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UNITS IN Fy Dy,
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ABSTRACT. Let FyD2, be the group algebra of Da,, the dihedral group of order 2n, over F, = GF(q).
In this paper, we establish the structure of U(Fox D2y ), the unit group of For Do, and that of its

normalized unitary subgroup Vi (Fox D2,) with respect to canonical involution * when n is odd.

1. Introduction

Let F'G be the group algebra of a finite group G over a field F' and U(FG) be its unit group. The
homomorphism ¢ : FG — F given by ¢ <deG agg> = deG ag is called the augmentation map of
FG. The group of normalized units of F'G, denoted by V(F'G) consists of all the units in F'G of

augmentation 1. The anti-automorphism ¢ — ¢!

of G extends linearly to an anti-automorphism
a — a* of FG; this extension leaves V(F'G) setwise invariant and its restriction to V(F'G) followed
by v — v~! gives an automorphism of V(FG). The elements of V(FQ) fixed by this automorphism
are the normalized unitary units of F'G; they form a subgroup denoted by Vi(FG). If F is a field of

characteristic 2, then
Vi(FG) = { v eU(FG) | v =v" }.

In [1], A. Bovdi and L. Erdei described the unitary subgroup Vi(FoG) for all groups G of order 8
and 16. The structure of Fyx Qg was established by L. Creedon and J. Gildea in [4], where Qg is the
quaternion group of order 8. In [2], V. Bovdi and L. G. Kovécs gave conditions on F' and G for which
Vi(FG) is normal in V(FG). Additionally in [3], V. Bovdi and A. L. Rosa determined the order of
Vi(FxG) for special cases of G. In [5], K. Kaur and M. Khan described the structure of U(F2D5,)
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and Vi (FoDy,) for an odd prime p. In continuation to this investigation, we study the structure of
U(Fyk Do) and Vi (For Day,) for odd n.

The following presentation for Do, shall be used

(a, bla, b, b tab=a"1)

2. Notations

We establish the basic notation where [ and m are coprime integers, R is a ring, K is a field extension
of F, o € K is algebraic over F, g € G and X is any subset of G.

ordm(1) multiplicative order of [ modulo m
irrp(a) minimal polynomial of o over F
Ch cyclic group of order n
F* F\ {0}
Y.
zeX
i (9)
G™m external direct product of m copies of G
R™ external direct sum of m copies of R

M(n, F) algebra of all n x n matrices over the field F'
GL(n,F) general linear group of all n X n invertible matrices

over the field F

3. Unit Group of Fyr Do,

The following lemma is a consequence of some known facts.

Lemma 3.1. Let (¢,m) = 1, § be a primitive mth root of unity over Fy and dy, = ordny(q). Then &

and €1 are conjugates over Fy if and only if dy, is even and ¢% /2 = —1 mod m. Moreover
F 4. if d is even and ¢®/2 = —1 mod m
S '
qum otherwise

Proof. From ([6], Theorem 2.21, pp. 53), it is known that automorphisms of F,(§) over F, are deter-

mined by their action on £ and given by the assignments

£ — &
§ — ¢

& - g
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Thus ¢ and ¢! are conjugates over F, if and only if ¢ = —1 mod m for some | € N. The rest
follows. O

In what follows, ¢ = 2*.

Theorem 3.2. Let G be the dihedral group of order 2n, n odd. Then

p(m)
U(FqDQn) >~ C’é“ X Cq_l X H GL(Q’qum) 2em
m|n, m>1

where

{ dm/2  if dp, is even and ¢m/2 = —1 mod m
em =

dm, otherwise

and dp, = ordn,(q).
Proof. Let ®;(X) denote the I-th cyclotomic polynomial

ux)= [ @-¢)

0<j<l, (=1
where § is a primitive /-th root of unity over IF,.
It is known that
(X)) = fi,1(X) -+ fr6(X)
where the polynomials f;;(X) € F,[X] are irreducible over F, Vi, 1 <i < s = )

Let m be a divisor of n, m > 1. Also, let

{ Sm if d,, is even and qdm/2 = —1modm
B,, =

Sm /2 otherwise
and &, ; be a root of fp,; for each ¢, 1 <17 < 5.

If B, = sm,/2, then in view of Lemma we suppose that
Em,2mti = &y Vi, 1 <6 < By,
Bm 1
Let By = F, and By, = & M (2 Fal €ms+ €051 ).
j:
We now define the following IF,-algebra homomorphisms

(a) 01 :FyDy, — E1 by the assignment a +— 1, b~ 1.

(b) by, : FgDoy, — E,, given by

Bm _1 Bm,
(1 estal) e (1))
U &mjt+&my | ), 0 1 j=1

d
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Let 0 : FyDo, — @ E,, be defined as

mln

We claim that ker 6 = Fqﬁg\n.

n—1 ) n—1 ) n—1 ) n—1 .
Let A= ) a;a' + > Biba* € ker § and F(X) = Y oy X', G(X) = ) ;X' € F [X].
i=0 i=0 i=0 =0
Since
PR L e
L &g+ &y S U
1
L G & & = Zn_»LL / Zm,j
0 1 Tl
where
1 gm, 1
mj = ™ € M (2,Fy&m)),
1 fmJ
therefore

F(Em,j) G(fm}p]:[t) 0]
Gemy) F(EY) 00

for all (m,j) € A, where A={ (m,j) |m|n, m>1and1<j<By}

Zm,; and

Thus F(X)=a(l+ X+ + X" Hand G(X)=B(1+ X +---+ X" 1) for some o, 8 € F,. Since

F(1)+G(1)=0,a=p. Asaresult A= Dy, as claimed.
Also

dimg, & En=14+2 >  @(m)=1+2n—1)=2n-1

mln
m>1, m|n

shows that 6 is onto and hence J(F,Da,) C ker 0. But dimg,J(FqDay,) > 1. Thus J(FyDay,) = ker 0.

Using Wedderburn Malcev theorem, we have

UE Dza) = (14 J(FgDan)) (M)

(m)
o CS; X qu]_ X H GL(2,]qum)267m

mln, m>1
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4. Structure of V,(F,D>,)
For any ¢g,h € G,
fgh =1+ (g —1)hg
is called a bicyclic unit of FF'G and

(2) pyp, =1—(9—1hg
() pgp=1<h"tghe(yg)

We denote the group generated by the bicyclic units of FFG by B(FG).

It is important to note that if G = Da,, then p,i ), =1V h € G and 1 <i<n—1. Thus B(F,G) is
generated by the set

{ taipn |0<i<n—1, heG}

n—1

- {1+(aj+a_j)(1+aib) |0<i<n-—1, 1§j§2}

In [5], it is shown that if d = ord,(2), then the structure of B(IFoDy,) is given by

SL(2,IF2¢1/2)1%1 if d is even
B(F3Dy,) = .
SL(2,Foa)2a  ifd is odd

We shall now alter the proof for the same in [5] to see how the result gets generalized.

Let By be the subgroup of U(F,D2;,) generated by the set

{1+a(aj+aj)(1+aib) |0<i<n-—1, 1§j§nT_1, aeIFq}

We shall need the following lemma.

Lemma 4.1. Let L be an algebraic extension of F and o, (1,---,0, € L such that o is not an
F-conjugate of 5; ¥V i, 1 <i < n. Then for each v € F|a], there exists f(x) € Flx] such that
f’Y (O[) = 77

f(Bi)=0Vi, 1<i<n

Proof. Let g(x) = ﬁ Pi(z), where P;(X) = irrp(5;).
=1

7

m—1 .
If 0 = g(a) and [Fla] : F] = m, then vy = 9§ ) a;a for some a; € F. The lemma follows if we take
=0
m—1 .
fy(z) =g(x) > a;x* € Flzl. O

J=0

Theorem 4.2. Ifn is odd, then

p(m)
H SL(Q,]qum) 2em

mln, m>1

12

B1
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where

{ dm/2 if dy, is even and /2 = —1 mod m
em =

dm otherwise

and dy, = ordny(q).

Proof. Let 0" = < ©  On )

mln, m>1

and 0" = ¢'|g,. For any X € By,
U(Fq Do)

ell(X)Q — 9//(X2)
— 9//(1)

= (I2x2, -, I2x2)

(m)
Thus 0"(By) € ] SL(2,Fyem) 2em .

mln, m>1

Now ker 0" C ker ¢ = { 1+ aDay, | a e F, }. Let a € Fy such that
1+ aDs, € ker 0" C By

If 7: FqDa, — Fq(D2y,/( a)) be the Fg-algebra homomorphism determined by the map

then

= 1+a(l+b)=1
= (I1+a)l+ab=1

which is possible only if « = 0. Thus ker 6" = (1).

It remains to show that 0" : By — [[ SL(2,Fy[&m; + 5;11]»]) is onto.
(m.j)eA ’
Choose a € F;, t>0.

Also let A%t = (A%t]) € ( ]_)[ ASL(2,]Fq[§m,j + 5,;71].]) such that
m,J)€E

qot _ [ 1 aléms+ &)
" 0 1
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Then
ot 7—1
Zm,j A i L
; gLyt -1 A
= ()T L &m,j 1 a&m; + &) Enl Em
| ! L&, 0 1 11
10 11
41 = +Oé m+ *1' t—1
Y (01> AT O
Notice that for any u € N,
(§m7] + é;z,lj)u = Cuyi < :frzj]% _’_g;lSL—ZZ)) \ where Cui = uCZ mod 2
i=0

Thus for any ¢ > 0,
i

Equation (4.1)) reduces to

10 . » 11
(0 1>+<do+zi:di(;n,j+§m,j)><l 1>,d¢:aci

Xoy = 14do(1+b)+ Y di(a'+a™") (1+D)

Let

)

(2

= (1+do(1+0)(1+ > di(a’ +a ") (1+1D))

Then ¢/ (X, ) = A%
If

[u

n—

2
Zoy = [ +dola’ +a ) (1+0)) =1+do(1+Db)+ dyDay and
=1

Your = Zap(14+ > dia’ +a ") (1+1)),

then 0'(Ya,) = 0/ (Xat) = A% and Y, u € By. Thus 07(Y, ) = A%L
By ([7], Theorem 3.2.10)

SL(2,F):<<(1) ‘f) (; S) m,y€F>

In order to show that #” is onto, we find an inverse image for the generators of
[T SL2,Fy[ém,; + f;lj]) We begin with a generator of the type

(m,j)eA
1 =z
C= <12x2,"' s Ioxo, < 0 Z’U > N ENOIEE 7IQ><2>

31
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where z,,, € Fy[€un + &, 1] and the rest will be similar.
By Lemma there exists P, ,(x) € Fy[z] such that
(1) Puv(upw + gz;%) = Tup
(2) Pup(lmy+ &) =0V (m,j) # (u,0)

w . w .
Let Pyo(z) = > ;" z'. This gives x4, = > ;" (Suw + 5;11))’. Now consider
i=0 i=0

)
(2

w ‘ w w
H Aai ! - (H A?”Z:J ,Z> = (Bmy.])
i=0 =0

where
B .= 1 Pu,v(gm,j + g;llj)
m,) —
0 1
Thus
9" (H Ya?"“,i) =C
i=1
and we are done. O

Having obtained the structure of the subgroup Bj, it becomes obvious to figure out how the sub-

groups Vi (F,Ds,) and By are related. The next theorem determines the same.
Theorem 4.3. V,(F,D2,) = B x (1 + Fqﬁg\n)
Proof. Since q = 2¥,

GL (2 Fyléms +&nbl) = SL(2.Fulgms +€351) x 2 (GL (2. Folgms +€551))

where it is known that

z <GL (2,Fq[§m,j +fnllj])) - {( argﬁj 0 )

am7]

m,j € Fygl&m,j + f;,lj]*}
Hence

U(F Do) = (1+F, Do) x By x [T SL(2Fyléms +&51) x 2 (GL (2 Fyléms +6,1)))
(m,j)eA

Let F; = (¢ ) and Fylémj + &, = ( mj )-

Before we proceed further, we shall need the following polynomials in Fy[x]:

1. For each (m,j) € A, Qm,; € Fg[z] such that

Qum.j(Emj + ) = Cmj
Qmj(bup + &0y) =0V (u,v) € A such that (u,v) # (m, j)

2. g(@)= Tl pm;(x), where pp j(z) = irre,(§mj + &)
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g'(x) = 9(0)"'g(x)
h(m,j)($) = Z Qu,v(x)qeu_l + Qm,j(x)
(u,v)eA

(u,v)#(m,j)
Hn ) (€) = B gy () + (14 hn ) (0))g' ()
h/(l‘) = Z Qu,v(x)qeu_l

A

(u,w)e

H'(z) = W' (z) + (¢ + h'(0))d (x)

Now for each (m, j) € A, let

RmJ‘ = Hm,j((l + a_l)
S =H'(a+ ail)

Then

0(Rm;) = 0(Hmjla+a™'))
= Hm,j ( 9((1 + a_l) )
= (1,U™J), where

Cm,' 0 . .
U — ( . CW) if (u,v) = (m, j)

Iryo otherwise

0(S) = H (6at+al))=((Toxa, -, Toxa)

Therefore Ry, ;, S € U (FgDay) and hence 0 (R, ;) = 0(Ry ;) and 6'(S) = 6(S).

Observe that Z (U (FyDoy) ) 2 (1+FyDay) x Fr x ] (Fie,,)Zom.

N

e(m

m | n, m>1

As a result, the following hold true.

1.

The only elements of order 2 in Z (U (FyD2,) ) are of the type 1 + 0452\7“ aclFy.
IfGi= (S Rn; | (m,j)eA), then Gi < Z(U (FyDay,) ) and | Gy | is odd
G1 N V,(F,Dsn) = (1) and hence Gy N (81 x (14 Fqﬁg)) - (1)

p(m)
| G1[>|0(Gr) [=(g—1)x [ (¢ —1)2m

mln, m>1

> |Gy x By x (1+F,Dy,) |
p(m)
> q(g—1) x I  ((¢° —=1) | SL(2,Fgem) | ) 2em

m|n, m>1

‘ u(]FqDQn) |

p(m)
al¢—1) x [T [ GL(2,Fgem) |2em

mln, m>1

33
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= ‘U(FqD%) |

6. Vi(FyDsn) = By x (1+F,Dap)
p(m)
7. U(FgDan) = Vi(FgDan) xFyx I (Foem ) 2m

mn, m>1

and hence the proof. O

5. Concluding Remarks

Remark 5.1. Note that for any odd prime p and i € N, ordyi+1(q) = ord,i(q) or p x ord,:(q). Hence

e(™)

U(Fy[Doyr]) 2 C5 x Cyoy x [ GL(2,Fygem) 2em

1<m<n

where
dm/2 if d is even
dm if d is odd

€m

dm being the multiplicative order of ¢ modulo p™ V1 <m <n and d = d;.
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