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ON n-ISOCLINISM OF SKEW BRACES

RISA ARAI AND CINDY (SIN YI) TSANG *

ABSTRACT. The purpose of this paper is to explore possible definitions of n-isoclinism for skew braces.

We also introduce the notions of verbal sub-skew braces and marginal left ideals.

1. Introduction

Let us first recall the definition of n-isoclinism for groups that was introduced by Hall [5, 6] (also

see [2, 7, 13]). For any group G, write

’71(G> =G, 7n+1(G) = [G77n<G)] = [7n<G)7 G] (n>1)

for its lower central series, and write

(@) =1, Z(G/G(G)) = Cu1(G)/Ca(G) (n = 0)

for its upper central series. For any groups G and H, a pair
§:G/C(G) — H[Gu(H), 0:7n11(G) — ms1(H)
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of isomorphisms is said to be an n-isoclinism if the diagram

(ENte)) e a——

7n+1(G)

(11) £®n+1 0

(H/Co(H )= T Yn+1(H)

commutes, where the horizontal maps are induced by

qb(—) : (1'1,1'2, . ,l‘n+1) — [:L‘l, [1’2, [ N [mn,zn+1]] .. H

Instead of right-normed commutator, we can also use left-normed commutator for the horizontal maps
and there is no fundamental difference (see Section 2 for details). We say that G and H are n-isoclinic
if there is an n-isoclinism from G to H.

There are two important facts to note here. For any group G, it is well-known that the following

hold (or see Propositions 2.2 and 2.6).
(1) The (n + 1)st commutator y,+1(G) is the verbal subgroup of the word

[z1, [z2, [ - [Tny Tn1]] - -],

namely v,41(G) is generated by

(91,92 [ -+ [9n> Gnt1]] - -]

for g1,92, ..., Gn, gn+1 ranging over G (see Definition 2.1).
(2) The nth center (,(G) is the marginal subgroup of the word

[xh [:L‘2a [ ) [:Ena :L'nJrl]] . ]]7

namely (,(G) is the largest subgroup of G for which the above word is well-defined on the left
and right cosets (see Definition 2.5).
Fact (1) implies that an n-isoclinism naturally induces an (n+1)-isoclinism (see Proposition 2.4). This
means that two groups are (n + 1)-isoclinic when they are n-isoclinic, which is a desirable property
that one would expect n-isoclinism to satisfy. Fact (2) ensures that the horizontal maps of (1.1) are
indeed well-defined.

Let us now consider possible definitions of n-isoclinism in the context of skew braces. Recall that a
skew (left) brace is any set A = (A, -, o) endowed with two group operations - and o such that the left
brace relation

ao(b-¢)=(aob)-a~ ' (aoc)
holds for all a,b,c € A. Here, for each a € A, we write a~! for its inverse in (A4, -) and @ for its inverse

in (A,0). Also, we use 1 to denote the common identity element of (A,-) and (A, o). It is known that
(1.2) A:i(A,0) — Aut(A,-); ar A= (b—al-(aoh))

https://dx.doi.org/10.22108/1ijgt.2026.147681.2002


https://dx.doi.org/10.22108/ijgt.2026.147681.2002

Int. J. Group Theory, xx no. x (2026) xx—xx R. Arai and C. Tsang 3
is a homomorphism, and the two group operations are linked by formulae
aob=a-A(b), a-b=aoXg(h), @=g(a™l), a'=N(a).
In addition to the commutators
la,b)=a-b-a"'-b"t, [a,blo=aobodob
of the groups (A4, -) and (A, o), it is common to consider the star product
axb=a"'-(aob)-b"1 =X,() 0",

which quantifies the difference between the two group operations attached to the skew brace A. For
any subsets X and Y of A, let X xY denote the subgroup of (A4, -) generated by the elements x * y
withze X andyeY.

For any skew brace A, the left series of A is defined by

A=A, A" =A% A" (n>1),
and the right series of A is defined by
AW =4, ACD = AP v A (0 > 1).

They may be regarded as analogs of the lower central series. From a categorical point of view [4], the
series introduced in [3] seems to be the more appropriate analog, but we shall not consider it in this
paper.

For any skew brace A, the annihilator of A is defined to be

Amn(A) ={z€ Al [a,z] =[a,z]c =2zxa=1for all a € A}
={z2€A|la,z] =2zxa=axz=1forall a € A},
which is a natural analog of the center. It is well-known that Ann(A) is an ideal of A, namely it is a

normal subgroup of both (A,-) and (A, o) that is invariant under Im(\). The annihilator series of A
is defined by

Anng(A) =1, Ann(A/Ann,(A)) = Ann,;;(A)/Ann,(A) (n >0).

This may be regarded as an analog of the upper central series. Note that Ann,(A) is an ideal of A by
the lattice isomorphism theorem of groups, so we can form the skew brace quotient A/Ann, (A).

In [9], Letourmy and Vendramin defined isoclinism (i.e. 1l-isoclinism) for skew braces, as follows.
For any skew brace A, the commutator of A is defined to be the subgroup A’ of (A,-) generated by
vo(A, ) and A2 = Ax A = A®)_ For any skew braces A and B, a pair

¢:A/Ann(A) — B/Amn(B), 60: A — B’

https://dx.doi.org/10.22108/ijgt.2026.147681.2002
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of isomorphisms is said to be an isoclinism if the diagram

(A/Ann(A))®2 — @D,y

£®2 6

(B/Ann(B))*? ————— B’

commutes for both ¢ = 1,2, where the horizontal maps are induced by

(f)l(—) : (371,:1,’2) — [:Iil,wg], ¢2(—) : ($1,$2) = 1 % 2.

This definition has many nice properties that are analogous to groups, such as the existence of a stem
skew brace in every isoclinism class [9, Theorem 2.18] and the uniqueness of its order [9, Proposition
2.17].

It is natural to ask how n-isoclinism ought to be defined for skew braces for an arbitrary n. This
question has been investigated in [8]. But there are some issues that are worth paying attention to.

For example:

(1) As a sub-skew brace, say, it is unclear whether the nth term A™ in the left series is generated by

the n-fold right-normed star products
ai * (ag * (- * (@1 *ap) ),

and similarly, it is unclear whether the nth term A in the right series is generated by the n-fold

left-normed star products
((---(ap *ag) * -+ ) kap_1) * ap.

See Section 3.1 for details.

(2) Modulo the nth annihilator Ann,,(A), the (n + 1)-fold right-normed star product is always well-
defined, but the (n + 1)-fold left-normed star product is not well-defined in general. See Section
3.2 for details.

If we simply replace A x A by A1 or A1) and Ann(A) by Ann,,(A), two skew braces might fail to
be (n + 1)-isoclinic even when they are n-isoclinic by point (1), and the notion of n-isoclinism would
only apply to some skew braces when the left-normed star product is involved by point (2). To avoid
these problems, perhaps the correct approach to m-isoclinism of skew braces is to use analogs of the
verbal and marginal subgroups.

The purpose of this paper is to introduce verbal sub-skew braces (Definition 3.1) and marginal left
ideals (Definition 3.7) in the framework of skew braces. In the case of groups, a word, in the variables

x1,...,Ty say, is an expression that can be written as a product of the symbols

-1 -1 -1
T, T2y «vv y Ty Ty 3 Ty 5 ovv s Ty

https://dx.doi.org/10.22108/1ijgt.2026.147681.2002
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In the case of skew braces, there are two group operations involved, so we define a word, in the variables
x1,...,Ty say, to be an expression that can be written as a product, using any combination of - and

o, of the symbols

-1 -1 -1 — =
L1y T2y vvv 3 Ty Ty 5 Ty 5 v 3 Ty 5 Ty T2y - vy T

Due to their relation with n-isoclinism, we are particularly interested in the left-normed and right-
normed star products. We shall investigate the verbal sub-skew braces and marginal left ideals asso-
ciated to these words. We hope that our discussion will provide new insights into how n-isoclinism

ought to be defined for skew braces (see Section 4).

2. Verbal subgroups and marginal subgroups
We have the word in two variables given by the commutator

[z1,22] = x1 - (mxl)_l, where 221 = 29 - 21 -3:2_1.

Recursively, we can define the n-fold left-normed commutator
[x1, 22, ..., 2n] = [[x1,- .-, Tn-1], zn]
and the n-fold right-normed commutator
(X1, T, ..., &y = [21, [T2, ..., Tp]]

for any n > 3. We shall be particularly interested in these two words.

2.1. Verbal subgroups. The next definition is due to Hall [6].

Definition 2.1. Let W be a collection of group words in n variables. For any group G, the verbal

subgroup of G associated to W is defined to be the subgroup Viy (G) of G generated by the elements
w(g1,92,- - - In)
for w ranging over W and g¢1, g2, . . ., g, ranging over G.
The next propositions are well-known.

Proposition 2.2. Let G be a group. For any n > 1, we have

’Yn(G) =V

[117x27~-'7xn]

().
Proof. The case n = 1 is trivial. Now, suppose that v, (G) is generated by

S = {[917927"'agn] 291,92,---,9n € G};

and we want to show that v,,41(G) is generated by

T:= {[91792, e ,gn+1] 291,925 ---,9n+1 € G}-

https://dx.doi.org/10.22108/1ijgt.2026.147681.2002
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It is enough to check that [g,h] € (T') for all g € G and h € ~,(G). By the induction hypothesis, we

can write h = s}s) - - sj, where
sy = s for some s, € S, €, € {1}
for each 1 < k < /. The key here is that we have the identities
(2.1) [z, y190] = [z, ][z, Ve, [z = wy) T
(2.2) Y[z, z, ... xn) = [Ya1, Y29, ..., Y2y,
For £ =1, we then see that
lgs] €T, lgs7']= [T g.s1] 7 € (1),
and so [g, s}] € (T'). For £ > 2, similarly we can use (2.1) to write
g, s15 - 54) = [9: 51][*19, *1 (55 -+~ sp)] = [g, 51][*1 g, (F1s2)2 - - (1) ).

Notice that *1sy,...,%1s, € S by (2.2), and so it follows from induction on ¢ that [g, h] € (T'), which

is as desired. O

Proposition 2.3. Let G be a group. For any n > 1, we have

Y(G) = V[[m,zz,..-,mn]] (G).

Proof. Instead of (2.1) and (2.2), we use the identities

_ -1 .

(23) [3/13/2»33] = [ylyQayl'rHybx]a [y 1356] = [yay :E] 17

(2.4) Iz, 22y oy xn] = [Ya1, Y29, ..., Y],

and the proof is essentially the same as Proposition 2.2. O

Proposition 2.2 is a crucial fact in order for an n-isoclinism to induce an (n + 1)-isoclinism. This
implies that the notion of n-isoclinism gets weaker as n increases, which is a natural desirable property

that one would expect n-isoclinism to satisfy.
Proposition 2.4. Two n-isoclinic groups are always (n + 1)-isoclinic.

Proof. Let G and H be n-isoclinic groups and let (&, 6) be any n-isoclinism from G to H. From the

natural isomorphisms

- _G/G(G) . H/G(H)
G/CnJrl(G) — Z(G/CH(G))’ H/CnJrl(H) - Z(H/CH(H))’

we see that ¢ induces an isomorphism &' : G/(1+1(G) — H/(n41(H). For any g € G, let g denote
the class of g modulo (,(G). By the commutativity of (1.1), for any g1, g2, ..., gn+2 € G, we have

091,92 - - -, gn+2]) = [€(G1)s -, €(9n), E([gn+1, gnr2])]
- [f(.ﬁ): ce 75(%)75(971\;1)76(9/7:2” € 7n+2<H)'

https://dx.doi.org/10.22108/ijgt.2026.147681.2002
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Since the elements [g1, g2, - . ., gnt2] generate 7, 12(G) by Proposition 2.2, it follows that 6 restricts to
an isomorphism €’ : v,12(G) — Yp12(H). Clearly (¢/,6’) is an (n + 1)-isoclinism, whence G and H

are (n + 1)-isoclinic. O
2.2. Marginal subgroups. The next definition is again due to Hall [6].

Definition 2.5. Let W be a collection of group words in n variables. For any group G, the marginal
subgroup of G associated to W is defined to be the subgroup My (G) of G consisting of the z € G
such that we have the equalities
w(gl7927 oo 7971) = w(gl7 s Giky e 7971)
= w(gl""7z.gi7"'agn)

forallw e W, g1,...,9, € G, and 1 < i < n. It is straightforward to verify that My (G) is indeed a
subgroup of G.

The next propositions are well-known.

Proposition 2.6. Let G be a group. For anyn > 1, we have

Q-TL(G) = M[l'l,l'g,...,.’ﬂn+1} (G)

Proof. The case n = 1 is trivial. Now, suppose that the claim is true up to n — 1, and let us put

w = [x1,x9,...,Tns1] for short. If z € M, (G), then
[91792)' "7g’n7z] =1 for all g1,92,---,9n S G
= [92,.--,9n,2] € Z(G) for all go,..., g, € G

= [93,.--,9n,2] € (2(G) for all g3,...,9, € G

= [gn, 2] € (n—1(G) for all g, € G
= 2z € (,(G).
Conversely, if z € (,(G), then we can show that z € M, (G), as follows. We let g1,¢92,...,9n+1 € G
be arbitrary. It suffices to show that
(91,92, Gnt1] = (9153 GiZy -« s Gnt1]

for all 1 <i <n+ 1 because (,(G) is normal in G.

(a) The case i =n + 1: Using (2.1), we can write

[91, -+ gns gnar2] = g1, -+ gn—1, [ Gna ][ g, 701 2]
Since z € (,(G) and (,(G) is normal in G, we have

[gn+1 n, gn+1z] c Cn—l (G)

https://dx.doi.org/10.22108/ijgt.2026.147681.2002
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But (,—1(G) € My, 4y....2,)(G) by induction, so it follows that

[917 ... 7gn)gn+1z] = [917 ey On—1, [gn7gn+1]]a

which is as desired.

(b) The case 1 < i < n: Put g = [git+1,---,9n+1]. Using (2.3), we can write

915, Gi%s ooy Gng1) = [91, - -5 gi—1, [P 2,7 9] 95, 9]].

As shown in [10, 5.1.11(iii)], for example, we have the inclusion

(2.5) [Cn(G), Yn-i+1(G)] C Gi-1(G).

R. Arai and C. Tsang

Since z € (,(G) and g € y,—i+1(G), and both of the subgroups here are normal in G, we have the

containment
[92,%g] € ¢i-1(G).
But (;-1(G) € My, 4y,...2,](G) by induction, so it follows that
[91, ey giZ, . agn-i-l] - [glv ey Gi—1, [gug]]a
which is as desired.

This completes the proof.

Proposition 2.7. Let G be a group. For any n > 1, we have

CH(G) = M[[xl,xg,...,xn+1]] (G) *

Proof. 1t is completely analogous to Proposition 2.6.

g

Proposition 2.6 shows that the horizontal maps in (1.1) are well-defined so that the notion of

n-isoclinism applies to all pairs of groups.

2.3. Definition of n-isoclinism. From Propositions 2.2, 2.3, 2.6, and 2.7, we see that left-normed

commutators could be used for the horizontal maps in (1.1) and there is no fundamental difference.

The commutativity of (1.1) does not depend on this choice either. Indeed, we have the identities

[z,y) = [y " Ya], [y,2] = [Yz,y7"]

by replacing y by y~! in (2.1) and (2.3), respectively. Using these, we easily verify by induction that

for n even and n odd, respectively, we have

[.%'1,.1‘2, e ,:L'n_H]

[[xn+17 xn’ [$n7$n+1}xn717 A 7$47 [w47”.7xn+1}x37 'r27 [$27...7In+1]x1:[|7

[[$n7 Tn+1yTn—1,
Similarly, for n even and n odd, respectively, we have
[[1‘1, Ty ... ,xn+1]]

https://dx.doi.org/10.22108/ijgt.2026.147681.2002
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[[[ivl,-~~,$n]]xn+17 T, [[901,--~75En72]]xn_17 Tp_2,..., [[9617902]]%3’ T, 331]’
(leveandg, oy @y, Ermnly, o g, o lEve2@sly, ps 0 o).

It follows immediately from these identities that the commutativity of (1.1) does not depend on

whether we use right-normed or left-normed commutators for the horizontal maps.

3. Verbal sub-skew braces and marginal left ideals

We have the word in two variables given by the star product

xl*xgle_l'(xl oxg)-xz_l.

Recursively, we can define the n-fold left-normed star product
Ty kLo k- Kk Ty = (T Kk Kk Tyy—1) * Ty
and the n-fold right-normed star product
Tk T k- k Ty = X1 % (Tg % -+ *kTp)
for any n > 3. We shall be particularly interested in these two words, and also the group commutators
[z1,22,...,2,] and [z1,Z2,...,2Zpn)o

with respect to - and o, respectively. There is no fundamental difference, so we shall always take our

commutators to be right-normed.

3.1. Verbal sub-skew braces. We propose the following definition, which is a natural an analog of

Definition 2.1 in the context of skew braces.

Definition 3.1. Let W be a collection of skew brace words in n variables. For any skew brace A, the
verbal sub-skew brace of A associated to W is defined to be the sub-skew brace Viy (A) of A generated
by the elements

w(ay,ag,...,ay)

for w ranging over W and aq, aq, ..., a, ranging over A.

It is natural to ask whether the analogs of Propositions 2.2 and 2.3 hold for skew braces. In other

words, is it true that
(3.1) A" = Visagrosa, (A) and  A™ =V, 00 (A)

for all n € N and for all skew braces A? The cases n = 1,2 are trivial, but it seems that the proof of
Proposition 2.2 cannot be modified to prove the case when n > 3. For the right-normed star product,

we have the identities

(3.2) z* (yye) = (@xy)(x*y)yy ', zxy =y Yz xy)ty,

https://dx.doi.org/10.22108/ijgt.2026.147681.2002
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which is an analog of (2.1). For the left-normed star product, we have

1

(3.3) (yiy2) xx =y (g1 *2)yo(yo x ), y ' vz =ylyxz) 'y,

which is an analog of (2.2), only in some special skew braces. For example, the identity (3.3) is true
in a two-sided skew brace, namely a skew brace A for which the right brace relation
(b-c)oa=(boa)-a~t-(coa)

also holds for all a,b,c € A. But in general, we only have the identity

(3.4) (y1oy2) *x = (y1* (y2 x 7)) (y2 * ) (y1 * T),

which is not easy to work with. In any case, the analogs of (2.2) and (2.4) both fail because we cannot
simplify y(x1 * 22)y~! to a single star product in general, and this is why we cannot adapt the proof

of Proposition 2.2 to prove (3.1). In view of this, we introduce two new series for a skew brace.

Definition 3.2. For a skew brace A, define:

(1) the verbal left series of A to be A% = Vg, szpsena, (A) for n > 1;
(2) the verbal right series of A to be AW =V, ... 0 (A) for n > 1.

Clearly A% = A" = A = A®@ for p = 1,2, while A2 C A™ and A c AM for n > 3. We do not

know whether the latter inclusions can be strict.

It is known that the terms in the left series are all left ideals, and we now prove that the same is
true for the terms in the verbal left series. It is also known that the terms in the right series are all

ideals, but we do not know whether the terms in the verbal right series are even left ideals.

Proposition 3.3. Let A be a skew brace. For any n > 1, the sub-skew brace A% is a left ideal of A

and is generated by aj * -+ * ap for ai,...,a, € A as a subgroup of (A,-).

Proof. Consider the subgroup I,, of (A,-) that is generated by aj x --- * ay, for ay,...,a, € A. It is
enough to show that I, is a left ideal of A, because then I,, would be a sub-skew brace of A, which
clearly means that I,, = A™ has to hold. To that end, we use the identity
Ay(z1 % 2) = (yoxy 0F) * Ay(x2).
Since the star product is right-normed here, applying this repeatedly yields
Mp(ay x---*a,) = (boajob)* (boagob)*---x (boay_10b)* Np(an)

for all b,ay,...,a, € A. Since these elements aj * - - - * a, generate I, with respect to - and Ay €
Aut(A,-), this implies that A\y(I,,) C I,, for all b € A. Thus, indeed I, is a left ideal of A. O

Recall that the proof of Proposition 2.2 cannot be generalized to prove a similar statement for the
star product for the following reasons:
(1) For the right-normed star product, the analog of (2.2) fails.

https://dx.doi.org/10.22108/ijgt.2026.147681.2002
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(2) For the left-normed star product, the analogs of (2.3) and (2.4) fail.

There are conditions on a skew brace A under which these issues vanish, in which case we can show
that A" = A% and A™ = A® respectively.

First, we consider the right-normed star product.

Lemma 3.4. Let A be any skew brace such that the image of (1.2) is normalized by Inn(A, ). Then

for any b,a1,a9,...,a, € A, we have
blag *ag*---*ap)b ' =da} xay*---%al,

for some al,al, ... al, € A.

Proof. For any a € A, the hypothesis implies that
conj(b)Agconj(b) ™! = Ay

for some a’ € A, where conj(b) denotes the inner automorphism x + bxb~! of (A,-). Thus, for any

a,c € A, we can write
(3.5) b(a* c)b~! = conj(b)(Na(c)c™)
= A (conj(b)(c)) - conj(b)(c) ™
= Ao (bcb™1) - (beb™1) 71
=a’ * (beb™1).
Since the star product is right-normed here, we deduce that
blay * ag * --- % ap)b~t = a} * (b(ag % - % an)b™ )

=a) xayx (b(ag*---*a,)b 1)

=da) xayx---xal,_|* (bapd™t)
for some a,d),...,al,_, € A, as desired. d

Proposition 3.5. Let A be any skew brace such that the image of (1.2) is normalized by Inn(A,-).
Then A™ = AZ for alln > 1.

Proof. The case n = 1 is trivial. Now, let us suppose that A” = A% By Proposition 3.3, this means
that A™ is generated by

S = {al*CLQ*"'*an:a17a27-"7anGA}
as a subgroup of (4, ), and we shall show that A"*! is generated by
T = {(Il*CLQ*"'*an+1 1a1,a02,...,0n41 € A}

https://dx.doi.org/10.22108/ijgt.2026.147681.2002
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as a subgroup of (A, -). It suffices to show that axb € (T') for all a € A and b € A", where ( ) denotes

subgroup generation in (A, -). By the induction hypothesis, we can write b = s/ s5 - - - s}, where
s, = si* for some si, € S, ¢, € {1}

for each 1 < k < ¢. For ¢ =1, it follows from (3.2) and (3.5) that

1

axsi €T, axs] = sfl(a*sl)_lsl =(d'xs)te (T)

for some a’ € A, and so a x s} € (T'). For £ > 2, again (3.2) and (3.5) imply

ax (sish o sp) = (axs))si(ax (shsp)sy "

/

= (@)@« (hsa)? o ()

for some a” € A. But note that $1ss,...,%1s, € S by Lemma 3.4. Hence, it follows from induction on
¢ that axb € (T), as desired. O

Next, we consider the left-normed star product. The proof is very similar to Proposition 3.5. In
fact, it is slightly easier because we no longer have to worry about conjugation of star products when
we have the containment A% A C Z(A4,-).

Proposition 3.6. Let A be any two-sided skew brace such that Ax A lies in Z(A,-). Then A = A®@
for all n > 1. In fact, the sub-skew brace A™ is generated by ai % - -- * an, where ai,...,a, ranges

over A, not just as a sub-skew brace of A but also as a subgroup of (4,-), for alln > 1.
Proof. The case n = 1 is trivial. Now, suppose that A™ is generated by
S:={ay1xagx---*ay:a,as,...,a, € A}
as a subgroup of (A4, ), and we shall show that A+ s generated by
T:={ai*xag %+ *xapy1:0a1,a2,...,a,41 € A}

as a subgroup of (A4, -). It suffices to show that bxa € (T) for all a € A and b € A, where ( ) denotes

subgroup generation in (A, -). By the induction hypothesis, we can write b = s s} - - - s}, where
s, = s;* for some si, € S, ¢, € {1}

for each 1 < k < /. Since A is two-sided and A x A lies in Z (A4, -), it follows from (3.3) that z — z *xa

defines an endomorphism on (A4, -), so we have
(8/18/2 .. SIZ) xa=(s1%a) (sgxa)?---(sp*a).

Since s xa € T for each 1 < k < ¢, we see that bxa € (T), as desired. O
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3.2. Marginal left ideals. We propose the following definition, which is an analog of Definition 2.5

in the context of skew braces.

Definition 3.7. Let W be a collection of skew brace words in n variables. For any skew brace A, the
marginal left ideal of A associated to W is defined to be the left ideal My (A) of A consisting of the
z € A such that we have the equalities

(3.6) w(ar,az,...,an) =w(a,...,a; \p(2),...,an)
=w(ay,...,\p(2)a,...,ay)

(3.7) =w(ay,...,a;0M(2),...,an)
=w(ag,...,p(2)0a;,...,a,)

for all w € W, b,aq,...,a, € A, and 1 < i < n. Note that (3.7) follows from (3.6) and so is in fact
redundant. It is easy to see that My (A) is indeed a left ideal of A. The only thing that might not be

obvious is that
w(ay,ag,...,ay) = w(ay,..., )\b(z_l) Oy .-y lp)

whenever z € My, (A). To see why this equality holds, put ¢ = A\y(2~!) and note that ¢ = \z(c™!) =

Azob(2). Since z € My (A), by viewing A\p(271) 0 a; as a single element, we obtain

w(al,...,)\b(zfl) O Qjy...,ap) =w(ay,...,Aeob(2) o)\b(zfl) O iy ... lp)
=w(ai,...,C0CO A, ..., ap)
=w(ag, ... Q... 0n),

which is as desired.

Analogous to Proposition 2.6 or 2.7, the annihilator of a skew brace may be realized as a marginal
left ideal.

Proposition 3.8. Let A be a skew brace. We have
Ann(A) = Mz, 2] 21520} (A)
= M) 2o) far )0, 522} (A)-
Proof. Put W = {[z1,z2], 21 * 22} and W' = W U {[z1, x2]o}. Since
My (A) 2 My (A)
clearly holds, it suffices to show that
My (A) O Ann(A) O My (A).

We prove these two inclusions separately.

https://dx.doi.org/10.22108/1ijgt.2026.147681.2002
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(1) first inclusion: Let z € Ann(A). Since Ann(A) is an ideal of A, for each word w € W' and for
1 <4 <2, we only need to check either (3.6) or (3.7), and we also do not need to consider the

action of A\. This means that it suffices to show that

a1, az] = [a12, az] = [a1, a2z]

[a1, as]o = [a1 © 2, a2]o = [a1, a2 0 2]o

a; x ag = (a1 0 2) x ag = ay * (azz)
for all aj,as € A. The first two sets of equalities hold because Ann(A) lies in both Z(A4,-) and
Z(A, o), while the last set of equalities follow immediately from (3.4) and (3.2). Thus, we indeed

have z € My (A).
(2) second inclusion: Let z € My (A). This implies that

1=[a,1]=a,2], 1l=axl=axz, 1=1%xa=z%*a,

for all a € A. Thus, we have z € Ann(A).

This completes the proof. O

However, we cannot extend Proposition 3.8 to an arbitrary n. For example, for n = 2, there are

skew braces A for which

(Ax A)x Anny(A) # 1

by [11, Section 3|. This means that the (n+1)-fold left-normed star product is not well-defined modulo
Ann, (A) in general for n > 2. Nevertheless, the argument in Proposition 2.6 may be adapted to show
that the (n + 1)-fold right-normed star product is well-defined modulo Ann,(A) for every n > 1.
This shows that unlike the commutators, the left-normed and right-normed star products exhibit very

different behaviors.

Proposition 3.9. Let A be a skew brace. For any n > 1, we have

Ann,, (A) C Mz, o, (A).

Tt 1],[81,22, T 1]o,B1*T ok * Ty 41 }

Proof. The case n = 1 follows from Proposition 3.8. Now, suppose that the claim holds up to n — 1.
Let z € Ann,(A). Since Ann,(A) is an ideal of A, for each word and 1 < i < n + 1, we only need to
check either (3.6) or (3.7), and we also do not need to consider the action of A. Note that

[(l]_,(lg, o "an-‘rl] = [a17 sy @iz, 7an+l]
[a1,a2,...,ap+1]0 = [a1,...,0;0 2, ..., ant1]o
for all a1,as,...,an+1 € A and 1 < i <n + 1 by Proposition 2.5 because

Ann, (A4) C (A, ) N¢a(A4,0)
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by a simple induction. Thus, it remains to verify that

ap * -k apy1 = (a1 02) xag -k dpt1

=aypx(ag02) % - *aps1

=ayx- % (ay02) % Apy1
=qay %k ap * (Ape12)
for all a1, aq9,...,an+1 € A. In other words, we check (3.6) for 1 <7 <nand (3.7) fori =n+1. Asin

the proof of Proposition 3.8, the difference in the choice between (3.6) and (3.7) for different values
of 7 is based on the identities (3.2) and (3.4).

(a) The case i =n + 1: Using (3.2), we can write

ap *ag * -k ap * (Ape12) = ajp * - * ap_1 * {(an * ant1)2'},
where 2’ = ap41(an * z)a;il. Since z € Ann,(A) and Ann,,_1(A) is an ideal of A, we deduce that
an * 2z € Ann,_1(A) and 2’ € Ann,_1(A).
Since Ann,,_1(A) € My, wgossz, (A) by induction, it follows that
ap x -k Qp * (App12) = ap k- xap_1 % (p * A1),

which is as desired.

(b) The case 1 <i < n: Put a = a;41 * - -+ * ap4+1. Since the star product is right-normed here, using

the identity (3.4), we can write
ayp ® - (%a; 0 2%) -+ - % Apgq

=ayx---*xa;—1 *{(a;02)xa}

=ayx---xa;—1*{(a;ix (zxa))(z*xa)(a; xa)}.
Analogous to (2.5), it was shown in [12, Theorem 6.3] that

Anny, (A) * AV C Anng_ 4 (A).
Since z € Ann,(A) and a € A" *1 we see that
zxa,a; % (z*a) € Ann;_1(A).
But Ann;_1(A) C My, szyssz,(A) by induction, so it follows that
apx - % (@;02) kK Quy1 = ag k- ka1 % (a; % a),

which is as desired.
This completes the proof. O
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4. Definition of n-isoclinism for skew braces

As mentioned in the introduction, since the (n+ 1)-fold left-normed star product is not well-defined
modulo the nth annihilator in general for n > 2, perhaps one should approach n-isoclinism for skew
braces using verbal sub-skew braces and marginal left ideals.

In the case of groups, the marginal subgroup of [x1, ..., z,+1] happens to be always normal, so one
can form the quotient group. But this is not true for an arbitrary collection of words. In the case of
skew braces, similarly the marginal left ideal need not be an ideal in general. To resolve this problem,
we introduce a new definition that is analogous to the core of a subgroup in a group, so that we can

form skew brace quotient.

Lemma 4.1. Let A be a skew brace.

(a) For any family {I,}uecu of ideals of A that is totally ordered with respect to inclusion, the union
Uuer Lu is an ideal of A.

(b) For any ideals I and J of A, the product I.J is an ideal of A.

(¢) For any sub-skew brace Z of A, the set

S(Z):={I:1is an ideal of A contained in Z}
has a unique mazximal element with respect to inclusion.
Proof of (a). This is a simple exercise. O

Proof of (b). It is clear that I.J is a left ideal of A that is normal in (A,-). For any a € I and b € J,

observe that we have

ab=aoXz(b) and aob=al,(b),

where A\z(b), Ao (b) € J because J is a left ideal of A. This gives IJ = I o J, so then I.J is also normal
in (A, o), whence IJ is an ideal in A. O

Proof of (¢). The set S(Z), which is partially ordered via inclusion, is non-empty because it contains
the trivial sub-skew brace 1. By (a), every totally ordered subset of S(Z) has an upper bound in
S(Z), and so Zorn’s lemma implies that S(Z) has a maximal element. By (b), this maximal element

is necessarily unique. O

Definition 4.2. Let A be a skew brace. For any sub-skew brace Z of A, we define the core of Z in
A, denoted by Corex(Z), to be the unique maximal element of S(Z), namely the unique largest ideal
of A that lies in Z.

We now propose a new definition for n-isoclinism in the framework of skew braces. Our definition

applies to any collection of skew brace words in n + 1 variables and any pair of skew braces.
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Definition 4.3. Let W = W, be a collection of skew brace words in n + 1 variables. For any skew

braces A and B, a pair
¢ : A/Coreys(Mwy(A)) — B/Coreg(Mw (B)), 0:Vw(A) — Viy(B)

of isomorphisms is said to be a W -isoclinism if the diagram

(A/Coren(My(A)))Entt — 2o 4y

(41) 5®n+1 0
(B/COI‘eB(Mw(B)))@nJrl ¢>w—(B)> Vw(B)

commutes for every w € W, where the horizontal maps are induced by

Gw(=) (1,22, .., Tpg1) = W(T1, X2,y .oy Tpt1)s
and are well-defined by the definition of marginal left ideal. We say that A and B are W -isoclinic if

there is a W-isoclinism from A to B.

This new perspective of isoclinism has the advantage that the definition works for all skew braces,

regardless of the choice of the collection of words. For example, consider the natural choices
(42) Wn = {[561,1‘2, e ,:EnJrﬂ, [331,.’132, ey $n+1]o, T1 X T *k -k fL’n+1}
Winy = {[z1, 22, .., Tpt1]s [T1, T2y« o oy Tnp1]oy T1 X To k- X Tppg1}
for n > 1. Clearly W := W1 = W(y), and it follows from Proposition 3.8 and [9, Proposition 3.9]
that W-isoclinism coincides with the isoclinism defined in [9]. Moreover, by the next proposition,

the notions of W-isoclinism and W(,)-isoclinism both get weaker as n increases, which is a desirable

property.

Proposition 4.4. Let Wgr and Wi, be two collections of skew brace words in two variables, and put
W =WgrUWg. For each w =w; € W, define

w(T1, Wn—1(T2, - -, Tnt1))  for w € Wh,
wn(xl, Ty v ,xn+1) =
W(Wp—1(T1, -, Tp), Tpt1) forw € Wy,
recursively. For each n > 1, put W™ = {w, : w € W}, which is a collection of skew brace words in
n + 1 variables. Then two W™-isoclinic skew braces are always W™t isoclinic.

Proof. Let A and B be W™-isoclinic skew braces and let (§,0) be any W™-isoclinism from A to B.
For simplicity, put

M (A) = Myr(A), Cr(A) = Coresa(Mi(A)), Vit1(A) = Vir(A),
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for any k, and similarly for B. A simple induction shows that

W (21, -« Ty, W(Tpg1, Tngo)) for w € Whg,
Wnt1(T1, T2, ..., Tpyo) =
wp(w(z1, T2), 3, ..., Tnt2) for w € Wi,

Together with the original definition of w41, we easily see that
Cn(A) - Cn—i—l (A), Vn—i—l (A) 2 Vn+2(A)a

and similarly for B. In what follows, for each a € A, let a denote the class of a modulo C),(A), and
similarly for B. Also, let w, 41 € W™t! be arbitrary. Here, let us assume that w € Wgr. We shall omit
the case w € W, because it may be dealt with in a completely analogous manner.

First, let us show that

§(Cn41(A)/Cn(A)) = Cpny1(B)/Cn(B),
which would imply that ¢ induces an isomorphism
¢+ A/Cri1(A) — B/Cpir(B).
By symmetry, it suffices to show the left-to-right inclusion. To that end, let I,,41(B) be the ideal of
B such that
§(Cnt1(A)/Cn(A)) = In1(B)/Cn(B),

and we wish to prove I,11(B) C Cy41(B). Since I,41(B) is an ideal of B, by the maximality of
Chr+1(B) it suffices to prove the inclusion I,,+1(B) C M,11(B), and for each z € I,,41(B), we only
need to check that

wn+1(b1, bQ, ey bn+2) = wn+1(b1, ey biz, e ,bn+2)
for all by,b9,...,bp42 € B and 1 <i <n+ 2. Now, we may write
§) =% &@)=bi, ..o El@nyz) = bos

for some u € Cy41(A) and ay, ..., a2 € A. By the commutativity of (4.1) for the word w,, and the
fact that u € Cp+1(A), we then see that

Wnt1(b1,b2, ..., bpt2) = wp (b1, ..., by, w(bpt1, bni2))
= 0(wp(a1,...,an, w(ant1, ant2)))
= O(wn+1(a1,a2,...,an42))
= O(wnpt1(at,...,au,...,an42))
(1) = O(wp(ay,...,au, ... a0, w(an+1,ane2)))
(1) = wp (b1, .., bz, by w(bps1, buyo))
= Wpt1(b1y ..., biz, .. bpto).
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In the equalities (f), we assumed 1 < i < n, but the same calculation works for n +1 <i <n+2 as
well. Since wy, 41 € Wt was arbitrary, it follows that z € M, 1(B), as desired.
Next, let us show that

0(Vai2(A)) = Vara(B),

which would imply that # induces an isomorphism
o : Vn+2(A) — Vn+2(B)

By symmetry, it is enough to show the left-to-right inclusion. By the commutativity of (4.1) for the

word wy,, for any a1, as,...,a,12 € A, we have
O(wni1(a, az, ..., ant2)) = O(wp(at, ..., an, w(ant1, ansi2)))
= wn(§(a1), ..., &(@n), {(w(ant1, ant2)))
= wn(§(a1), - .-, &(@n), w(§(ant1), €(ant2)))

= wn+1(f((ﬁ),§(d§), s 75(67_1\-1-/2)) € Vn+2(B)

Since these elements wyy1(a1,as, ..., an1o) generate Vi, 12(A) as wy,y1 ranges over WL it follows
that 0(V,42(A)) C V,42(B), as desired.
The pair (¢,6') is clearly a Wl isoclinism. Therefore, we have shown that A and B are Wn"*l-

isoclinic, as claimed. O

Finally, let us go back to the collection W), of skew brace words as stated in (4.2). For any skew

brace A, we know from Proposition 3.9 that
Ann, (A) C Corea(Mw, (A)) C My, (A4),
for any » > 1. In this case, instead of
A/Cores (M, (A)),
we can also define W,-isoclinism via the possibly more natural choice
A/Ann,(A).

At the moment, it is unclear, at least to us, which is the better choice. We end this paper with a few

examples of A such that
(4.3) Anny(A) C Corea(Mw,(A)),

which means that the two choices are genuinely different. To that end, it is enough to exhibit a skew

brace A satisfying

(4.4) v3(A,-) =73(A,0) = A3 =1 and Anny(A) # A.
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Indeed, the equalities trivially imply that
Core (M, (A)) = My, (A) = A,

and so we obtain the desired condition (4.3). We shall exhibit examples by considering braces (i.e.

skew braces A with (A4, ) abelian) of order p? for a prime p. In this case, we have
72(A, ) = ’)/3(14, ) =1 and ’}’3(14, O) =1

because groups of order p® have nilpotency class at most 2. Thus, we only need to check that A3 =1
and Anng(A) # A.

Braces of order p* were classified in [1]. The following examples are:

e the last brace in [1, Theorem 3.1(2), Socle of order 2],
e the last two braces in [1, Theorem 3.2(2), Socle of order p] with a = 0,
e the last brace in [1, Theorem 3.2(3), Socle of order p] with ¢ =0,

respectively. We show that they all satisfy A3 = 1 and Anng(A) # A. Note that for p = 2, we get one
such brace, and for p > 3, we get three such braces.

In what follows, we use the notation

ala—1)

Cla,2) =142+ +(a—1)= =

for any non-negative integer a.

Example 1. Consider the brace
A= (Z/2Z x Z]AZ,+,0),

where + is the usual addition, and o is defined by
ary b1\ (a1 +b1+Cl(az,2)by
a2 by as + by + 2a9bo '
The star product is then given by
al * b1 . C((IQ, 2)()2
ag b2 2&252 .

A? = 7/27 x 27.JAZ, A? = {0} x {0},

From this, it is easy to see that

Ann(A) =Z/2Z x {0}, Anny(A) =7Z/27Z x 27 /4Z.

Thus, this brace A satisfies the condition (4.4).
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Example 2. Let p be any odd prime. Consider the brace
A = (Z/pZ X Z/p2Za +7 0)7

where + is the usual addition, and o is defined by

ar) br) a1 + b1 + agby
as by ag + by + plarby — Clag, 2)b2)C )

Here, either ( = 1 or ( = ¢ (following the notation of [1]) is a non-quadratic residue modulo p. The

() ()= G )
as by plarbs — Claz,2)b2)¢ )

From this, it is easy to see that

star product is then given by

A? = 7,/pZ x pL[p°Z, A® = {0} x {0},
Ann(A) = {0} x pZ/p*Z, Anny(A) = Z/pZ x pZ/p?Z.
Thus, this brace A satisfies the condition (4.4).
Example 3. Let p be any odd prime. Consider the brace
A= (Z/pZ x L|pZ x Z]pZ,+,0),

where + is the usual addition, and o is defined by

a by a1 + b1 + ((Ig — C(ag, 2))b2
ax | o | b | = az + by + asbs
as b3 as + bg

The star product is then given by

aq bl (a2 — C(CL3, 2))[)3
as | x| b | = asbs
as b3 0

From this, it is easy to see that
A? = 7)pZ x 7/pZ x {0}, A3 ={0} x {0} x {0},
Ann(A) = Z/pZ x {0} x {0}, Anns(A) =Z/pZ x Z/pZ x {0}.
Thus, this brace A satisfies the condition (4.4).
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