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RESTRICTIONS
OLGA YU. DASHKOVA

Communicated by Victor Bovdi
Abstract. The author studies the RG-module A such that R is an associative ring, a group G has
infinite section p-rank (or infinite 0-rank), CG (A) = 1, and for every proper subgroup H of infinite
section p-rank (or infinite 0-rank respectively) the quotient module A/CA (H) is a finite R-module.
It is proved that if the group G under consideration is locally soluble then G is a soluble group and
A/CA (G) is a finite R-module.

1. Introduction
Let A be a vector space over a field F . The subgroups of the group GL(F, A) of all automorphisms
of A are called linear groups. If A has a finite dimension over F then GL(F, A) can be considered as
the group of non-singular (n × n)-matrices, where n = dimF A. Finite dimensional linear groups have
played an important role in various fields of mathematics, physics and natural sciences, and have been
studied many times. When A is infinite dimensional over F , the situation is totally different. Infinite
dimensional linear groups have been investigated little. The study of this class of groups requires
additional restrictions.
It was introduced the definition of the central dimension of an infinite dimensional linear group [7].
Let H be a subgroup of GL(F, A). H acts on the quotient space A/CA (H) in a natural way. The
authors define centdimF H to be dimF (A/CA (H). The subgroup H is said to have a finite central
dimension if centdimF H is finite and H has infinite central dimension otherwise.
If G ≤ GL(F, A) then A can be considered as an F G-module. The natural generalization of this
case is the consideration of an RG-module A, where R is an associative ring whose structure is near
MSC(2010): Primary: 20F19; Secondary: 20H25.
Keywords: group ring, linear group, module.
Received: 23 March 2014, Accepted: 12 April 2014.
37

38

Int. J. Group Theory 3 no. 4 (2014) 37-46

O. Yu. Dashkova

to a field. At this point the generalization of the notion of the central dimension of a subgroup of a
linear group is the notion of the cocentralizer of a subgroup [12].
Let A be an RG-module where R is a ring, G is a group. If H ≤ G then the quotient module
A/CA (H) considered as an R-module is called the cocentralizer of a subgroup H in the module A.
Modules over group rings of finite groups have been considered by many authors. Recently this
class of modules was investigated in [9]. Study of modules over group rings of infinite groups requires
some additional restrictions as in the case of infinite dimensional linear groups. In [6] it was considered
linear groups of infinite central dimension satisfying certain restrictions on the ranks of their subgroups.
Recall that a group G is said to have finite 0-rank (or finite torsion-free rank), r0 (G) = r, if G has a
finite subnormal series with exactly r infinite cyclic factors, all other factors being periodic. It is well
known that the 0-rank is independent of the chosen series. It is also well known that if G is a group
of finite 0-rank, H ≤ G and L is a normal subgroup of G, then H and G/L also have finite 0-rank.
Furthermore r0 (H) ≤ r0 (G) and r0 (G) = r0 (L) + r0 (G/L).
Now let p be a prime. A group G has finite section p-rank, rp (G) = r, if every elementary abelian
p-section of G is finite of order at most pr and there is an elementary abelian p-section U/V such
that |U/V | = pr . It is known that if G is a group of finite section p-rank, H ≤ G and L is a normal
subgroup of G, then H and G/L also have finite section p-rank. Furthermore rp (H) ≤ rp (G) and
rp (G) ≤ rp (L) + rp (G/L). Recall that a group G has finite abelian section rank if rp (G) is finite for all
prime p. We note that R. Baer and H. Heineken [1] have shown that for soluble (and even hyperabelian)
groups finite abelian section rank is equivalent to finite abelian subgroup rank. Furthermore, a group
G has a finite special rank r(G) = r if every finitely generated subgroup of G can be generated by r
elements and r is the least positive integer with this property. This notion is due to Mal’cev [13].
In [6] we have studied linear groups G of infinite central dimension and infinite section p-rank such
that every proper subgroup of infinite section p-rank has finite central dimension. It was proved that
a locally soluble linear group G under consideration is soluble and described the structure of G. The
analogous results were obtained in the cases where G has infinite abelian section rank or infinite special
rank.
In [2] we have investigated an RG-module A where R is a dedekind domain, G is a locally soluble
group of infinite rank (for different ranks), CG (A) = 1, A/CA (G) is not an artinian R-module and
for every proper subgroup H of infinite rank the cocentralizer of H in A is an artinian R-module.
The similar problems in the cases of the noetherian or minimax condition for commutative noetherian
rings and commutative rings of scalars were considered in [3]–[5]. In all cases the structure of the
groups under consideration were described.
The subject of the investigation of this paper is an RG-module A where R is an associative ring, G is
a locally soluble group of infinite rank (for different ranks), CG (A) = 1, and for every proper subgroup
H of infinite rank A/CA (H) is a finite R-module. As appeared, unlike the previous, A/CA (G) cannot
be infinite R-module.
The main results of the work are theorems 4.7–4.9.
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2. Preliminary results
In this section it was established some of the elementary properties of the groups of this type.
Later on we consider the RG-module A such that CG (A) = 1, R is an associative ring.
Lemma 2.1. Let A be an RG-module, rp (G) be infinite for some p ≥ 0 and A/CA (G) be an infinite
R-module. Suppose that for every proper subgroup M such that rp (M ) is infinite the cocentralizer of
M in A is a finite R-module. The following statements are valid:
(i) If U , V are proper subgroups of G and G = hU, V i then at least one of rp (U ), rp (V ) is finite.
(ii) If H is a proper subgroup of G such that rp (H) is infinite then the cocentralizer of every subgroup
of H and the cocentralizer of every subgroup of G containing H in A are finite R-modules.
(iii) If K, L are proper subgroups of G containing H, then hK, Li is a proper subgroup of G.
Lemma 2.2. Let A be an RG-module, rp (G) be infinite for some p ≥ 0 and A/CA (G) be an infinite
R-module. Suppose that for every proper subgroup M such that rp (M ) is infinite the cocentralizer of
M in A is a finite R-module. If K is a proper normal subgroup of G such that rp (K) is infinite and
G/K is finitely generated, then G/K is a cyclic q-group for some prime q.
Proof. Suppose that G = hK, Si for some finite set S with the property that if T is a proper subset
of S then G 6= hK, T i. Let S = hx1 , x2 , . . . , xn i. If n > 1, then hK, x1 , x2 , . . . , xn−1 i and hK, xn i are
proper, and Lemma 2.1 provides a contradiction. It follows that G/K is cyclic. If G/K is infinite,
or if G/K is finite but |π(G/K)| > 1, then G is a product of two proper subgroups G1 and G2 such
that rp (G1 ) and rp (G2 ) are infinite. Lemma 2.1 again gives a contradiction. Hence G/K is a cyclic
q-group for some prime q.



Lemma 2.3. [6] Let G be a group and let q be a prime. Suppose that A is an infinite normal elementary
abelian q-subgroup of G such that G/A is finite. Then G is generated by two proper subgroups having
infinite section q-rank.
Lemma 2.4. [6] Let G be a group and q be a prime. Let A be a normal divisible abelian q-subgroup of
G such that G/A is finite. If A has infinite section q-rank, then G is generated by two proper subgroups
having infinite section q-rank.
We shall also use the following result.
Lemma 2.5. [6] Let G be a group and suppose that A is a normal subgroup of G such that G/A is
infinite, periodic and abelian-by-finite. If |π(G/A)| > 1 then G is a product of two proper subgroups
containing A.
We apply these results in the next lemma.
Lemma 2.6. Let A be an RG-module, rp (G) be infinite for some p ≥ 0 and A/CA (G) be an infinite
R-module. Suppose that for every proper subgroup M such that rp (M ) is infinite the cocentralizer of
M in A is a finite R-module. If K is a normal subgroup of H, H ≤ G, H/K is abelian-by-finite and
rp (H/K) is infinite then the cocentralizer of H in A is a finite R-module.
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Proof. Suppose first that p = 0. Let L be a normal subgroup of H such that H/L is finite and L/K
is abelian. r0 (L/K) is infinite so L/K contains a free abelian subgroup B/K such that r0 (B/K) is
infinite and L/B is periodic. Since H/L is finite, B has only finitely many conjugates in H, B1 , . . . , Bm
say, and if C = coreH B then there is an embedding L/C ≤ L/B1 × L/B2 × · · · × L/Bm . It follows that
L/C is periodic and hence r0 (C/K) is infinite as is r0 (C). Note also that C/K is free abelian. If H/C
is finite or |π(H/C)| = 1, then choose a prime q 6∈ π(H/C) and set D/K = (C/K)q . If H/C is infinite
and |π(H/C)| > 1, then let D = C. Then, in each case, H/D is infinite, periodic and |π(H/D)| > 1.
Also r0 (D) is infinite. Applying Lemmas 2.5 and 2.1 we see that the cocentralizer of H in A is a finite
R-module.
Now suppose that p > 0 and let L be defined as before. Choose a free abelian subgroup B/K of
L/K such that L/B is periodic. If r0 (B/K) is infinite then we can proceed as in the case p = 0,
so suppose that r0 (B/K) is finite. As above, if C = coreH B then L/C is periodic and rp (L/C) is
infinite. Factoring by the Sylow p0 -subgroup of L/C, if necessary, we may assume that L/C is a
p-group. If L/Lp C is infinite then H/Lp C satisfies the hypotheses of Lemma 2.3 so H is the product
of two proper subgroups, each of infinite section p-rank and hence the cocentralizer of each in A is a
finite R-module. Thus the cocentralizer of H in A is a finite R-module in this case. If L/Lp C is finite
then using properties of basic subgroups, we have that L/C = E/C × D/C for some finite subgroup
E/C and divisible subgroup D/C. Since H/L is finite and L/C is abelian, F/C = (E/C)H/C is also
finite. Furthermore L/F is a divisible abelian p-group of infinite section p-rank. Now we can apply
Lemma 2.4 to H/F to deduce that H is a product of two proper subgroups, each of infinite section
p-rank, and hence the cocentralizer of each in A is a finite R-module. Thus the cocentralizer of H in
A is a finite R-module.



Lemma 2.7. Let A be an RG-module, rp (G) be infinite for some p ≥ 0 and A/CA (G) be an infinite
R-module. Suppose that for every proper subgroup M such that rp (M ) is infinite the cocentralizer of
M in A is a finite R-module. If H is a normal subgroup of G and G/H is abelian-by-finite, then G/H
is isomorphic to a subgroup of Cq∞ , for some prime q.
Proof. We may assume that G 6= H. If rp (G/H) is infinite, then the cocentralizer of G in A is a finite
R-module by Lemma 2.6. Thus rp (G/H) is finite and therefore rp (H) is infinite. Moreover, if G/H
is finite then the result follows by Lemma 2.2. Thus we may suppose that G/H is infinite.
We first suppose that G/H is an abelian group. By Lemma 2.1(iii) G/H cannot be free abelian.
Let B/H be a free abelian subgroup of G/H such that G/B is periodic. Since rp (H) is infinite, rp (B)
is also infinite. If |π(G/B)| > 1, then clearly G is a product of proper subgroups G1 and G2 such that
rp (G1 ) and rp (G2 ) are infinite. Lemma 2.1(iii) gives a contradiction. Thus G/B is a q-group, for some
prime q. If B/H is nontrivial let r be a prime distinct from q and let C/H = (B/H)r 6= B/H. Then
G/C is periodic, π(G/C) = {q, r} and we now obtain a contradiction. It follows that G/H is a periodic
q-group. If G/H is divisible then it is a direct product of copies of Prüfer q-groups and Lemma 2.1(iii)
implies that G/H ' Cq∞ . Otherwise (G/H)/(G/H)q is a nontrivial elementary abelian q-group and
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Lemma 2.1(iii) shows that |(G/H)/(G/H)q | = q. It is then easy to see that G/H = (E/H) × (D/H)
where D/H is divisible and |E/H| = q and Lemma 2.1(iii) again gives a contradiction.
For the general case let L/H be a normal abelian subgroup of G/H such that G/L is finite. Let
U/H be an arbitrary subgroup of finite index in G/H. If V /H = coreG/H U/H then G/V is also finite
and rp (V ) is infinite. By Lemma 2.2 G/V is a cyclic q-group for some prime q so G0 ≤ V ≤ U . Thus if
W/H is the finite residual of L/H then G/W is abelian, rp (W ) is infinite and, by the first part of the
argument, G/W is finite, since it is residually finite. Thus G = W K for some subgroup K containing
H such that K/H is finitely generated. Since G/H is infinite Lemma 2.2 implies that G 6= K. Then
from Lemma 2.1(iii) we deduce that G = W , so G/H is abelian and the result follows by the first part
of the proof.


3. Soluble groups

In this section we apply the results of Section 2 to soluble groups.
Theorem 3.1. Let A be a RG-module, G be a soluble group and rp (G) be infinite for some p ≥ 0.
Suppose that for every proper subgroup M such that rp (M ) is infinite the cocentralizer of M in A is
a finite R-module. Then A/CA (G) is a finite R-module.
Proof. Suppose that A/CA (G) is an infinite R-module. If G = D0 ≥ D1 ≥ · · · ≥ Dn−1 ≥ Dn = E is
the derived series of G then there is a natural number m such that G/Dm is finite, but Dm /Dm+1 is
infinite. Let K = Dm . By Lemma 2.7 G/K 0 ' Cq∞ , for some prime q. Since rp (K 0 ) is infinite the
cocentralizer of K 0 in A is a finite R-module. Let C = CA (K 0 ). Hence A/C is a finite R-module.
Now K 0 ≤ CG (C) and, since the cocentralizer of G in A is an infinite R-module, G/CG (C) ' Cq∞ .
Since K 0 is a normal subgroup of G, C is an RG-submodule of A. Since A/C is a finite R-module,
G/CG (A/C) is finite. Let H = CG (C) ∩ CG (A/C). Each element of H acts trivially on every factor of
the series h0i ≤ C ≤ A/C. By Kaluzhnin Theorem (p. 144 [10]) H is abelian. By Remak’s Theorem

G/H ≤ G/CG (C) × G/CG (A/C).
Therefore G/H is abelian-by-finite. It follows from Lemma 2.7 that G/H is isomorphic to Cq∞ , for
some prime q. Let K/H be any finite subgroup of G/H. Since rp (H) is infinite rp (K) is infinite also.
Therefore A/CA (K) is a finite R-module and G/CG (A/CA (K)) is finite. Put L = CG (A/CA (K)).
Let L 6= G. If LH is a proper subgroup of G then LH/H is a proper infinite subgroup of G/H.
Contradiction. It follows that LH = G. Contradiction with Lemma 2.1. Hence G = CG (A/CA (K)).
Therefore [G, A] ≤ CA (K). From the choice of K it follows that [G, A] ≤ CA (G) and so G acts trivially
on every factor of the series 0 ≤ CA (G) ≤ A. By Kaluzhnin Theorem (p. 144 [10]) G is abelian. It
follows that we can choose the proper subgroups G1 and G2 of G such that G = G1 G2 and rp (G1 ) and
rp (G2 ) are infinite. Contradiction with Lemma 2.1. It follows that A/CA (G) is a finite R-module. 
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Theorem 3.2. Let A be an RG-module, G be a soluble group of infinite abelian section rank. Suppose
that the cocentralizer of every proper subgroup of infinite abelian section rank in A is a finite R-module.
Then A/CA (G) is a finite R-module.
Proof. Since G is soluble and has infinite abelian section rank, there is a prime p such that rp (G) is
infinite. For this prime, if H is a proper subgroup and rp (H) is infinite then H has infinite abelian
section rank and therefore the cocentralizer of H in A is a finite R-module. We may now apply
Theorem 3.1.



Theorem 3.3. Let A be an RG-module, G be a soluble group of infinite special rank. Suppose that
the cocentralizer of every proper subgroup of infinite special rank in A is a finite R-module. Then
A/CA (G) is a finite R-module.
Proof. First we consider the case when A/CA (G) is an infinite R-module. If G has infinite abelian
section rank and X is a proper subgroup of infinite abelian section rank then X has infinite special
rank, so the cocentralizer of X in A is a finite R-module. The result then follows from Theorem 3.2.
Therefore we suppose that G has finite abelian section rank.
Let U be a normal subgroup of G such that G/U is infinite abelian-by-finite and let V /U be a
normal abelian subgroup of G/U such that G/V is finite. Since r0 (G) is finite V /U contains a finitely
generated subgroup B/U such that V /B is periodic. If C/U = (B/U )G/U , then C/U is finitely
generated also. Suppose that G/U has infinite special rank. Since G has finite abelian section rank it
follows that p-subgroups of V /C are Chernikov, for each prime p. Thus π(V /C) is infinite. If D/C is
the Sylow π(G/V )-subgroup of V /C then V /D has infinite special rank, G/D = (V /D)(W/D), where
V /D is a normal subgroup of G/D, (V /D) ∩ (W/D) = E, W/D is finite, and π(V /D) ∩ π(W/D) is
empty. Then V /D is a product of two G-invariant subgroups of infinite special rank, so that G/D is
a product of two proper subgroups of infinite special rank. Thus the cocentralizer of G in A is a finite
R-module. Thus G/U has finite special rank and hence U has infinite special rank. As in Section 2
we deduce that G/U ' Cq∞ for some prime q. As in Theorem 3.1, G is abelian. It follows that we
can choose the proper subgroups G1 and G2 of G such that G = G1 G2 and rp (G1 ) and rp (G2 ) are
infinite. Contradiction with Lemma 2.1. It follows that A/CA (G) is a finite R-module.



4. Locally soluble groups
In this section we show that locally soluble groups of the type under discussion are actually soluble.
Lemma 4.1. Let A be a RG-module, G be a locally soluble group. Suppose that the cocentralizer of
G in A is a finite R-module. Then G is almost abelian.
Proof. Let C = CA (G). Then A has the series of RG-submodules h0i ≤ C ≤ A, where A/C is a finite
R-module. Since G ≤ CG (C) then G/CG (C) is trivial. As A/C is a finite R-module then G/CG (A/C)
is finite.
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Let H = CG (C) ∩ CG (A/C). Each element of H acts trivially on every factor of the series h0i ≤
C ≤ A/C. By Kaluzhnin Theorem (p. 144 [10]) H is abelian. By Remak’s Theorem
G/H ≤ G/CG (C) × G/CG (A/C).
It follows that G/H is finite. Then G is an almost abelian group.

Lemma 4.2. Let A be a RG-module, G be a locally soluble group, rp (G) be infinite for some p ≥ 0
and A/CA (G) be an infinite R-module. Suppose that for every proper subgroup M such that rp (M ) is
infinite the cocentralizer of M in A is a finite R-module. If G is not soluble then G is perfect.
Proof. Note that H is a proper normal subgroup of G of finite index then rp (H) is infinite and hence
the cocentralizer of H in A is a finite R-module. It follows from Lemma 4.1 that H is soluble and
from Lemma 2.2 that G/H is abelian. Thus G is soluble which is a contradiction. Hence if G 6= G0
then G/G0 is divisible. It follows that G contains normal subgroup H such that G/H ' Cq∞ , for some
prime q. Then rp (H) is infinite, hence the cocentralizer of H in A is a finite R-module. By Lemma
4.1 H is soluble. Then G is soluble. Contradiction.



Let d(G) denote the derived length of the soluble group G and let T (G) denote the maximal normal
periodic subgroup of G.
Lemma 4.3. [6] Let p be a prime, let G be a soluble group and suppose that rp (G) = r. There are
functions sp : N −→ N, fp : N −→ N such that d(G/T (G)) ≤ sp (r) and G/T (G) has finite special
rank at most fp (r).
We shall use the notation established in Lemma 4.3 in the next result.
Theorem 4.4. [6]. Let p be a prime and let G be a locally soluble group such that rp (G) = r. Then
G/T (G) is a soluble group such that d(G/T (G)) ≤ sp (r) and G/T (G) has finite special rank at most
fp (r).
Lemma 4.5. Let A be a RG-module, G be a locally soluble group, rp (G) be infinite for some p ≥ 0
and A/CA (G) be an infinite R-module. Suppose that for every proper subgroup M such that rp (M ) is
infinite the cocentralizer of M in A is a finite R-module. If G is not soluble, H is a normal subgroup
of G and rp (H) is finite, then H/T (H) is G-central.
Proof. Let rp (H) = r. If p = 0, we apply Lemma 2.12 [8] and if p > 0 then we apply Theorem 4.4 to
H and, in either case, we see that H/T (H) is soluble and has finite special rank, which is a function
of r. Let n = r0 (H/T (H)), which is dependent upon r only. Then H has a finite series of G-invariant
subgroups
T (H) = H0 ≤ H1 ≤ · · · ≤ Hd = H,
each of whose factors is abelian.
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We see that H1 /T (H) is torsion-free and of finite rank at most n so that Aut(H1 /T (H)) is isomorphic
to a subgroup of GL(n, Q). Hence G/CG (H1 /T (H)) is a locally soluble group isomorphic to a subgroup
of GL(n, Q). It follows from Corollary 3.8 [15] that G/CG (H1 /T (H)) is soluble and hence trivial by
Lemma 4.2. Thus [G, H1 ] ≤ T (H).
Suppose inductively that [G, Hd−1 ] ≤ T (H). Then Hd−1 /T (H) ≤ Z(G/T (H)) so that H/T (H) is
nilpotent of class at most 2. Let K/T (H) = Z(H/T (H)). Then, as above, since K/T (H) and H/K
are torsion-free abelian and of rank at most n we have [G, K] ≤ T (H) and [G, H] ≤ K. It follows by
the three subgroups lemma and Lemma 4.2 that [G, H] = [G, G, H] ≤ T (H) and the result follows by
induction on d.



Lemma 4.6. Let A be a RG-module, G be an insoluble, locally soluble group, rp (G) be infinite for
some p ≥ 0 and A/CA (G) be an infinite R-module. Suppose that for every proper subgroup M such
that rp (M ) is infinite the cocentralizer of M in A is a finite R-module. Then G contains a proper
normal subgroup V such that if U is a normal subgroup of G and V ≤ U ≤ G, U 6= G, then U is
soluble and the cocentralizer of U in A is a finite R-module.
Proof. Let T = T (G) and suppose first that T 6= G and rp (T ) is finite (if p = 0 these conditions are
automatically satisfied). By Lemma 4.2, G/T is not soluble and hence is not simple by Corollary 1
to Theorem 5.27 [14]. Hence G contains a proper normal subgroup L ≥ T , L 6= T . If rp (L) is finite
Lemma 4.5 implies that L/T is G-central and hence G/T contains a nontrivial maximal normal abelian
subgroup V /T . Certainly V 6= G. If U is a normal subgroup of G and V ≤ U ≤ G, V 6= U, U 6= G,
then rp (U ) is infinite, by Lemma 4.5 and, by hypothesis, the cocentralizer of U in A is a finite Rmodule. Then U is soluble by Lemma 4.1. If there is no such subgroup L then we set V = T and, as
above, V has required property.
Next suppose that p > 0. Suppose first that rp (T ) is infinite. If T 6= G then the cocentralizer of T
in A is a finite R-module. We deduce from Lemma 4.1 that T is soluble. Then G/T is not soluble
and hence is not simple by Corollary 1 to Theorem 5.27 [14]. If U is a normal subgroup of G and
T ≤ U ≤ G, U 6= G then rp (U ) is infinite so the cocentralizer of U in A is a finite R-module. By
Lemma 4.1 U is soluble. Thus we may set T = V in this case.
Now let T = G. Suppose first that the Sylow p-subgroups of G are all of finite section p-rank.
Then G has the minimal condition on p-subgroups, by Lemma 3.1 [11]. We obtain a contradiction,
since in this case the p-subgroups are Chernikov and hence of finite, bounded ranks. Thus G contains
some p-subgroup P of infinite rank and hence G contains an infinite elementary abelian p-subgroup
A by Corollary 2 to Theorem 6.36 [14]. Certainly A is a proper subgroup of G and if U is a normal
subgroup of G then U A 6= G; otherwise G/U is abelian, contrary to Lemma 4.2. Thus U A is a proper
subgroup of G of infinite section p-rank and hence cocentralizer of U A in A is a finite R-module.
Consequently cocentralizer of U in A is a finite R-module. By Lemma 4.1 U is soluble. We set V = 1
in this case.
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Theorem 4.7. Let A be a RG-module, G be a locally soluble group, rp (G) be infinite for some p ≥ 0.
Suppose that for every proper subgroup M such that rp (M ) is infinite the cocentralizer of M in A is
a finite R-module. Then G is soluble and A/CA (G) is a finite R-module.
Proof. Suppose, on the contrary, that G is not soluble. By Lemma 4.6 G contains a normal subgroup
V with the property that if U is a normal subgroup of G and V ≤ U ≤ G, U 6= G then U is soluble and
the cocentralizer of U in A is a finite R-module. Set V = U0 and d(U0 ) = d0 . Assume that we have
constructed normal soluble subgroups U0 ≤ U1 ≤ · · · ≤ Un such that d(Ui ) = di for i = 0, 1, . . . , n,
and that di < di+1 for i = 0, 1, · · · , n − 1. Since G is not soluble, there exists a normal subgroup
Un+1 , containing Un , such that d(Un+1 ) = dn+1 > d(Un ) and we therefore obtain an ascending chain
S
of soluble normal subgroups of increasing derived lengths. Let W = n≥1 Un . By construction W is
not soluble and V ≤ W . It follows that W = G.
Now let CA (Un ) = Cn for each n ∈ N. Since Un is a normal subgroup of G, Cn is an RG-submodule
for each n. Since the cocentralizer of Un in A is a finite R-module, A/Cn is a finite R-module. Thus
G/CG (A/Cn ) is finite. We deduce from Lemma 4.2 that G = CG (A/Cn ), for each n ∈ N. Since
S
T
T
G = n≥1 Un it follows that CA (G) = n≥1 CA (Un ) = n≥1 Cn and hence G acts trivially on the
factors of the series 0 ≤ CA (G) ≤ A. In this case G is clearly abelian. This contradiction proves that
G is actually soluble. By Theorem 3.1 A/CA (G) is a finite R-module.



Using a method analogous to the proof of Theorem 3.2 and applying Theorem 4.7 we obtain the
following result.
Theorem 4.8. Let A be an RG-module, G be a locally soluble group of infinite abelian section rank.
Suppose that the cocentralizer of every proper subgroup of infinite abelian section rank in A is a finite
R-module. Then G is soluble and A/CA (G) is a finite R-module.
We just sketch the following theorem.
Theorem 4.9. Let A be an RG-module, G be a locally soluble group of infinite special rank. Suppose
that the cocentralizer of every proper subgroup of infinite special rank in A is a finite R-module. Then
G is soluble and A/CA (G) is a finite R-module.
Proof. Let G be a counterexample to the theorem. If N is a proper normal subgroup of infinite special
rank then the cocentralizer of N in A is a finite R-module and it follows from Lemma 4.1 that N is
soluble. If N is of finite special rank then by Lemma 10.39 [14] N is hyperabelian. Let {Nα } be a
Q
family of all proper normal subgroups of G. Then subgroup J = Nα is also hyperabelian. Since
a simple locally soluble group is cyclic it follows that G is also hyperabelian. By Theorem 7.1 [1] G
contains a subgroup K that is either an elementary abelian q-subgroup of infinite special rank, for
some prime q, or a torsion-free abelian subgroup of infinite special rank. Let N be a proper normal
subgroup of G of finite special rank. By Lemma 10.39 [14] there exists a natural number d such
that N (d) is a direct product of Chernikov p-groups, for different primes p. If N (d) K 6= G then N is
soluble. If N (d) K = G let r be some prime different from q, r ∈ π(N (d) ), and let X be the Sylow
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{q, r}0 -subgroup of N (d) . Then XK 6= G and, as above, X, and hence N , is soluble. Thus every
proper normal subgroup of G is soluble and the cocentralizer of it in A is a finite R-module. The
proof now proceeds as in Theorem 4.7.



Example.
Let A = Drn∈N han i be a vector space over a field F , charF = p, p be a prime, G = Drk∈N hgk i,
|gk | = p, k ∈ N.
Let a1 gi = a1 + ai+1 , al gi = al , l = 2, 3, . . ., i ∈ N. Then G ≤ GL(F, A) and CA (G) = Drj≥2 haj i. It
follows that |A/CA (G)| = p.
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