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Abstract. Let FqD2n be the group algebra of D2n, the dihedral group of order 2n, over Fq = GF (q).

In this paper, we establish the structure of U(F2kD2n), the unit group of F2kD2n and that of its

normalized unitary subgroup V∗(F2kD2n) with respect to canonical involution ∗ when n is odd.

1. Introduction

Let FG be the group algebra of a finite group G over a field F and U(FG) be its unit group. The

homomorphism ε : FG → F given by ε
(∑

g∈G agg
)

=
∑

g∈G ag is called the augmentation map of

FG. The group of normalized units of FG, denoted by V (FG) consists of all the units in FG of

augmentation 1. The anti-automorphism g 7→ g−1 of G extends linearly to an anti-automorphism

a 7→ a∗ of FG; this extension leaves V (FG) setwise invariant and its restriction to V (FG) followed

by v 7→ v−1 gives an automorphism of V (FG). The elements of V (FG) fixed by this automorphism

are the normalized unitary units of FG; they form a subgroup denoted by V∗(FG). If F is a field of

characteristic 2, then

V∗(FG) =
{
v ∈ U(FG) | v∗ = v−1

}
.

In [1], A. Bovdi and L. Erdei described the unitary subgroup V∗(F2G) for all groups G of order 8

and 16. The structure of F2kQ8 was established by L. Creedon and J. Gildea in [4], where Q8 is the

quaternion group of order 8. In [2], V. Bovdi and L. G. Kovács gave conditions on F and G for which

V∗(FG) is normal in V (FG). Additionally in [3], V. Bovdi and A. L. Rosa determined the order of

V∗(F2kG) for special cases of G. In [5], K. Kaur and M. Khan described the structure of U(F2D2p)
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and V∗(F2D2p) for an odd prime p. In continuation to this investigation, we study the structure of

U(F2kD2n) and V∗(F2kD2n) for odd n.

The following presentation for D2n shall be used

〈 a, b | an, b2, b−1ab = a−1 〉

2. Notations

We establish the basic notation where l and m are coprime integers, R is a ring, K is a field extension

of F , α ∈ K is algebraic over F , g ∈ G and X is any subset of G.

ordm(l) multiplicative order of l modulo m

irrF (α) minimal polynomial of α over F

Cn cyclic group of order n

F ∗ F \ {0}

X̂
∑
x∈X

x

ĝ 〈̂ g 〉

Gm external direct product of m copies of G

Rm external direct sum of m copies of R

M(n, F ) algebra of all n× n matrices over the field F

GL(n, F ) general linear group of all n× n invertible matrices

over the field F

3. Unit Group of F2kD2n

The following lemma is a consequence of some known facts.

Lemma 3.1. Let (q,m) = 1, ξ be a primitive mth root of unity over Fq and dm = ordm(q). Then ξ

and ξ−1 are conjugates over Fq if and only if dm is even and qdm/2 ≡ −1 mod m. Moreover

Fq[ξ + ξ−1] ∼=

{
Fqdm/2 if dm is even and qdm/2 ≡ −1 mod m

Fqdm otherwise

Proof. From ([6], Theorem 2.21, pp. 53), it is known that automorphisms of Fq(ξ) over Fq are deter-

mined by their action on ξ and given by the assignments

ξ 7→ ξ

ξ 7→ ξq

...

ξ 7→ ξq
dm−1
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Thus ξ and ξ−1 are conjugates over Fq if and only if ql ≡ −1 mod m for some l ∈ N. The rest

follows. �

In what follows, q = 2k.

Theorem 3.2. Let G be the dihedral group of order 2n, n odd. Then

U(FqD2n) ∼= Ck2 × Cq−1 ×
∏

m|n, m>1

GL(2,Fqem )
ϕ(m)
2em

where

em =

{
dm/2 if dm is even and qdm/2 ≡ −1 mod m

dm otherwise

and dm = ordm(q).

Proof. Let Φl(X) denote the l-th cyclotomic polynomial

Φl(X) =
∏

0<j≤l, (j,l)=1

(x− ξj)

where ξ is a primitive l-th root of unity over Fq.

It is known that

Φl(X) = fl,1(X) · · · fl,sl
(X)

where the polynomials fl,i(X) ∈ Fq[X] are irreducible over Fq ∀ i, 1 ≤ i ≤ sl =
ϕ(l)
dl

.

Let m be a divisor of n, m > 1. Also, let

Bm =

{
sm if dm is even and qdm/2 ≡ −1 mod m

sm/2 otherwise

and ξm,i be a root of fm,i for each i, 1 ≤ i ≤ sm.

If Bm = sm/2, then in view of Lemma 3.1, we suppose that

ξm, sm
2

+i = ξ−1
m,i ∀ i, 1 ≤ i ≤ Bm

Let E1 = Fq and Em =
Bm

⊕
j=1

M
(

2,Fq[ ξm,j + ξ−1
m,j ]

)
.

We now define the following Fq-algebra homomorphisms

(a) θ1 : FqD2n → E1 by the assignment a 7→ 1, b 7→ 1.

(b) θm : FqD2n → Em given by

a 7→

( [
0 1

1 ξm,j + ξ−1
m,j

] )Bm

j=1

, b 7→

( [
1 ξm,j + ξ−1

m,j

0 1

] )Bm

j=1
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Let θ : FqD2n → ⊕
m|n

Em be defined as

θ = ⊕
m|n

θm

We claim that ker θ = FqD̂2n.

Let A =
n−1∑
i=0

αia
i +

n−1∑
i=0

βiba
i ∈ ker θ and F (X) =

n−1∑
i=0

αiX
i, G(X) =

n−1∑
i=0

βiX
i ∈ Fq[X].

Since [
0 1

1 ξm,j + ξ−1
m,j

]
= Z−1

m,j

[
ξm,j 0

0 ξ−1
m,j

]
Zm,j and[

1 ξm,j + ξ−1
m,j

0 1

]
= Z−1

m,j

[
0 1

1 0

]
Zm,j

where

Zm,j =

[
1 ξm,j

1 ξ−1
m,j

]
∈M (2,Fq[ξm,j ]) ,

therefore [
F (ξm,j) G(ξ−1

m,j)

G(ξm,j) F (ξ−1
m,j)

]
=

[
0 0

0 0

]

for all (m, j) ∈ A, where A = { (m, j) | m | n, m > 1 and 1 ≤ j ≤ Bm }.

Thus F (X) = α(1 +X + · · ·+Xn−1) and G(X) = β(1 +X + · · ·+Xn−1) for some α, β ∈ Fq. Since

F (1) +G(1) = 0, α = β. As a result A = αD̂2n as claimed.

Also

dimFq ⊕
m|n

Em = 1 + 2
∑

m>1, m|n

ϕ(m) = 1 + 2(n− 1) = 2n− 1

shows that θ is onto and hence J(FqD2n) ⊆ ker θ. But dimFqJ(FqD2n) ≥ 1. Thus J(FqD2n) = ker θ.

Using Wedderburn Malcev theorem, we have

U(FqD2n) ∼= (1 + J(FqD2n)) o
(

FqD2n

J(FqD2n)

)
∼= Ck2 × Cq−1 ×

∏
m|n, m>1

GL(2,Fqem )
ϕ(m)
2em

�
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4. Structure of V∗(FqD2n)

For any g, h ∈ G,

µg,h = 1 + (g − 1)hĝ

is called a bicyclic unit of FG and

(a) µ−1
g,h = 1− (g − 1)hĝ

(b) µg,h = 1⇔ h−1gh ∈ 〈 g 〉

We denote the group generated by the bicyclic units of FG by B(FG).

It is important to note that if G = D2n, then µai,h = 1 ∀ h ∈ G and 1 ≤ i ≤ n− 1. Thus B(FqG) is

generated by the set {
µaib,h | 0 ≤ i ≤ n− 1, h ∈ G

}
=

{
1 +

(
aj + a−j

) (
1 + aib

)
| 0 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1

2

}

In [5], it is shown that if d = ordp(2), then the structure of B(F2D2p) is given by

B(F2D2p) ∼=

 SL(2,F2d/2)
p−1

d if d is even

SL(2,F2d)
p−1
2d if d is odd

We shall now alter the proof for the same in [5] to see how the result gets generalized.

Let B1 be the subgroup of U(FqD2n) generated by the set{
1 + α

(
aj + a−j

) (
1 + aib

)
| 0 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1

2
, α ∈ Fq

}
We shall need the following lemma.

Lemma 4.1. Let L be an algebraic extension of F and α, β1, · · · , βn ∈ L such that α is not an

F -conjugate of βi ∀ i, 1 ≤ i ≤ n. Then for each γ ∈ F [α], there exists fγ(x) ∈ F [x] such that

fγ(α) = γ,

fγ(βi) = 0 ∀ i, 1 ≤ i ≤ n

Proof. Let g(x) =
n∏
i=1

Pi(x), where Pi(X) = irrF (βi).

If δ = g(α) and [F [α] : F ] = m, then γ = δ
m−1∑
j=0

aiα
i for some ai ∈ F . The lemma follows if we take

fγ(x) = g(x)
m−1∑
j=0

aix
i ∈ F [x]. �

Theorem 4.2. If n is odd, then

B1
∼=

∏
m|n, m>1

SL(2,Fqem )
ϕ(m)
2em
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where

em =

{
dm/2 if dm is even and qdm/2 ≡ −1 mod m

dm otherwise

and dm = ordm(q).

Proof. Let θ′ =
(

⊕
m|n, m>1

θm

) ∣∣∣∣
U(FqD2n)

and θ′′ = θ′|B1 . For any X ∈ B1,

θ′′(X)2 = θ′′(X2)

= θ′′(1)

= (I2×2, · · · , I2×2)

Thus θ′′(B1) ⊆
∏

m|n, m>1

SL(2,Fqem )
ϕ(m)
2em .

Now ker θ′′ ⊆ ker θ′ = { 1 + αD̂2n | α ∈ Fq }. Let α ∈ Fq such that

1 + αD̂2n ∈ ker θ′′ ⊆ B1

If τ : FqD2n → Fq(D2n/〈 a 〉) be the Fq-algebra homomorphism determined by the map

a 7→ 1̄, b 7→ b̄,

then

τ(X) = 1̄ ∀ X ∈ B1

⇒ τ(1 + αD̂2n) = 1̄

⇒ 1̄ + α(1̄ + b̄) = 1̄

⇒ (1 + α)1̄ + αb̄ = 1̄

which is possible only if α = 0. Thus ker θ′′ = (1).

It remains to show that θ′′ : B1 →
∏

(m,j)∈A
SL(2,Fq[ξm,j + ξ−1

m,j ]) is onto.

Choose α ∈ F∗q , t ≥ 0.

Also let Aα,t = (Aα,tm,j) ∈
∏

(m,j)∈A
SL(2,Fq[ξm,j + ξ−1

m,j ]) such that

Aα,tm,j =

(
1 α(ξm,j + ξ−1

m,j)
t

0 1

)
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Then

Zm,jA
α,t
m,jZ

−1
m,j

= (ξm,j + ξ−1
m,j)

−1

(
1 ξm,j

1 ξ−1
m,j

)(
1 α(ξm,j + ξ−1

m,j)
t

0 1

)(
ξ−1
m,j ξm,j

1 1

)

=

(
1 0

0 1

)
+ α(ξm,j + ξ−1

m,j)
t−1

(
1 1

1 1

)
(4.1)

Notice that for any u ∈ N,

(ξm,j + ξ−1
m,j)

u =
bu−1

2
c∑

i=0

cu,i

(
ξu−2i
m,j + ξ

−(u−2i)
m,j

)
, where cu,i = uCi mod 2

Thus for any t ≥ 0,

(ξm,j + ξ−1
m,j)

t−1 = c0 +
∑
i

ci

(
ξim,j + ξ−im,j

)
, ci ∈ F2

Equation (4.1) reduces to(
1 0

0 1

)
+

(
d0 +

∑
i

di

(
ξim,j + ξ−im,j

))( 1 1

1 1

)
, di = αci

Let

Xα,t = 1 + d0(1 + b) +
∑
i

di
(
ai + a−i

)
(1 + b)

= (1 + d0(1 + b))(1 +
∑
i

di(ai + a−i)(1 + b))

Then θ′(Xα,t) = Aα,t.

If

Zα,t =

n−1
2∏
i=1

(1 + d0(ai + a−i)(1 + b)) = 1 + d0(1 + b) + d0D̂2n and

Yα,t = Zα,t(1 +
∑
i

di(ai + a−i)(1 + b)),

then θ′(Yα,t) = θ′(Xα,t) = Aα,t and Yα,t ∈ B1. Thus θ′′(Yα,t) = Aα,t.

By ([7], Theorem 3.2.10)

SL(2, F ) =

〈(
1 x

0 1

)
,

(
1 0

y 1

) ∣∣∣∣∣ x, y ∈ F
〉

In order to show that θ′′ is onto, we find an inverse image for the generators of∏
(m,j)∈A

SL(2,Fq[ξm,j + ξ−1
m,j ]). We begin with a generator of the type

C =

(
I2×2, · · · , I2×2,

(
1 xu,v

0 1

)
, I2×2, · · · , I2×2

)
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where xu,v ∈ Fq[ξu,v + ξ−1
u,v] and the rest will be similar.

By Lemma 4.1, there exists Pu,v(x) ∈ Fq[x] such that

(1) Pu,v(ξu,v + ξ−1
u,v) = xu,v

(2) Pu,v(ξm,j + ξ−1
m,j) = 0 ∀ (m, j) 6= (u, v)

Let Pu,v(x) =
w∑
i=0

αu,vi xi. This gives xu,v =
w∑
i=0

αu,vi (ξu,v + ξ−1
u,v)

i. Now consider

w∏
i=0

Aα
u,v
i ,i =

(
w∏
i=0

A
αu,v

i ,i
m,j

)
= (Bm,j)

where

Bm,j =

(
1 Pu,v(ξm,j + ξ−1

m,j)

0 1

)
Thus

θ′′

(
w∏
i=1

Yαu,v
i ,i

)
= C

and we are done. �

Having obtained the structure of the subgroup B1, it becomes obvious to figure out how the sub-

groups V∗(FqD2n) and B1 are related. The next theorem determines the same.

Theorem 4.3. V∗(FqD2n) ∼= B1 ×
(

1 + FqD̂2n

)
Proof. Since q = 2k,

GL
(

2,Fq[ξm,j + ξ−1
m,j ]
)

= SL
(

2,Fq[ξm,j + ξ−1
m,j ]
)
× Z

(
GL

(
2,Fq[ξm,j + ξ−1

m,j ]
))

where it is known that

Z
(
GL

(
2,Fq[ξm,j + ξ−1

m,j ]
))

=

{(
αm,j 0

0 αm,j

) ∣∣∣∣∣ αm,j ∈ Fq[ξm,j + ξ−1
m,j ]

∗

}
Hence

U(FqD2n) ∼= (1 + FqD̂2n)× F∗q ×
∏

(m,j)∈A

SL
(

2,Fq[ξm,j + ξ−1
m,j ]
)
× Z

(
GL

(
2,Fq[ξm,j + ξ−1

m,j ]
))

Let F∗q = 〈 ζ 〉 and Fq[ξm,j + ξ−1
m,j ]

∗ = 〈 ζm,j 〉.

Before we proceed further, we shall need the following polynomials in Fq[x]:

1. For each (m, j) ∈ A, Qm,j ∈ Fq[x] such that

Qm,j(ξm,j + ξ−1
m,j) = ζm,j

Qm,j(ξu,v + ξ−1
u,v) = 0 ∀ (u, v) ∈ A such that (u, v) 6= (m, j)

2. g(x) =
∏

(m,j)∈A
pm,j(x), where pm,j(x) = irrFq(ξm,j + ξ−1

m,j)
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3. g′(x) = g(0)−1g(x)

4. h(m,j)(x) =
∑

(u,v)∈A
(u,v)6=(m,j)

Qu,v(x)q
eu−1 +Qm,j(x)

5. H(m,j)(x) = h(m,j)(x) + (1 + h(m,j)(0))g′(x)

6. h′(x) =
∑

(u,v)∈A
Qu,v(x)q

eu−1

7. H ′(x) = h′(x) + (ζ + h′(0))g′(x)

Now for each (m, j) ∈ A, let

Rm,j = Hm,j(a+ a−1)

S = H ′(a+ a−1)

Then

θ(Rm,j) = θ
(
Hm,j(a+ a−1)

)
= Hm,j

(
θ(a+ a−1)

)
= (1, Um,j), where

Um,ju,v =


(
ζm,j 0

0 ζm,j

)
if (u, v) = (m, j)

I2×2 otherwise

θ(S) = H
′ (
θ(a+ a−1)

)
= (ζ, I2×2, · · · , I2×2)

Therefore Rm,j , S ∈ U (FqD2n) and hence θ′(Rm,j) = θ(Rm,j) and θ′(S) = θ(S).

Observe that Z ( U (FqD2n) ) ∼= (1 + FqD̂2n)× F∗q ×
∏

m | n, m>1

(
F∗qem

)ϕ(m)
2em .

As a result, the following hold true.

1. The only elements of order 2 in Z ( U (FqD2n) ) are of the type 1 + αD̂2n, α ∈ Fq.

2. If G1 = 〈 S,Rm,j | (m, j) ∈ A 〉, then G1 ≤ Z ( U (FqD2n) ) and | G1 | is odd

3. G1 ∩ V∗(FqD2n) = (1) and hence G1 ∩
(
B1 × (1 + FqD̂2n)

)
= (1)

4. | G1 | ≥ | θ′(G1) | = (q − 1)×
∏

m|n, m>1

(qem − 1)
ϕ(m)
2em

5. | U(FqD2n) | ≥ | G1 × B1 × (1 + FqD̂2n) |
≥ q(q − 1) ×

∏
m|n, m>1

( (qem − 1) | SL(2,Fqem ) | )
ϕ(m)
2em

= q(q − 1) ×
∏

m|n, m>1

| GL(2,Fqem ) |
ϕ(m)
2em
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= | U(FqD2n) |

6. V∗(FqD2n) = B1 × (1 + FqD̂2n)

7. U(FqD2n) ∼= V∗(FqD2n)× F∗q ×
∏

m|n, m>1

(
F∗qem

)ϕ(m)
2em

and hence the proof. �

5. Concluding Remarks

Remark 5.1. Note that for any odd prime p and i ∈ N, ordpi+1(q) = ordpi(q) or p× ordpi(q). Hence

U(Fq[D2pn ]) ∼= Ck2 × Cq−1 ×
∏

1≤m≤n
GL(2,Fqem )

ϕ(pm)
2em

where

em =

{
dm/2 if d is even

dm if d is odd

dm being the multiplicative order of q modulo pm ∀ 1 ≤ m ≤ n and d = d1.
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