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ABSTRACT. For a symmetric group G := Sym(n) and a conjugacy class X of involutions in G, it is
known that if the class of involutions does not have a unique fixed point, then - with a few small
exceptions - given two elements a,z € X, either (a,x) is isomorphic to the dihedral group Ds, or there
is a further element y € X such that (a,y) = (x,y) = Ds (P. Rowley and D. Ward, On w-Product
Involution Graphs in Symmetric Groups. MIMS ePrint, 2014).

One natural generalisation of this to p-elements is to consider when two conjugate p-elements gen-
erate a wreath product of two cyclic groups of order p. In this paper we give necessary and sufficient
conditions for this in the case that our p-elements have full support. These conditions relate to given
matrices that are of circulant or permutation type, and corresponding polynomials that represent these
matrices. We also consider the case that the elements do not have full support, and see why generalising

our results to such elements would not be a natural generalisation.

1. Introduction

Given a finite group G and a prime p dividing the order of G, the poset S,(G) consisting of all
non-trivial p-subgroups of G has been the subject of much work. By analysing S,(G) together with
the subposet A, (G) of all non-trivial elementary abelian p-subgroups of G, and their associated order
complexes - the respective Brown and Quillen complexes - it is possible to derive results about both
the group G and its representations. The complex S,(G) was studied by Brown in his paper [8]. Later,
Quillen considered these complexes and proved in [I6], that the order complexes |S,(G)| and |A,(G)|
were homotopy equivalent, with the homotopy commuting with the underlying G-action.
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Brown’s motivation for studying the poset S,(G) was the calculation of cohomology groups of certain
discrete finite groups - the subject of [U]. It is also possible to use homological methods to construct
representations for G by considering the Brown and Quillen complexes as simplicial complexes. This
was the approach used by Ronan and Smith in [I7], [I8], [19] and [20].

The rich structure of the conjugacy classes of p-elements in G := Sym(n), leads to an equally rich
structure in the poset S,(G). In general the homotopy type of S,(G) is still unknown, although in
the case that n = 3p it has been determined [23]. In the case that p = 2 a section of the poset S,(G)
involves two conjugate involutions of G generating the dihedral group, Dg, of order 8. A full analysis
of this situation was undertaken in [21]. It was seen that if X = a“ - the G-conjugacy class of an
involution a, that does not have a unique fixed point - then except in a few small cases, any x € X
either satisfies (a,z) = Dg or there exists some y € X satisfying (a,y) = (z,y) = Dg. This result was
obtained using graphs know as z-graphs. These were basic graphs that indicated the interactions of
the disjoint transpositions of conjugate involutions and were first introduce by Bates, Bundy, Perkins
and Rowley in [d]. They form part of a rich cornucopia of graphs that may be associated to groups, the
study of which allows properties of the groups to be determined. These include commuting involution
graphs [4], [&], [6], [I1], [15] , [22], local fusion graphs [, [?] and commuting graphs [3], [[@], [13], [I4].

There are two natural generalisations of the given result from [21]. The first would consider when
two conjugate involutions generate the dihedral group Dom for m > 3. An analysis of xz-graphs would
be fundamental in such an approach, which would then become a case-by-case analysis of the possible
situations that could arise.

An alternative generalisation involves considering Dg as the wreath product, Cy ¢ Cs, of two cyclic
groups of order 2. From this viewpoint, a natural generalisation is to consider when two conjugate
p-elements of Sym(n) generate the wreath product Cp Cp,. In this paper, we consider conjugate
p-elements of full support in Sym(n) that generate this wreath product. To analyse such situations,
it would be desirable to form a generalisation of the x-graph. The natural generalisation results in
non-planar directed graphs and hence we consider the adjacency matrix of such a graph. Indeed, given
conjugate p-elements a and x of full support in Sym(n), we form suitable matrices A% and AZ. Here
a will be the standard p-element of G namely a = (1,2,...,p)(p+1,...,2p)---((r—1)p+1,...,rp)
where n = rp and we label the p-cycles forming a by o; = (p(i — 1) + 1,...,pi) for i = 1,...,r.
Similarly if z is a G-conjugate of a, then we may label its disjoint p-cycles by x1,..., X». The matrices
A% and A? have (4, j) entries given by [supp(af) Nsupp(a;)| and |supp(x§) Nsupp(x;)| respectively.

Throughout, p will be an odd prime. Our first result considers the case that n = p?>. We see that
the matrices A and AY do indeed encode data which we may use to determine when a and x generate
the wreath product W), := C}, ¢ C},. This encoding involves circulant matrices and their representer

polynomials in addition to permutation matrices, all of which are defined in Section B.

Theorem 1.1. Let G = Sym(p?), a be the standard p-element of G and let x be a conjugate of a.

Then (a,z) = W, precisely when the following two equivalent conditions hold.
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(i) A% =p- Y, for some p-cycle o € Sym(p), AY = circ(0,c1,...,cp—1) for some ¢; € Zp, X =1 is
a simple root of the representer polynomial fa:(X) € Zy[X] and [a,a”] = 1.
(ii)) A% =p-Y, for some p-cycle o € Sym(p), AZ = circ(0,c¢1,...,¢p-1),
| det(A2)|, = p? and [a,a”] = 1.
(or (i) and (it) hold with the roles of a and x interchanged).

The second result concerns the case when n = p®. It involves the notions of the block sum matrix,

BS(M), of a matrix M and of a reduced representer polynomial as given in Definitions b3 and b®8.

Theorem 1.2. Let G = Sym(p?), a be the standard p-element of G and let = be a conjugate of a.
Moreover, suppose that we cannot decompose a = ay---a, and v = x1---xp with a;, x; sitting inside
a copy of Sym(p?) for each i with one such pair satisfying the conditions of Theorem I. Then
(a,z) = W, precisely when up to a renumbering of the oy the following conditions hold

(i) [a,azi] =1forali=1,...,(p—1)/2;

(i) A% is a block matriz having blocks of size p X p, all of which are zero except for those immediately
above the leading diagonal. The non-zero pxp blocks are either equal to p-Y, for some o € Sym(p)
or have every entry equal to 1. Moreover, A% contains at least one block whose entries are all
equal to 1; and

(iii) AZ is a block matriz having blocks of size p X p each of which is circulant and the diagonal blocks
are all equal. Moreover, either
(c1) X =1 is a root of multiplicity at least 2 of the representer polynomial

fBs(az)(X) € Zp[X] but is not a root of the representer polynomial
f}lggg(Ag)(X) S sz[X]; or
(c2) X =1 is not a root of the reduced representer polynomial g’Ag (X) € Z2[X];

(or (i), (i1) and (iii) hold - up to a renumbering of the x; - with the roles of a and x interchanged).

Our final result combines Theorems I and [C2 to consider the most general setting. Since Cy, ! C),

is not a subgroup of Sym(n) for n < p?, this occurs when G = Sym(rp) for some r > p.

Theorem 1.3. Let v > p, n = rp and G = Sym(n). If a is the standard p-element of G having
G-conjugacy class X and x € X, then (a,x) = W), precisely when for a suitable renumbering of the o
and x; the following conditions hold
(i) la,a®] =1 fori=1,...,(p—1)/2;
(i) A% is a block diagonal matriz having blocks D1, D2 and D3, where
e Dy =p- 1 for some identity matriz I;
e Do is a block diagonal matrix having blocks of size p X p, where each block has the form p-Y,
for some p-cycle o € Sym(p); and
e Ds is a block diagonal matriz having blocks of size p> x p? having the form of the matriz A%
from Theorem 2.
(iii) A% is a block diagonal matriz having blocks E1, Ey and Es3, where
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o Iy =Dy
e FE5 is a block diagonal matriz of the same size as Do, where each block is a p X p circulant
matriz having row sum equal to p; and
e I3 is a block diagonal matriz of the same size as D3, where each block is a p* x p? block
matriz having p X p blocks each of which is circulant and the diagonal blocks are all equal.
(iv) One of the following holds
o The representer polynomial fg(X) € Zy[X] of at least one of the circulant blocks, B, of Es
has a simple root at X = 1;
e There is at least one block, C, of E3 such that X =1 is a root of multiplicity at least 2 over
Zy of the representer polynomial of the block sum matriz BS(C') but X =1 is not a root of
the representer polynomial fj'BS(C) (X) € Z2[X];
e There is at least one block, C, of F3 such that X =1 is not a root of the reduced representer
polynomial gi(X) € Z,2[X].
(or the conditions (i) — (iv) hold with the roles of a and x interchanged)

This paper is arranged as follows. In Section B we look at the matrices A% and AY and give some
basic results about the wreath product Cp 1 C),. We also introduce the notion of circulant matrices
and illustrate a number of properties that they satisfy, which will be used in our subsequent work.
Sections B and @ consider the case that n = p?. The former section leads up to a proof of the
equivalence of (a,z) = W), and part () of Theorem [, whilst the latter proves the equivalence of
parts (i) and (@) of the same theorem. The case that n = p3 is considered in Section B in which

Theorem 2 is proved. The paper concludes in Section B, where Theorem [3 is proved.

2. Preliminary Results

Throughout this paper we fix a prime p # 2 and set G := Sym(pr) for some r > p. We consider
G to be acting on the set Q := {1,...,pr} and fix an element a = ajs - - - o, where o; = (p(i — 1) +
1,p(i — 1)+ 2,...,pi), which we will sometimes refer to as the standard p-element of G. We denote
the G-conjugacy class of a by X = a®. Given € X, it will be useful to denote the disjoint p-cycles
forming = by x1,...,Xxr. The x; are defined recursively by setting y; to be the p-cycle for which the
orbit of 1 under (x1) is non-trivial. Assuming that y; has been defined for 1 < i < j we then define

t; := min {t € Q | the orbit of ¢ under (x1,...,x;) is trivial}

and define x;41 to be the p-cycle for which the orbit of ¢; under (x;4+1) is non-trivial.

For an arbitrary element g € G, we denote the set of fixed points of © under (g) by fix(g). The
support of g, denoted supp(g), is defined as supp(g) := Q\ fix(g). We shall also use the notation W),
to denote the wreath product C), ! C), of two cyclic groups of order p.

In [21], it was seen that when X was an arbitrary conjugacy class of involutions, then to determine
when two conjugate involutions generate the wreath product Ws 22 Dg, we may use graphs known as

xz-graphs. These graphs essentially considered the intersections of the supports of the transpositions



Int. J. Group Theory, 5 no. 3 (2016) 9-35 D. Ward 13

in the decomposition of the involutions. Generalising this from a strictly graph-theoretic viewpoint
is impractical. However, consideration of the adjacency matrix of such a generalisation does yield

results.
Definition 2.1. Let z € X’ be given. We define the r x r matrices A% and A7 by

(A2);,; := lsupp(af’) N supp(ey)|

and
(A2)i ;= [supp(x7) Nsupp(x;)| -

As with x-graphs, since the element a is fixed, we suppress it in our notation and denote A$ by A,.
The determinant of a matrix B will be denoted by det(B) and the largest power of p dividing it will
be denoted | det(B)|,.

In Section B we will be concerned with two specific classes of matrices; permutation matrices and
circulant matrices. Indeed, if o € Sym(n), then we denote by Y, the n x n permutation matrix defined
by

1 if ioc = j; and
(Yo)ij =
0 otherwise.

In the case that o = (1,2,...,n), we set 7 := Y,. For a given n x n-matrix A, multiplying A on the
left by 7 cyclically shifts the rows of A down by a row, whilst multiplying by 7 on the right cyclically
shifts the columns of A to the right by a column. Matrices that are invariant under conjugation by
7 are known as circulant matrices. Thus any circulant matrix C satisfies C; ; = Ciyp j4r for any
k=1,...,n (where we replace i+ k (respectively j+k) by i+k—mn (respectively j+k—n)ifi+k >n
(respectively j+k > n)). Consequently a circulant matrix is uniquely determined by its first row, and

we denote the circulant matrix

€o it C2 - Cp-1
Cn—1 Co c1 ++ Cp=2
C = Ch—2 Cp—1 QO Cn—-3 |,
C1 (6] cg - Co
by C = circ(cg, €1,y - -+, Cn—1)-
Associated to any circulant matrix C' = circ(cg, ¢1, - . ., ¢n—1), is the representer polynomial fo(X)

in the indeterminant X, given by
fo(X)=c+aX+eX’+ -+ X"

Strictly speaking this is a polynomial with coefficients in the underlying ring of C'. However, in this
paper the underlying ring of our circulant matrices will be the integers, and it will sometimes be
preferable to consider fo(X) as an element of Zy[X] or Z,2[X]. The following result illustrates this

Correspondence.
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Lemma 2.2. Let X = circ(zo,...,zp—1) be an integer circulant matriz. Then det(X) = xo+---+xp—1
(mod p).
Proof. Expanding det(X) gives a series of summands agy...a, ;25 27" - - ~x;’j 7' where ag+ -+ ap_1 =

p and a; € N. Clearly if a; = p for some i, then the coefficient ag...q,_, is equal to 1 and the

. . . Qp— .
corresponding summand of det(X) is 2. Conversely, consider an occurrence of z{" - - T, 1 in the

;’i 7' occurs from the entries
of X. Due to the circular nature of entries of X, it will also occur from the entries

expansion of det(X) where no a; is equal to p. Suppose that z("---z
X; L X
Xiythjivks -+ Xiptkjp+k for k=1,...,p—1 (where we set Xjqp j, Xij+p and Xiip j+p equal to X ;

1,010 ip,Jp

fori,5 =1,...,p). Since each a; is not equal to p, and p # 2 we conclude that

{Xiytsgivss o Xiptsjprst ZF A Xt jitts s Xipttjprt )

for any distinct s,t = 0,...,p— 1. Moreover, consideration of the signs of each of these occurrences of
Ap—
pp—ll
ifaj #pfor j=0,...,p—1, then agy...q,_, is divisible by p. Consequently, applying Fermat’s Little

zg - -x shows that they must all be equal. Since there are p such occurrences, we conclude that

Theorem we obtain

det(X)=ag+---+a) | =xo+ - +xp-1 (mod p),

as required. O

We conclude this section by considering the structure of W), = I' x C},, where I' is an elementary

abelian p-group of rank p.

Lemma 2.3. Let p be an odd prime and let G be a group having a normal elementary abelian p-
subgroup T" of index p in G. Suppose that I has rank p. If a,x € G satisfy ord(a) = ord(z) = p and

(a,x) = G, then either a or x is contained in T

Proof. Let a,x € G\ T satisfy the given properties. Since G/I" is a cyclic p-group, by replacing x by
an appropriate power, we may assume without loss of generality that al’ = xI" and hence that the
action of a on I' is equal to the action of z on I.

Let A := {(a ') x (a=22%) x --- x {(az~!). We note that as al' = 2I' each of a ‘2! € T for
i=1,...,p—1. Hence A C I'. Conversely, suppose that y € I'. As y € G = (a,x), there exist

bi,...,bay € Z, (for some n) such that

(2.1) Y= alrxb2qb3ghs ... gban—1bon

Note that as G/I" = (aI') = (zI'), we have the relation 22221 b =0 (mod p).

We now proceed to build y recursively. We assume that y is written in the form (271) such that no b;
is zero. In the case that b = 0 or by, = 0, an analogous argument holds. Define y; := a?*z~%'. Thus
y1 agrees with y in the first position. Now assume that we have defined y; € A for some i < 2n such

b1 .02 . d b1 b2 | .

that y; = a”x cabizd or y; = ax zba? depending on the parity of i. Here d := — Z§:1 b;.

Thus y; agrees with y on the first 7 entries. In the former case define y; 1 = y;xb+1~%a?b+1 and in



Int. J. Group Theory, 5 no. 3 (2016) 9-35 D. Ward 15

the latter case define y;41 := yiabi“_d:vd_bi“. Thus y;+1 € A and y;41 agrees with y in the first 1 41

positions. Continuing in this way we may define y; for i = 1,...,2n, where each y; € A. However,
2n
Yon = b1 023 o0 .. gben—1pb2n o~ 2501 n
and hence y € A. We conclude that I' = A, from which the result follows immediately. O

Applying Lemma 223 to W), we obtain the following result that we will use in Section B.

Corollary 2.4. Let p be an odd prime and let a,x € W), be elements of order p such that (a,z) = W).
Then either |a, axi] =1 foralliec{l,...,p} or [x,xai] =1 forallie{l,...,p}.

Proof. Since W, satisfies the hypothesis of Lemma P23, either a or x is contained in the base group of

Wy, which is elementary abelian. 4

3. The n = p? Case

In the next two sections, we prove Theorem 1. This theorem reflects the fact that in the wreath
product Cp Cp, the p copies of C), are permuted in a p-cycle, and elements within each copy of C),
have a circular orbit.

The proof of Theorem [ can be split into two separate cases. First we consider the equivalence
of (a,x) = W, with part (i) of Theorem . This is proved in Proposition B2. The equivalence of
parts (i) and (d) of Theorem [T is then proved in Section @ as Theorem A2

We begin by formulating a result relating the conjugation action of x on a to the rank of an

elementary abelian p-group.

Lemma 3.1. Let G = Sym(p?), a be the standard p-element of G and let x be a conjugate of a. If

elqj,
loi—1

then the elementary abelian p-group I := (axj |7=0,...,p—1) has rank p if and only ifefl—i—- : -+e;1 2
0 (mod p).

af =« ' for some p-cycle o € Sym(p), some non-zero ei, ... e, € Z, and for all j =1,...,p,

Proof. For ease of notation we will assume without loss of generality that o = (1,2,...,p). Moreover,
for simplicity of subsequent arguments we define €,,,,4; := e; for all m € Z. Let
dy,...,d, € Z, be such that

P
i .
(3.1) [[e)*% =1
i=1
. —1
xjfl _ 610’371 _ €j . T D ej €j4+1 . . 12 o
As of = Alpj1 = aj, it follows that a1 = Hj:1 ol . Iterating this we have that a® =
€. 1€j4+1 . i €. .1 1€j+1 .
b_ia/q 7 and in general o =[], /777" . Thus we may write (B) as
P P P P &
—1 -1
(3.2 [IITaloer = TR
: j+1 = J+1 =4
i=1j=1 i=1 \j=1
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It follows that for a fixed ¢ € {1,...,p}, the exponent of oy in (B2) is congruent to 0 (mod p). Thus

we have

(3.3) Z(e;_lieg)di =0 (mod p).
i=1

The equations in (B33) give rise to a homogeneous system of linear equations in the d; with coefficient

matrix given by A = (ay;), where ap; = e[_lieg. This matrix is invertible if and only if the matrix

-1

B = (by;) is invertible, where by; = €,_;- We may conclude that there is a non-trivial solution

to (Bl) meaning that the group I' has rank less than p, precisely when det(B) =0 (mod p). However,
B = circ(e;l, 61;11, ..
efl—l—--~+e;1£0(m0dp). O

oy efl) and so appealing to Lemma 22 we deduce that this occurs precisely when

Lemma B underpins the proof of the equivalence of (a,z) = W, and part (i) of Theorem [T, as
it allows us to relate the coefficients of the circulant matrix - A? or A, - with the base group of the

wreath product W,.

Proposition 3.2. Let G = Sym(p?), a be the standard p-element of G and let x be a conjugate of a.

The following are equivalent

(1) (a,z) =Wy,
(ii)) Ay =p- Yy for some p-cycle o € Sym(p), A* = circ(0,c1,...,cp—1) for some ¢; € Ly, X =1 is
a simple root of the representer polynomial faz(X) € Zp[X] and [a,a”] = 1 (or with the roles of

a and x interchanged).

Proof. Throughout the proof we write a = a1---op and © = x1---Xxp as in Section B. Assume
that (a,z) = W,. By Corollary P4 either [a,axi] =1 for all i € {1,...,p} or [:r,xai] =1 for all
i €{1,...,p}. Without loss of generality assume that [a, axi] =1foralli=1,...,p. An analogous
argument can be used in the case that [z,2%] = 1.

As [a, af‘i] = 1, either supp(a) = supp(a;y) for each i = 1,...,p and some p-cycle o € Sym(p), or
|supp(a) Nsupp(e;)| = 1 for all 4,j. If the former case holds, then A, = p-Y,. If the latter case
holds, then in particular [supp(af) Nsupp(ai)| = 1. It follows that in the disjoint cycle decomposition
of x, there exists a cycle whose support contains two elements of {1,...,p}. By taking appropriate
powers of a and z, we deduce that ord(a‘z?) < p? for some 1 <4, < p — 1 and hence as {(a,z) = W,

it follows that ord(a‘z?) = p. Hence

1= (az) . (ai)w*j . (az)z . (ai)z(lfp)j‘

Thus as the a®" pairwise commute, they must form an elementary abelian subgroup of order at most
pP~L. Moreover, as z acts on this subgroup via conjugation, it would follow that |(a, z)| < p? < pPT1 =
|Wp| and hence (a,x) 2 W,. We conclude that the latter of the two cases cannot hold, and hence
A, =p-Y,. Consequently supp(c) = supp(a;y) for each i € {1,...,p}.
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Define b; := minsupp(x;) and write z as a p X p array as

(bla b1X17 le%? sy blxii)_l)
(b2, bax2, bax3, - - baxh )

1
(bp: bpXps pr;zQN o bpxp )

As [a,a*'] = 1 for all i € {1,...,p}, we sce that af € (aj,) for each i € {1,...,p} and hence the

columns of (82) correspond to powers of the a;. Consequently, A7 = circ(0,cq,...,cp—1) for some
c1,-..,¢p € N with the sum of the ¢;’s equal to p. In particular X = 1 is a root of the representer
polynomial fa:(X) € Zy[X].

Define I' := <a’“"j\ j=1,...,p). Thus I' is an elementary abelian p-group of rank p. Moreover
a’fjil = i;‘;ﬁl for some non-zero ei,...,e, € Z,. Define a; for 7 = 1,...,p recursively by a; :=

min{i | ¢; # 0} and

L i—1
a; :=min ¢ £ Zj-cj >Zaj
j=1 j=1

for ¢ > 1.

To understand the correspondence between the a;, ¢; and e;, we again consider (84). We see that
the a; give the number of rows descended in (B2) to go from the entry in the first row of a column to
its image under a, while each c; gives the number of times that j rows are descended within a column.
Thus Z?:_ol i-¢; =Y b i a;. Meanwhile, the e; give the exponent to which «; is raised under the image
of successive powers of x, and hence these are precisely the inverses of the a;.

Consequently, as multisets we have that

{a; |i=1,....,p} ={e;' |i=1,...,p}.

Appealing to Lemma BT we see that, as I' has rank p, then a; +---+a, Z 0 (mod p). Consequently

p—1 P
far() =Y i-c;=) a;#0 (mod p),
i=0 i=1

and the representer polynomial of A7 has a simple root at X = 1 as required.

Conversely, assume that the conditions in (d) hold. As A, = p-Y,, it follows that supp(af) =
supp(aig). Moreover, as [a,a®] = 1 we have a? € (o). Defining I' := (a®'|i = 1,...,p) we deduce
that I is an elementary abelian p-group upon which (x) acts, and T' N () = {1}. Thus it suffices to
prove that rank(I') = p. However, an analogous argument to that used above involving the a;, ¢; and
e; shows that this is equivalent to proving that fgg(l) # 0 (mod p), which holds as f4:(X) has a
simple root at X = 1. O
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We note that all of the conditions in Proposition B2 are necessary. Indeed, the necessity of the
structure of A, and A7 was evident in the proof of the proposition. However, if p = 5 and
x=(1,6,11,16,21)(2,7,14,18,25)(3,9, 15,17, 23)
(4,8,12,20,24)(5,10, 13,19, 22),
then the matrices A, and A? are given by
A, =57 and A% = cire(0,2,1,1,1)

both of which satisfy the conditions in the proposition. However, in this case [a,a”] # 1. Indeed,
(a,x) is a group of order 3,888, 000,000 and exponent 150.

4. An Equivalent Formulation

Our characterisation of (a, x) in terms of the matrices A, and A? given in Section B depended on the
representer polynomial of a given circulant matrix. However, we may also consider the determinant
of the circulant matrix. This characterisation relies on the following well known result regarding the

determinant of a circulant matrix.

Theorem 4.1. [2, Theorem 6] Let C' = circ(cg,c1,...,cn—1) be a circulant matriz with complex
coefficients. Then

n—

n—1 1
det(C) = H ( clwﬂ> ,
j=0 \1=0

where w = exp(27i/n).
We now describe this approach using determinants.

Proposition 4.2. Let p > 3 be a prime and let ci,...,cp—1 be non-negative integers such that
SPle; = p. Let C = cire(0,¢1,...,¢p 1), and let fo(X) = SP2! ¢; X' € Z,[X] be the represen-
ter polynomial of C. Then | det(C)|, is divisible by p>. Furthermore |det(C)|, is divisible by p* if and
only if fo(X) =0 or 1 is a root of fo(X) of multiplicity at least 2.

Before proceeding to prove Proposition B2, we first give three general results that we will require

in the proof.

Lemma 4.3. Let p > 3 be a prime and w = exp(27wi/p) be a primitive p'* root of unity. Then
QN Zw] = Z. In particular, 1/p* & Z[w] fori > 1.

Proof. We note that S = {1,w,...,wP™?} is a basis for both Q[w] over Q and Z[w] over Z. Suppose
that o € (QNZ[w])\Z. Then « can be written as a Z-linear combination of elements of S, thus giving
two distinct ways of writing « as a Q-linear combination of elements of S in Q[w]. This contradiction

gives the result. U

Lemma 4.4. Let p > 3 be a prime and let w = exp(27wi/p). Then
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(’L)H (17w ) = p; and
(id) TT5=1 (W = w™) = p.
Proof. Set h(z) = 2P — 1 =[]’ O(z — w¥). Differentiating h(z) with respect to z gives
p—1 p—1p—1
pP L =H(2) = H(z w4 (z-1) Z H(z — w?).
J=1 Jj=11i=1
i#]
It follows that p = '(1) = [];Z (1 — w¥) as required to prove (i).
Part (ii) then follows immediately since
p—l p—l
H(wj — WPy = H W’ (1 — w27
j=1 j=1
— WP—1)/2 H wP=2)j
p—1 p—1
=[[a-w®?) =T[0-w¥)=p
J=1 7=1
as required. O
Lemma 4.5. Let p > 3 be a prime. Then
p—1 4
(4.1) 1—|—ZH 1—7H=0 (modp).
1=2 j=2
Proof. As the elements (1 — j_l) for j =2,...,p — 1 are the non-zero, non-identity elements of Z,, it
follows that ]_[p 1(1 —j 1 =p—1 (mod p). Thus (&) is equivalent to proving that Y 7, H] 5(1—
771 =0 (mod p). We will actually prove that
(4.2) 1+ H (1—571H=0 (modp)

Jj=i+1

for alli=2,...,(p—1)/2. This is sufficient to prove the result, since

3 p—i 3 p—1i
[Ta-iH+J[a-iH=]Ja-i" 1+ J] a-5"
j=2 j=2 j=2 j=i+1

=0 (mod p),

from which the result follows immediately.

We prove that (E2) holds by induction on £ = (p+1)/2 —i. When ¢ =1, then i = (p — 1)/2 and

so (E2) becomes 1 + (1 — +1)/2)"1 = 0 (mod which clearly holds since +1)/2)"1 =
(B2) 1-(p+1)/2) D), y p
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(mod p). Assume that (E2) holds for £ = (p+1)/2 — k < (p+ 1)/2. Tt follows that

p—k+1 p—k
1+ [[a-ih=1+a-rHa-p-k+1™") [T =i
j=k Jj=k+1

=1-1-kHa-(p-k+1)hH

=k '+ p-k+) -kt p—k+1)?
=k 'p—k+1D) " p—k+14+k-1)
=0 (mod p).

Thus by induction (B22) holds for all i = 2,..., (p — 1)/2, as required to complete the proof. O

We are now in a position to prove Proposition E=2.
Proof of Proposition @-2: If ¢; = p for some 4, then C = p-x'. Thus the result clearly holds since
|det(C)|, = pP so is divisible by p?, whilst fo(X) = 0 € Z,[X]. Conversely, if fo(X) = 0 € Z,[X],
then some ¢; must equal p, and hence | det(C')|, = p”. Consequently, we may restrict to the case that
fo(X) # 0 and hence that ¢; < p for each i =1,...,p— 1.

Consider the general form of the determinant of C' and define

q; = cle + 02w2j + .4 Cp_zw(p_2)j _ (Cl 4+ 4 Cp_Q)w(p_l)j

=c (W — w(p_l)j) + ep(w¥ — w(p—l)j) NI Cp_2(w(p—2)j _ w(p—l)j)7

where w = exp(27i/p). As ¢1 + -+ ¢p—1 = p, applying Theorem B to C' = circ(0,cq,...,cp—1) We
have that

p—1
det(C) = H (Cle + Cszj 4+t Cp_2w(p72)j
7=0

+ (p —C1— = Cp72)w(p_1)j>
p—1
=p- H (cwj +cow® 4o ey qwPTDI
j=1
_|_(p —Ccy — - — Cp72)w(p_1)‘7>
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We now extract the terms in this expansion with a factor of p, p? and at least p3. Define

p—1p—1
Zw’kn (gj +p- wP=Iy,
1=1 k=1
k#i j;éz k
p—1 p—1
= Zw_z H 4, and
i=1 =1
JF
p—1
C) = H qj-
j=1
It follows that
(4.3) det(C) = p’ - a(C) +p* - B(C) +p - 7(C)
We now consider f(C) and v(C) in turn.
Claim 1: 5(C) =p- f'(C) for some f'(C) € Z|w].
Proof of Claim 1: Setting
q;
Bi(C) = ——

wl) — w(pfl)j ’

we see that
Bi(C)=c1+ (1 +w¥ +wh ... + w®1I 4 ,7)
+es(L+w¥) + eI+ w¥ + w4 wPTDT 4wl W)
+es(1+w? +w) 40 +po(l4+w¥ + ¥ P,

Consider the formulation of 3(C) as:

p—1
Zw i H ( ; w(p—l)j) S cp,Q(w(p—2)j _ w(p—l)j))

J?él
p—1

- zwn i)

7j=1
JF#i

p—1

(4.4) = Zwﬂ H wP=1i H Bi(C

7j=1
J#i J#z

If k=—(j4+1)"! (mod p), then 2k(j + 1) +1 = —1 (mod p). Consequently
§j = w + wRUTDTL o (RO oy !
has 1 — (j +1)~! (mod p) terms. As a consequence, we have the relation
WP — ) = (WP ) (W@ RGO Ly

(45) — (wp—j—l - wj+1)5j

21
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forj=1,...,p—2.
Let i € {1,...,p — 2}. By (&3) we have that

(4.6) WPl = oy 5p—i—1(wi _ wp*i)'

Applying (E8) to (E4) we obtained

p—2 p—2 p—1 p—1
B(C) = w H(wj _ w(p—l)J H )+ Zw H _ w(p_l)j) H B;(C
j=1 j=1 7j=1 7j=1
J#i J#i
p—2 p—2 p—2 p—2
= o [ =) [T 80) + > w s g [J (@ =l H B(C)
j=1 j=1 i=1 j=1
J#z
p—2
(4.7) =1(C) [[(«’ — w=19),
j=1

p—2 p—2
C) I:wH,Bj(C)+ZCU_i51" p—i— 1H/83
j=1 i=1
J#l

Define I'(C)(X) € Z,[X] to be the polynomial obtained by replacing every occurrence of w in I'(C)
by the indeterminant X . Similarly define 8;(C)(X), 6;(X) € Zpy[X]. Since §;(C)(1) = B;(C)(1) for all
1,7 =1,...,p— 1, we may denote this common value by £&. Moreover, our observation above asserts

that
()=1-(G+1)"" (mod p).

It follows that

re)) =¢- 2+Z (1= (p—i)H)er?
—2p—i
= (P2 1—|—ZH 1—57h
=1 5=2
p—1 4
S EEDDN | (CEFay
i=2 j=2
=0 (mod p)

where the last equivalence arises from Lemma BH. Consequently, (X — 1) is a factor of I'(C)(X) €
Zp|X] and hence evaluating I'(C)(X) at X = w yields

I'(C) = (w - 1DF(w) + pG(w)
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for some F(w), G(w) € Z[w]. Substituting into (E=7) gives
p—2
B(C) = | [T = w9 | (w = DF () +pG(w)).
j=1
Finally, as

w—1= (W)W +w 4 FwP

we may appeal to Lemma B(ii) to get

p—1
BC) = | [T —w? ) | (0 +w' 4+ + P ) F(w)
j=1
p—2
+p | [ —w® )| Gw)
j=1
p—2
=pw+w!+- P HF(w) +p | [ —w? ) | Gw)
j=1
=pB'(C)
as required. °
Now we consider ~(C).
Claim 2: ~(C)=p-+/(C) for some v'(C) € Z.
Proof of Claim 2: We may factorise y(C) as
p—1
A(C) = TTw = w®D3) (1 + ca(1 + ¥ + - + WP 4 07 4 5(1 + w?)
j=1

te(l+w? 4 wP DIl 4 o) (14w W) 4
ot epoa(l w4 4w

p—1
= [ - )3(C)
7j=1
p—1 p—1
= [ — ) [T 8(C)
j=1 j=1
p—1
(4.8) =p-[[8i(0)
j=1

where the last equality in (ER) follows from Lemma BZA(H). If we consider ?;i ;(C), then by

taking s; to be the coefficient of w¥ in B;(C) we see that the s; are non-negative integers and sg =

c1+ -+ cp—2 =p— cp—1 is non-zero. Defining S = circ(sg, 51,...,Sp—1), we see that det(S) € Z and
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SO

p—1
1
gﬁj(c) T S0+t R det(S) € QN Z[w].

Appealing to Lemma BZ3, we conclude that H?;% i(C) € Z as required to prove Claim 2. .
It follows from (E=3) that

det(C) = p* (pa(C) + pB'(C) ++'(C)) -

Since pa(C) + pB'(C) + ' (C) = det(C)/p? € QN Z|w] = Z, we conclude that det(C) is divisible by
p?. To complete the proof of the proposition, we make one final claim:

Claim 3: /(C) = p-+"(C) for some v"(C) € Z[w] if and only if X =1 is a root of fc(X) € Z,[X]
of multiplicity at least 2.

Proof of Claim 3: First note that X = 1 is a root of fo(X) of multiplicity at least 2 if and only if
X = 11is aroot of the derivative f(X) of fo(X). This occurs precisely when Zf;ll i-¢; =0 (mod p).

Moreover

p—1 p—2 p—2
Zi‘CiZZi‘Ci+(p—l) (p—ZCZ)
i i i=1

= Z(z +1)-¢; (mod p)

=1
(p—3)/2
= > [ 2-cu+@i+1)cou|+(pP-1)cp2 (modp).
=1

Thus it suffices to prove that 7/(C') has the desired factorisation precisely when

(p—3)/2
Z 2i-coi1+(20+1)-co | +(p—1)-¢p—2=0 (mod p).
i=1

In fact we will prove that

(p—3)/2 p-l

(4.9) Yo=Y <z i + <z + p;rl> c2i> + P 3 Lo s (mod p)

i=1
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‘We note that

p—1
7'(C) = H (14 co(l+w? + -+ w® DI 4 0I) 4 eg(1 + w?)
j=1

+C4(1+w2j+...+w(17—1)j +wj +w3j)
+es(1+w¥ + )+ 40l +w¥ 4 w3y

p—1
=[JWcr+es++cpateateat - +es)
j=1

+ (34 +epateateat o +epgw?
(4.10) +(cs+-Fcpateateat - Fep 3wl

bt (et et epa)wP TV (e beg o)

+(ea+ o+ epz)w 4 cp_gw(p*‘l)j) .
Now let C’ be the circulant matrix C' = circ(cj, ..., ¢}, ;) where ¢} is the coefficient of w" in the gt
factor of (EM) and set A := S°P~ | ¢}. Since v/(C) = H?;i P~ W we see that det(C') = A-7/(C).

An alternative formulation of A is given by

(p*3)/2. o+l p—1
(4.11) A= ; 1-Ci—1 + <z + 2> coi | + 5 G2
There are now two possible cases to consider. First suppose that A is divisible by p. Then an analogous
argument to that used for the matrix C' can be used to show that det(C’) is divisible by p? (as the
coefficient of w®=2)7 is zero, and so the matrix is of the required form). Since A < p?, it follows that
+/(C) is divisible by p, and hence Claim 3 holds.

Now suppose that A is not divisible by p. Then (B9) becomes 7/(C) = 1 (mod p) by Fermat’s Little
Theorem. Combining our formulation of det(C”) and Lemma P72 we have that A = det(C") = A-+/(C)
(mod p), and hence as A #Z 0 (mod p) it follows that v/(C) =1 (mod p) as required. This completes
the proof of Claim 3. °

To complete the proof of Proposition B2 we recall that we have already reduced to the case that
fo(X) #0 € Zp[X]. Substituting the results of Claims 1 and 2 into (E=3) we obtain

det(C) = p*(a(C) + B'(C)) +p*¥(C).

If X =1is aroot of fo(X) € Z,[X] of multiplicity at least 2, then by Claim 3 we obtain det(C) =
p2(a(C) + B'(C) +~"(C)), and hence appealing to Lemma B3 we obtain |det(C) = p? as required.
Conversely, if X =1 is not a root of multiplicity at least 2 of fo(X), then Claim 3 asserts that there
is no 7”/(C) € Z[w] such that v'(C) = p - ¥"(C). Thus det(C) = p*(a(C) + B(C)) + p*+/(C) and as
7 (C) € Z, appealing to Lemma B=3 we obtain that det(C) = p3m + p?>n where p and n are coprime.
Thus |det(C)], = p?. O

Theorem I now follows immediately from Propositions B2 and B2
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5. The n = p? Case

To consider the case that G = Sym(p?), we follow a similar approach to that used in Section B. We
first develop some general theoretical results in Subsection B, before giving a proof of Theorem 2
in Subsection b2.

5.1. General Theory. In Section @ we saw that the multiplicity of X = 1 as a root of the representer
polynomial of given circulant matrices was important. We begin by noting that the multiplicity is

preserved under cyclic shifts of our circulant matrix.

Lemma 5.1. Let p be a prime and C := circ(co, c1, ..., cp—1) be an integer circulant matriz. If X =1
is a root of multiplicity i of fo(X) € Zp[X], then it is a root of multiplicity i of fric(X) € Z,[X] for
each j=0,...,p—1.

Proof. Define C; = 77C for each j = 0,...,p— 1. We shall prove that X = 1 is a root of multiplicity
i of the representer polynomial of each Cj. By assumption the result holds for j = 0 and hence assume
it holds for j = k. We will prove the result holds for C;_1. Indeed

fo(X)=ch+epm X+ +ep 1 XPF L g XPF g XPTL
= (X - 1)'g(X)
for some g(X) € Zy[X] with ¢g(1) # 0 (mod p). Thus
fo \(X)=cpq+ X+ A cpa XPF peoXPTIF 4 xP!
= fo,(X) - X + cp—1(1 = XP)
= (X - 1)'g(X) - X + cp_1(1 — X)P.

Hence X = 1 is a root of multiplicity i of fc, ,(X), and thus by induction of fc,(X) for each
j=0,....,p—1 O

We may use Lemma B to consider quotients of W),.
Lemma 5.2. Let N be a non-trivial normal subgroup of W, and define Q := W, /N. Thenexp (Q) < p.

Proof. Denote the base group of W), by I', so that W), = I' x C,, where C), = (z) - a cyclic group of
order p. Assume for sake of contradiction that exp (Q) = p?, and let ¢ € Q satisfy ord(q) = p?. We
consider elements of W), to be ordered pairs of the form (v, c) for v € I and ¢ € C,,. Thus there exists
v € T such that ¢ = (v,2)N for some i = 1,...,p — 1. Thus

(5.1) ¢ = (" AT DN = (T DN

Moreover, yy&y® -+ -4 ¢ N as ord(q) = p°.
If N ¢ T, then there exists 7o € I' such that (79, 27%) € N. Consequently

= (120,27 )N = (1§ 1N
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contradicting the fact that ¢ has order p?. Thus N C T
I = (o) x (ag) X -+ X (ap) where af = a1 for i =2,...,p and af = o, then from (B) we

may deduce that

(5.2) L# 975 ™ = (ag- - ap)!

for some j = 1,...,p — 1. Moreover, for any 6 € I' we have that
56°67° - 67 € (oag - - ap).

If there exists § € N such that 66267 ---§2" " # 1, then ¢P is trivial in Q. Thus every § € N must
satisfy 56757 57T = 1. Consequently, every § € N has the form

(5.3) §=af'ag? oy

with ¢1 + -+ 4+ ¢, =0 (mod p).

Let § € N\ {1}. Thus ¢ has the form (B33). Set C' = circ(cy,ca,...,¢p) and let fo(X) € Zy[X] be
the corresponding representer polynomial. As ¢; +---+ ¢, =0 (mod p) we have that X =1 is a root
of fo(X). Assume that this root has multiplicity 7. Thus X = 1 is a root of fé_l(X ) but is not a root
of f4(X). Hence set

» i! i+ 1)! —1)!
A= fe(1) :Ci+1'0‘+0i+2‘() =D
Define d; for j =1,...,p by
gV G—=4! ifj=i,....,p—1; and
0 otherwise,
so that A =38, ¢;d;.

Defining C; = n'77C for j = 1,...,p we have that f”cl(l) = fL(1) = \. In fact fzck(l) = )\ for all
k=1,...,p. Indeed, by Lemma BTl we have that fal(l) = 0 for each k. Moreover by iterating the
calculations in the proof of the lemma we obtain

fe (X) = fou (X) - XPRH 4 (X — 1)Pgp(X)

for some g (X) € Z,[X]. Consequently, fék(l) = f&, (1) = X. We conclude that

c1 Cy - Cp—1 Cp d1 A
Cp C1 - Cp—2 Cp—1 dz A
C3 Cq4 --- C1 C2 dp_l A
cy c3 - Cp 1 dy A

As § has the form given in (B33) we see that
(a1 - ap)t = H(cs‘”i_l)di e N.

Thus by (B and (62), ¢” € N, contradicting the fact that ord(q) = p?. Thus the result holds. [
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A presentation of W), was given by Drozd and Skuratovskii.
Theorem 5.3. [[0] The wreath product Cp ! C), has a presentation given by
CplCp = (a,z|a’ =1,2F = La,a®] =1 for 1<k < (p—1)/2).
Combining Corollary 4, Lemma B2 and Theorem B=3 we obtain the following result.

Corollary 5.4. Let G be a group and let a,x € G be elements of order p. Then (a,z) = W, if and
only if ord(axz) = p* and either

(i) [a,zﬂi‘] =1fori=1,...,(p—1)/2; or
(ii) [z, 2% =1 fori=1,...,(p—1)/2.

Proof. Assume that (a,z) = W),. By Corollary 24 the desired commutator relations hold. Without
loss assume that [a,a®] = 1 for i = 1,...,(p — 1)/2. Thus a is in the base group of W,,. Moreover,
the base group is defined by (a® | i = 0,...,p — 1) and hence (az)? = a-a*" ' ---a® # 1. Thus
ord(ax) = p?.

Conversely, assume that the commutator relations hold. By Theorem we have that (a,z) is

isomorphic to a quotient of W,. However, as ord(ax) = p? this quotient must be W, by Lemma 2. [

To generalise the results of Sections B and B we begin by considering conjugate elements of full
support in Sym(p?). Indeed, let G := Sym(p?), a € G be the standard p-element of G, X = a® and let
x € X. In such a situation the matrices A, and A% are both p? x p? matrices. We make the following

definition.

Definition 5.5. Let r > 1 be an integer and let M be a pr x pr matrix. The block sum matriz of M,
denoted BS(M), is the p x p matrix given by

r—1

(BS(M))ij =Y Mitpojipu

v,w=0

Given a pr x pr matrix M, we see that BS(M) is the matrix obtained by partitioning M into p X p
blocks and then forming the formal sum of these blocks. Of particular interest is the case when M
can be partitioned into circulant blocks. In this case we see that BS(M) is a circulant matrix.

We shall also consider a variant on the representer polynomial.

Definition 5.6. Let M be a pr x pr matrix having p x p circulant blocks. We define the reduced

representer polynomial of M to be the polynomial
(X)) =g+ aX+-+g X1

where
r—1 p

9i = Mipi Gripk

=0 k=1

and Mj, 1 (j4iyp+k 18 Teplaced by My, 1 (jrimpypr L J+7 2> 7.
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The reduced representer polynomial of the matrix M in some senses represents the matrix formed

by replacing each p x p circulant block of M by its row/column sum.

5.2. The Results. Before giving a characterisation of which elements of X generate W), with a, we
make the following simple observation. If <a’”i | i=0,...,p— 1) is an abelian group that is closed

under conjugation by x, then

(ax)P =a- @™ e
In particular (az)? is invariant under conjugation by both a and x and hence by (a, z).

We are now in a position to prove Theorem 2.

Proof of Theorem [2: Assume that (a,z) = W), and denote the base group of W, by I'. By
Corollary P4 we either have T' = (a™'|i = 0,...,p— 1) or T = (z%]i = 0,...,p — 1). Without loss of
generality assume the former case holds. We will prove that the given conditions hold (an analogous
argument may be used to show that in the latter case the conditions hold with the roles of a and
x interchanged). By assumption the commutator relations hold and thus it remains to prove the
conditions on A, and A7.

For distinct 4,5 € {1,...,p?} such that supp(a¥) and supp(c;) intersect non-trivially, we have that
|supp(c’) Nsupp(e;)| = 1 or p. In the latter case the commutator relations assert that af € (a;) and
this contributes an entry of p in the (i,) position of A, and zeros in all other entries of the i*" row
and j*™ column. In the former case, we see that there must be distinct j; = 7, jo, . .. Jp €41,... ,p?}
such that |supp(af) Nsupp(e;j,)| = 1 for all £ = 1,...,p. However, the commutator relations then
imply that there exist distinct 41 = 4,42, ...,i, € {1,...,p?} such that |supp(afk) N supp(aj,_,)‘ =1 for
all k,0 € {1,...,p}.

If every entry of A, is equal to 0 or p, then we may decompose a = a1 ---a, and © = 1 - - - x, with
each pair (a;,z;) sitting inside a copy of Sym(p?). Our assumptions on a and x together with the
commutator relations assert that (a;, ;) is isomorphic to a proper quotient of W), for eachi =1,...,p,
and hence the same is true of (a,z). We conclude that there is a block of A, in which every entry is
equal to one and up to a suitable renumbering of the «;, the matrix A, has the required form.

Since A, has the given form, it follows that |supp(a;) Nsupp(x;)| = 0 or 1 for all 4,5 € {1,...,p?*}.
Thus we see that w € supp(xw) for w € {1,...,p*}. Setting q := p? — p, we consider = as

' g+1,(q+1) Xgr1---, g+ 1) X3

—1
Q+27(Q+2)‘XQ+27""(Q+2)‘XZ+2

1,1-X1,...,1-X11’7

5.9 2,2-x2,..,2- X5
. xTr =

—1 —1
(p,p~xp,---,p~x;’3 ) <p2,(p2)-XpQ,---,(pQ)%gz )

In the subsequent work, we shall refer to the columns of x according to (54). By this, we mean that
the first column of x is equal to {1,2,...,p}, the second column is equal to {1-x1,2- x2,...,P Xp}

and so on. We will also refer to the permutation o; corresponding to column ¢. This will be the
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permutation defined on column ¢ by a cyclic permuting of the entries. Thus o1 = (1,2,...,p), 02 =
(1-x1,2-x2,---,P" Xp), and so on.

We consider the structure of A? via the structure of A,. First suppose that supp(ocfe) = supp(a;)
for some i = 1,....p, j = 1,...,p> and £ = 1,...,p. As noted above it follows that afz € (o),
and hence the column of z in (54) corresponding to a;-’“"e will contribute a power of 7, say n", to one
diagonal block of A¥. Indeed, this is the only way that a diagonal block of A? can be constructed.
Moreover, as there is at least one block of A, consisting of constant 1s, there exits some ¢q € {1,...,p}
such that none of the ¢, (¢ +p)™, ..., (¢ + (p> — p))™" columns of z are equal to the support of
some «;. For each such set of columns, the commutator relations then ensure that the combination of
the columns add circulant blocks to the matrix A? corresponding to the way that these columns are
mapped onto one another by a. It follows that the matrix A? is a block matrix with p X p circulant
blocks. Finally, as there exists at least one set of p columns as defined above, we may use these
together with the commutator relations to see that the diagonal blocks of A¥ must be equal.

It remains to prove that the block sum matrix or the reduced representer polynomial of A? has
the desired form. To do this we consider y := (az)?. The commutator relations ensure that the
columns of z in (54) are permuted under the action of a and hence the i*" column of x in (64) is
mapped to the (pr + i)th column of x under y for some value of r. First assume that each column
of x is invariant under y. It follows from the commutator relations that y = ail a? = 'a;’f for some
i1,...,02 €{0,...,p—1}. However, as y is invariant under conjugation by (a,x) we may conclude
that the ¢; are all equal.

We now construct polynomials f;(X) € Z,[X] for j = 1,...,p recursively. To do this initially set
fj(X) = 0 - the zero polynomial. Now consider ((j —1)p+ 1) - ax. Redefine f;(X) to be f;(X) :=
[j(X) + X" where r is the number of rows descended in (64) to go from the entry ((j — 1)p+1) to
the entry ((j — 1)p + 1) - az. Repeat this with ((§ — 1)p + 1) replaced by (( — 1)p + 1) - (az)* for
kE=1,...,p—1. Thus f;j(X) encodes the circulant nature of the action of a on z in the columns
of (64) corresponding to the orbit of the ((j —1)p+ 1) column under the action of (ax). We see that
the contribution of these columns to BS(AY) is precisely the p x p circulant matrix for which f;(X) is
the representer polynomial. Moreover, a similar analysis to that used in Section B shows that X =1

is a simple root of f;(X) € Z,[X] precisely when i(;_),11 # 0 (mod p) since

0 if 40;_ =0 d p);
(55) £ = o =0 mod )

1

i, . otherwise.
(i—=1)p+1

Considering the representer polynomial of the block sum matrix BS(A%) we see that
P
Frscan(X) =" £(X).
j=1

Since the ¢; are all equal, we see that f/BS(AZ)(l) =0 (mod p) and X =1 is a root of multiplicity at
least two of the representer polynomial of BS(A?).
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To obtain the final conclusion we note that as the i; are all equal, we have that f](1) = f3(1) =--- =
fp(1). Combining this with (B3) we see that y = 1 precisely when f/(1) = pk for some k € N\ {0}

and for all 4 =1,...,p. This occurs precisely when

Frsan (1) =Y (1) = kp*.
j=1
Thus X = 11is a root of fJ/BS(Ag)(X) € Z,2[X] precisely when y = 1. Hence as (a, z) = W), we conclude
that X = 1 is not a root of fjgs( Ag)(X ) € Z,2[X]. Hence if the columns of x in (64) are invariant
under the action of y, then case (c1) holds.

Now assume that the columns of x are not fixed by y. We shall prove that case (¢2) must be true.
Define block j of = to be the set of columns jp+1,...,jp+ p of z in (BA4) for j = 0,...,p — 1 and
consider the matrix AY. Each entry of A? corresponds to the image of a column of x under a. There
are two possibilities; either the column ¢ is left invariant under the action of a, or it is mapped onto
the column pr + ¢ for some 1 < r < p — 1. This corresponds to the column being mapped from block
j to block j + 7 (mod p). The former case occurs precisely when a power of 7 is added to a diagonal
block of A?, whilst in the latter case, a power of 7 is added to an off diagonal block of A¥ which is r
blocks to the right of the leading diagonal. We see that the partial representer polynomial g4z (X) of

A? is of the form
gaz(X) =go+ g1 X" +-~+9p71Xp_17

where for each 7 = 0,...,p — 1 the coefficient g, is the number of columns ¢ of x in (54) that are

mapped to the column ¢ + pr. Equivalently,

pz_% .| column ¢ is in block j and is mapped to a column in
9r = ¢ .
' =0 block j+r (mod p) under the action of a

Consider the action of y on the column ¢ of x. This corresponds to applying ax to the column p
times. It follows that the action of y is determined by the p successive actions of a. Since each column
of = has an orbit of size p? under the action of ax, we see that each of the actions of a on the columns
of x occurs p times in the action of y on the columns of x. Thus to obtain the number of blocks that
column ¢ has passed through in reaching its image under the action of y, we need to sum the number
of blocks passed through for each successive action of a. It follows that the total number of blocks
passed through by all columns of = under the action of y is

p—1
(5.6) Py rgr=p-ghs(1).

r=0
Since y is invariant under the action of z, we see that if column ¢ in block j is mapped to column
i + pr in block j + 7 (mod p) under the action of y, then every column of block j will be mapped to
the corresponding column in block j+r (mod p) under the action of y. Hence y simply permutes the
blocks of x.
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Suppose that block j of x passes through p - k; + £; blocks under the action of y for some k;, {; €
{0,...,p—1}. Since y is invariant under the action of a, we deduce that the k; are all equal to some
common value say k. It follows that the total number of blocks passed through by all columns of z

under the action of y is

p—1 p—1
(5.7) dplpk+t)=p[pk+) 4
j=0 Jj=0
Combining (68) and (B7) we obtain
p—1
Jaz:(1) =& (mod p?).
§=0

Finally, we note that Z?;é ¢; = 0 (mod p?) precisely when ¢; = 0 for each j = 0,...,p — 1. Hence
g;‘g (1) =0 (mod p?) precisely when the columns of z in (64) are fixed by y. Since by assumption the
columns of x are permuted by y, we conclude that case (¢2) holds.

Conversely assume that the given conditions hold (again the argument for when a and z are inter-
changed is analogous). By the above we see that (ax)? # 1. Combining this with the commutator
relations and Corollary B4 we obtain that (a,z) = W), as required. O

As in Section B we note that the conditions given in Theorem [ are all required. As before this
is evident in the proof of the theorem for the conditions on the matrices A, and AZ. To see that the
commutator relations are all necessary, we note that if G := Sym(125) and a is the standard 5-element

of G, then we may take
1,26,51,76,101)(2,27,56,79,106)(3,28,61,77,111)(4, 29, 66, 80, 116)

5,30,71,78,121)

)

z =( (
( 6,41,54,91,117)(7, 42,59, 94, 122)(8, 43, 64, 92, 102)
(9,44, 69,95, 107 )
(
(
(
(

(
(
(10,45, 74,93,112)(11,49, 72,83, 110)(12, 50, 52, 81, 115)
13,46, 57,84, 120)(14, 47, 62, 82, 125)(15, 48, 67, 85, 105) (16, 36, 68, 90, 118)
17,37,73,88,123)(18, 38, 53, 86, 103)(19, 39, 58, 89, 108)(20, 40, 63, 87, 113)
21,32,70,100,119)(22, 33, 75,98, 124)(23, 34, 55,96, 104)(24, 35, 60, 99, 109)
25,31,65,97, 114).

The reader may check that A, and A? have the required form and [a,a”] = 1. However, |[a, a®’] # 1.

6. The General Case

We now consider the most general setting that G := Sym(n) for some n > p? and let
a = (1,2,,p)(p+1,p+2,,2p)(p(T—1)+1,p(T—1)+2,,pT) €G

for some r > p. As previously we set X := o and consider x € X. Denote the p-cycles form-
ing a (respectively x) by ai,...,a, (respectively xi,...,Xxr). We note that if (a,z) = W, then
|supp(c;) Nsupp(x;)| = 0,1 or p for each i,j € {1,...,7}.



Int. J. Group Theory, 5 no. 3 (2016) 9-35 D. Ward 33

Before considering the most general situation, we look at the case that supp(a) = supp(x) and

prove Theorem 3.

Proof of Theorem M3: Assume that (a,z) = W,. Without loss of generality assume that a is in
the base group of W),. We will show that the given conditions hold true (if = is in the base group,
then an analogous argument may be used to show that the conditions hold with the roles of a and x
interchanged). The commutator relations follow immediately.

First consider the case that supp(a;) = supp(x;) for some 4,5 € {1,...,7}. This results in matrix
entries (Az);; = (A%);; = p. By a suitable renumbering of the «; and x;, we may assume that such
a situation arises for pairs (o, x;) with ¢ = 1,...,m for some m. This gives the diagonal block D of
Ay and Ey of AZ. Tt follows that for all other «; we have supp(a?) N supp(e;) = 0.

If a;-rz € (a,) for £ =1,...,p and for some iz, then we may consider these a;, and the x; that share
their common support as lying inside a copy of Sym(p?). Thus we may apply the results of Section B
to obtain the general structures of Dy and Fs. In all other cases, we use a similar approach to find a
subset I C {1,...,r} of size p? such that [l;c; @i and ];c; xi are conjugate elements of full support
inside a copy of Sym(p?®). The results of Section B then give the structures of D3 and E3. The final
condition on one of the blocks of Fy or E3 then follows from the fact that ax has order p? and the
results of Sections B and B.

Conversely, assume that the conditions in Theorem I3 hold (again the argument for when a and
x are interchanged is analogous). By Corollary 54 it remains to check that az has order p?. Suppose
that Dy is an my x m; matrix, Do is a pma X pms matrix and Ds is a p?>ms X p?>ms matrix for some

m1, mg and ms. Define a1 = ay -+ - ayp,,

a2,i = Q1 p(i—1)41" " " Vg 4p(im1)+p fori=1,...,me, and
a37j — am1+pm2+p2(]‘_1)+1 e O[m1+pm2+p2(j_1)+p2 fOI‘ j — ]., ceey m3
Define z1,22.1,...,%2ms, 23,1, - ., £3,m, analogously. We see that the pair (a1, 1) corresponds to the

blocks Dy and E; of A, and A, each pair (a2, 22;) corresponds to a block of Dy and its associated
block in Eo, whilst every pair (as j,x3 ;) corresponds to blocks of D3 and E3. Moreover, since for
each pair (as,z.) we have supp(a.) = supp(zs) and [a*,afi] = 1, it suffices to check that for one
such pair, the element a.x. € Sym(supp(ax)) has order p?. However, this follows immediately from
condition (i) and the results of Sections B and B. Thus (a,z) = W),. O

In the general setting, we note that by the preceding arguments we must have that p divides
|supp(a) Nsupp(x)|. Thus the above result will still hold if n = pr 4+ s for some s < p. However this
is not the case in general, since if we no longer require supp(a) = supp(z), the condition that a and =
are G-conjugate becomes weaker. Indeed, if we consider G = Sym(p?), we have that W), is embedded

into G using the generators a = (1,2,...,p) and
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However, we may also use x and y to generate W), where

e (plp—2)+1,plp—2)+2,...,p(p— 1)).

If we now relax our assumption that supp(a) = supp(z) and work in the overgroup G := Sym(p(p + 1)),

we see that taking = € G as above and

7=y - P*+1,p*+2,...,p(p+1)),

we have that (z,7) = W,. However, it is clear that the generation of W), results from the elements
z,y € Sym(p?) — G. Tt follows that although = and 7 are G-conjugate, this conjugation is in some
sense artificial. Consequently, producing a theorem such as Theorem I3 would not be realistic in the

most general setting.
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