International Journal of Group Theory

ISSN (print): 2251-7650, ISSN (on-line): 2251-7669
Vol. 4 No. 1 (2015), pp. 1-6.

© 2015 University of Isfahan

Group

www.theoryofgroups.u SAZYAZYAZ 111 AC. 1T

COMPUTING CHARACTER DEGREES VIA A GALOIS CONNECTION

MARK L. LEWIS* AND JOHN K. MCVEY

Communicated by Patrizia Longobardi

ABSTRACT. In a previous paper, the second author established that, given finite fields F' < E and
certain subgroups C' < E*, there is a Galois connection between the intermediate field lattice {L |
F < L < E} and C’s subgroup lattice. Based on the Galois connection, the paper then calculated the
irreducible, complex character degrees of the semi-direct product C' x Gal(E/F). However, the analysis
when |F| is a Mersenne prime is more complicated, so certain cases were omitted from that paper.
The present exposition, which is a reworking of the previous article, provides a uniform analysis
over all the families, including the previously undetermined ones. In the group C x Gal(E/F), we use
the Galois connection to calculate stabilizers of linear characters, and these stabilizers determine the
full character degree set. This is shown for each subgroup C < E* which satisfies the condition that

every prime dividing |E* : C| divides |F*|.

1. Introduction

In this note, we consider a situation that often arises when studying the degrees of the irreducible
characters of an arbitrary finite group. One can often reduce a problem of interest to studying a group
H which is the split extension of a finite group G acting faithfully and primitively on a finite, irreducible
module V. One of the main cases that arises in this situation is when G is a subgroup of the semi-linear
group I'(V') of V' (see for example Corollary 2.3 and Theorem 2.11 in [2]). When this happens, V is an
elementary abelian p-group for some prime p and rank e, and can be identified as the additive group
of a field E of order p®. Under this identification, I'(V) = {z — a2z’ | a € E*,0 € Gal(E/F,)} where
E* is the multiplicative group of E and Gal(E/E,) is the Galois group of E with respect to its prime
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subfield [, . It is not difficult to see that I'(V') has the form E* x Gal(G/F)). Our goal is to compute
the set of character degrees cd(G) = {x(1) | x € Irr(G)} for certain subgroups G of I'(V') and where
Irr(G) is the set of irreducible characters of G.

In the papers [3] and [4], which generalize results in §5 of [4], the second author worked on deter-
mining character degree sets for groups of the form G = C' x Gal(E/F) where F' < E are finite fields of
order g < ¢°, respectively, and where C' < E*. In Theorem 3.2 of [3], the second author proved when
ged(g—1,e) =1 and |C| = (¢° —1)/(¢ — 1) that cd(G) = {n | n divides e}. In [d], the second author
weakened the condition that ¢ — 1 and e be relatively prime to the condition that C' < EF* has index
|E* : C| which is divisible only by primes that divide |F*|. In Theorem 5 of [d], it was proved that
cd(G) is the full list of divisors of |E : F|, except possibly when three conditions are mutually satisfied:
(i) |F'| is a Mersenne prime, (ii) the degree |E : F'| is even, and (iii) 4 does not divide |C|. However,
the character degree set for G when these conditions were mutually satisfied remained unspecified.
The intent of this article is to provide a uniform analysis over all cases, including when (i)—(iii) hold.
In particular, we show that the corresponding character degree set is the full list of divisors of |E : F,
but with the integer 2 removed when (i)—(iii) simultaneously hold.

In particular, we will prove the following result:

Theorem 1.1. Fiz a prime-power q and an exponent 1 < e € Z, and label by F the field Fy, by E
the field Fge, and by m the set of primes dividing g — 1. Let I' = Gal(E/F), and fix C < E* under
the assumption |E*: C| is a w-number. Let G = C x I'. If all three of the following conditions are
satisfied

(i) q is Mersenne,
(ii) e is even, and

(iii) 4 does not divide |C|,
then
cd(G) = {n | n divides e} \ {2}.

If any of these conditions is violated, then

cd(G) = {n | n divides e}.

2. The Galois Connection

In this section, we review the results on monotone Galois connections that were proved in Section
2 of [@]. Since these results are fundamental to our argument, we provide a thorough review of the
results. We refer the interested reader to [4] for the proofs of these results.

A monotone Galois connection is a pair of monotone nondecreasing functions f : A — B and
g : B — A on partially ordered sets (A, <) and (B, <) which satisfy

f(a) <bif and only if a < g(b)
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over all a € A and b € B. The lower and upper adjoints are f and g respectively. The closed sets Ag
and By of A and B respectively are defined by Ay = g(B) and By = f(.A), and satisfy

Ao ={a e Algo f(a) =a} = go f(A) and
By ={beB | fog(b) =b}=fog(B)

The functions f and g are inverse bijections between the sets Ay and By.

We now focus our attention specifically on finite fields F' < E. Label by 7 the set of primes dividing
|F*| = |F|—1 and consider an arbitrary subgroup C' < E* for which the index |[E* : C| is a 7-number.™
In this notation, the upper adjoint in which we are interested is the function “intersect with C.”

As to the lower adjoint, define the F-closure X of a subset X C F to be the smallest subfield of E
which contains X U F. In other words, X is the intersection of all fields L satisfying XUF C L < E.

Obviously, this actually is a closure operator, i.e.
XQYimplies)?Q?anng)?:)?

over all subsets X, Y C E. Most importantly, an automorphism o € Gal(E/F) centralizes X if and

only if it centralizes X. The partially ordered sets are
E={L|F<L<FE}landC={D|D<C}

under inclusion. The functions X — X N C and X — X are certainly both monotone.
Given D e Cand L € &, and noting LNC =L*NC €C,

ﬁgLifandonlyingLifandonlyingLﬂC,

showing = and (- )N C are lower and upper adjoints, respectively. Therefore, as Ay = g(B), the closed
subset of Cis Co = {LNC | L € &}.

We are now ready to collect our results on the Galois connection. All but the last two sentences
were proven in the above discussion, those being the true content of the theorem. Their proof is at

the end of this section. This result is the Main Theorem from [4].

Theorem 2.1. Let F' < E be finite fields and label by m the set of primes dividing |F| — 1. Let C be
a subgroup of E* whose index |E*: C| is a m-number. Given the partially ordered sets
E={L|F<L<E:isafield} and
C={D|D<C is a group},
the functions © : C — &€ and ()N C : £ — C are respectively the lower and upper adjoints of a
monotone Galois connection, and thus provide inverse bijections between the closed subsets Cy C C
and & C €. The closed subset Cy of C is the lattice Co = {LNC | L € E}. If |F| is a Mersenne prime,

|E : F| is even, and 4 does not divide |C|, then the closed subset &y of £ is the set &g = E\ { K} where
|K : F| = 2. Otherwise, &€ = &.

IThis naturally generalizes [5], wherein |E* : C| = |[F*|.
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Our argument for the unfinished portion relies on number theory, for which we quote Zsigmondy’s

prime theorem (see [G]).

Theorem 2.2 (Zsigmondy). Let a,b,n be positive integers and assume a,b are coprime and not both 1. Then,

a™ — b" has a prime divisor which does not divide a® — b* for integers 0 < k < n, except when either
e n==6 and {a,b} = {1,2}, or

e n=2anda-+bis a 2-power.

For our application, we need to be both a bit more specific (in one direction) and a bit more general
(in another) than Zsigmondy’s theorem. In Corollary E23, we specify that {a,b} be {¢,1} with ¢ a
prime-power, but we also generalize by switching the order of the quantifiers (from ‘Jprime V£’ in

Zsigmondy’s theorem to ‘V k Iprime’ in the corollary). We quote directly Corollary 2 of [4].

Corollary 2.3. Let n > 1 be an integer and q a power of a prime. Then, for each integer k with
0 < k < n, there is a prime which divides ¢" — 1 and not ¢* — 1, except when q is a Mersenne prime

and n = 2. Conwversely, when q is a Mersenne prime, every prime dividing ¢*> — 1 divides g — 1.

We leave number theory and move to algebra proper. Our first algebraic lemma applies the above

number theory to finite fields. This result previously appeared as Lemma 3 in [4].

Lemma 2.4. Let F < K < L < FE be finite fields. For the set w of prime divisors of |F*|, let C be a
subgroup of E* whose indez is a w-number. If the prime p divides |L*| and not |K*|, then p divides

ILNC: KNC|.

We now make the last of our direct quotes; the following theorem appeared as Theorem 4 in [4].

As a direct consequence of this theorem and the statement that By = f o g(B), we conclude
&={Inc|Lee}.

Since the F-closure LN C equals L but for the one exception Fg2 when ¢ is Mersenne, e is even, and
4 fails to divide |C], this finishes the proof of Theorem P

Theorem 2.5. Let q be a prime-power, e > 1 an integer, and w the set of primes dividing g —1. Label
F =F, and E = Fge, and let C be a subgroup of E* whose index |E*: C| is a m-number. Then, for
all fields F < L < E, the equality L = LnC holds, except when the following conditions are mutually
satisfied.
(1) q is a Mersenne prime,
(2) e is even,
() L=Fp,
(4) 4 does not divide |C].
When these simultaneously hold, LNC = FNC, so LNC=F<L.

and
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3. Character Degree Computations

Our concluding section presents the computations for the character degree set of the split extension
C x Gal(E/F). In the prior paper [4], this was accomplished only in the case where & = &. All
standard notations and conventions regarding character theory are taken from [0]. The following
generalizes Theorem 5 from [d], itself generalizing Theorem 3.2 in [B]. Our proof here supersedes and

is a modification of that proof. In particular, this proof now includes the excepted Mersenne situation.

Proof of Theorem I. Due to It&’s theorem (Theorem 6.15 of [0]), every degree in cd(G) divides
|IG:C|=|I"=e.

Consider a character p € Irr(C). Let ¥ be the stabilizer of p in I'. It follows that C¥ is the
stabilizer of p in G. As CI'/C = I' is cyclic, we see that p extends to Irr(C¥) (Corollary 11.22 of
[0]) and by Gallagher’s theorem, every irreducible constituent of u“? is an extension of . Applying
the Clifford correspondence (Theorem 6.11 of [0]), we see that every irreducible constituent of %
induces irreducibly to G. We conclude that every irreducible constituent of x“ has degree |I" : ¥|.
Conversely, since every irreducible character of G lies over some character u € Irr(C'), every degree in
cd(G) arises in this manner.

We now establish some notation to be used throughout the remainder of the proof. First, when we
reference the “exceptional case,” we specifically mean that (i)-(iii) hold (g is Mersenne, e is even, and
4 does not divide |C|]). Let A be a generator for the cyclic group Irr(C). Note that A is a faithful
character and a homomorphism from C' to the complex numbers. Let ¢ be a generator for the group
C, and o a generator for I'. (In particular, we may take o to be the Frobenius automorphism of E.)

Consider an arbitrary integer m and element 7 € I". Because A is a homomorphism, A™(d) = A\(d™)

for all elements d € C. We compute
A™)7(d) = A™(d™ ) = A((d ™) = A((@™)7).

Thus, (\™)" = A™ if and only if )\((dm)Til) = A\(d™) for all d € C. Since A is faithful, this will occur
if and only if (d™)™ ' = d™ for all d € C. It follows that 7 stabilizes A™ if and only if 7 centralizes
d™ for every element d € C. The latter happens exactly when 7 centralizes (¢™).

We next show, in the exceptional case, that 2 is not a degree of G. By the second paragraph, it
suffices to show that (02) is not the stabilizer of any character in Irr(C). In other words, we need
to prove that if o2 stabilizes A for some integer [, then o stabilizes A!. In the fourth paragraph, we
have seen that o2 stabilizes \' if and only if 62 centralizes ¢!. Let K be the fixed field for o2 in E. It
follows that K is the extension field of F' whose degree is 2. (I.e., K = F2.) From Theorem 23, we
know that K N C = F N C. Now, we see that 2 stabilizes A if and only if ¢ € KNC = FNC. But
¢ € F implies that o stabilizes A, as needed.

Now, let n be an arbitrary divisor of e, and assume in the exceptional case that n # 2. Let @ = (o),
and observe that |I" : | = n. Write L for the fixed field of ¢™ in E. Note that & = Gal(E/L), that
o™ fixes the subgroup L N C of C, and that if n # 2, then L = Fyn # F2. Since c is a generator of C,

there is some integer m for which L N C = (™).
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We now compute the stabilizer of ™ in I'. Let 7 € I' be arbitrary. By the fourth paragraph,
7 stabilizes \™ if and only if 7 centralizes (¢™) = L N C. This occurs if and only if 7 centralizes
LNnC. Applying Theorem PH, we know that L = LNC. Thus, 7 stabilizes A™ if and only if
7 € Gal(E/L) = ®. We conclude that & is the stabilizer of A", and applying the second paragraph,
we have n € cd(G). O
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