F,)® ® GL7(F,) ® GLs(F,)?

p* = {17,31,41,47,55,73,89,97,103,145,167} mod 168 with k as odd U(Fy[SL(2, Fr)]) 2 Cyu1 @ GLs(Fp2) ® GL4(Fp2)®

GL6(F,)? ® GL7(Fy) ® GLs(F,)?

p* = {11,29,37,43,53,67,85,107, 109,115,149, 163} mod 168 with k as odd U(F,[SL(2, F7)]) 2 Cy 1 ® GL3(F,)? @ GL4(F,)%®

GLs(Fy) ® GLo(Fpp) ® GL7(Fy) ® GLg(Fy)?

p* = {5,13,19,53,59,61,83,101, 125,131,157} mod 168 with k as odd U(F,[SL(2, F7)]) & Cye1 ® GL3(F,p) ® Glu(Fp2) ® GLo(Fy)

®GLe(Fp2) ® Glz(Fy) ® GLs(F,)*

in GL(8, F,), say N. Therefore, GL(8,F;) = N x n¢1(SL(2, F7)), where N is normal subgroup of
GL(8,F;). Now GL(8,F;) = SL(8,F;) x F* and m¢1(SL(2, F7)) is a subgroup of SL(8, Fy). This
shows that SL(8,Fy) = (N NSL(8,Fy)) x w¢1(SL(2, F7)) and hence, m¢1(SL(2, F7)) has a normal
complement in SL(8, Fy,). Thus [SL(8, F,) : NNSL(8, Fy)] = |m¢1(SL(2, F7))| < 336. This shows that

SL(8, Fy) has normal subgroup having index less or equal to 336. Now consider the natural projection
¢: SL(8,F;) — PSL(8,F,) = SL(8,F,)/Z(SL(8, Fy)).
Since PSL(8, Fy) is simple for the values of ¢ under consideration, the image
(N NSL(8, Fy))

is either trivial or equal to the whole group. As N N SL(8, F;) is a proper subgroup of SL(8, F}), its
image must be trivial. Hence,

NNSL(8,F,) C Z(SL(8, Fy)).
Therefore,
[SL(8,F,) : NN SL(8, F,)] > [SL(8, F,) : Z(SL(8, F,))] = |[PSL(8, F,)|.

Since |PSL(8, F,)| > |PSL(8,2)| > 102, in particular |PSL(8, F,)| > 336, this is a contradiction.
Hence G = SL(2, F;) does not admit a normal complement in U (F,G).

Now if k is odd with p¥ = {17,31,41,47,73,89,97,103,167} mod 168 or
pk = {11,29,37,43,53,67,107,109, 149,163} mod 168 or p* = {13,19,53,59, 61, 83,101, 125,131, 157}
mod 168, then we have U(F,[SL(2, Fr)]) = K xGL(8, F,), where K is direct product of General Linear
groups. With the similar argument as discussed above, one can verify that SL(2, F7) does not have

normal complement in U(F,(SL(2, Fr)). O
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