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ABSTRACT. In this paper we study the coprime graph of a group G. The coprime graph of a group
G, denoted by I'g, is a graph whose vertices are elements of G and two distinct vertices x and y are
adjacent if and only if (|z|, |y|) = 1. In this paper, we show that x(I'¢) = w(I'¢). We classify all the
groups which I'¢ is a complete r—partite graph or a planar graph. Also we study the automorphism

group of ['q.

1. Introduction

The coprime graph of a group is defined in [9]. The coprime graph of a group G, denoted by T'g,
is a graph whose vertices are elements of G and two elements z # y are adjacent iff (|z|,|y|) = 1. In
this paper we generalize the results in [d]. Also, we give a complete answer to the following question
which is asked in [9]:

Is it possible to characterize all finite groups G having the property that Aut(T'g) = G?.

First we recall some facts and notations related to this paper. Throughout this paper G denotes a
nontrivial finite group. The centralizer of H < G is denoted by C(H). The normalizer of a subgroup
H is denoted by Ng(H). Also Z(G) denotes the center of G. The symmetric group on n letters is
denoted by S,.

Let m(n) be the set of prime divisors of n. For a natural number n = pi* - - - p* set r(n) = p1 - - - p.
Also ¢(n) = p?lfl - 'pzk_l(pl —1)---(pr — 1) is the number of integers less than n which are coprime
to n.

Let I" be a simple graph. The degree of v € V(I') is denoted by d(v). The set of vertices which
are adjacent to v is denoted by Nr(v). A clique is a complete subgraph of I'. The clique number of
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I', denoted by w(T'), is the suprimum of orders of cliques in I'. The chromatic number of T', x(T'), is
the minimum & for which there is an assignment of k colors, 1,...,k, to the vertices of I' such that
adjacent vertices have different colors.

We denote x(I'¢),w(I'¢) by x(G),w(G) respectively. Also denote w(|G|) by 7(G).

Remark 1.1. If S is a commutative semigroup with a zero element then the zero-divisor graph of S is
a graph whose vertices are elements of S and two distinct elements x,y are adjacent iff vy = 0. Let G
be a finite group and w: G — A = {|g| : g € G} be the order map. Also let f: A — G be a map such
that mof = 14. For g,h € G set gxh = f((|g],|h|)). Then (G,x) is a semi group whose zero-divisor
graph is the coprime graph of G.

2. Preliminaries

Before proving the main theorems, we need the following lemmas and theorems from group theory

and number theory. The following lemma and theorems are well known.

Lemma 2.1. (1) Let H be a subgroup of G. Then Ng(H)/Cq(H) is isomorphic to a subgroup of
Aut(H).
(2) Assume that K <G and |K| = p where p is the least prime divisor of |G|. Then K C Z(G).

Theorem 2.2. Let a € G be an element of order n such that (a) < G. If bab™! = a’ then (i,n) =
1,ba"b~ = a®* and bPab=* = ™. In particular, b* € Cg(a) iff n|if — 1.

Theorem 2.3. Let G be a finite group.
(1) G is a nilpotent group iff G/Z(G) is a nilpotent group.
(2) G is a nilpotent group iff every Sylow subgroup of G is a normal subgroup. So G is isomorphic
to direct product of its Sylow subgroups.
(3) Let G be a nilpotent group. If p is a prime divisor of |G| then p divides |Z(G)|.

ni+l np+l
Lemma 2.4. If n =pi*---pp* then > dnd = (plprl ... pkpkfl )

Lemma 2.5. Set f(n) =Y ¢(d), where r(n)|dn. If n =p*---pi* then f(n) = (pi* —1)--- (pp* —1).

Proof. Set a = (1— /p%) (1= pik) It is clear that ¢(n) = na. If r(n)|d|n then set d’' = T(‘i). It is clear
that (n)|d|n iff d'[n’. So ¢(d) = da = r(n)ad'. Hence f(n) = > ¢(d) = Egpr(n)ad = r(n)aXqy, d =

(pi* —1)---(pp* — 1) by Lemma 274. O
3. Some properties of coprime graph
The following theorem is a special property of I'g. For other graphs such as non-commuting graph

or zero divisor graph the clique number and chromatic number aren’t equal in general. But for coprime

graph the clique number and chromatic number are equal.

Theorem 3.1. x(G) = w(G) = |7(G)| + 1.
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Proof. Let |G| = p{*---pg*. Assume g; is an element of G of order p; for each 1 < i < k. Define
f:G = {1,....k+ 1} as follows: f(1) = k+ 1 and for ¢ # 1, f(g) = i where 7 is the first
index which png]. It is clear that f is a coloring of I'¢. Also {g1,...,9x, 1} is a clique in I'¢. Hence
kE+1<w(G) < x(G) <k+ 1 which implies that k£ + 1 = w(G) = x(G). O

The next theorem is a generalization of Propositions in [9, Propositions 2.6, 2.7, 2.8].

Theorem 3.2. I'g is a complete r—partite graph iff the order of every non-identity element of G is

a prime power and r = |7(G)| + 1.

Proof. First, assume that the order of every non-identity element of G is a prime power and |G| =
Pt Let Vi={geG:g#1, |g|’p§“} and Vj41 = {1}. Then it is clear that G = |J;_, V;. Also
if ¢ # j then each vertex in V; is adjacent to vertices in V;. So I'g is a complete r—partite graph.
Conversely, assume that I' is a complete r—partite graph. Assume p;p; ‘ lg|. Let g;, gj be two elements
of G of order p;, p; respectively. Then g;, g; lie in different parts of I'g. But g is not adjacent to g;, g;.
So g must be in both parts which is a contradiction. So the order of every non-identity element is a
prime power. Also w(G) =1 = |7(G)| + 1. O

Example 3.3. [t is easily seen that every element of As has prime power order. According to Theorem

B2, I'g s a complete 4-partite group. In particular , I'q = K1 1520,24-

The following Theorem of G. Higman classifies all the solvable groups G in which every element

has prime power order[?, p 213].

Theorem 3.4. Let G be a solvable group in which every element has prime power order. Then G is
one of the following groups:
(1) A Frobenius group G = FH, where F is an abelian p—group (p > 2) and H is a generalized
quaternion group.
(2) G has a normal series P < PQ < G where G/P and PQ are Frobenius groups, P and G/PQ
are p—groups, PQ/P is a q—group, PQ/P and G/PQ are cyclic(Here plqg —1).

Corollary 3.5. If |7(G)| > 3 and G is a solvable group i.e |G| is odd then T'c is not a complete
r—partite graph.

Proof. 1t follows from Theorems B and B4. OJ

The following theorem improves [, proposition 2.10].
Theorem 3.6. ' is a planar graph iff G is a p—group or G = Zy X Q where Q is a g—group.

Proof. First assume that ' is a planar graph. So I'¢ doesn’t contain K3 3(see [d]). Assume that G
is not a p—group and paquG] where p < ¢ are distinct primes and p®*!, ¢**! { |G|. Let P be the
union of Sylow p—subgroups of G and @ be the union of Sylow g—subgroups of G. Thus |Q| > 3.
If |P| —1 > 3 then every vertex in P — {1} is adjacent to every vertex of ). So I'¢ contains K33
which is a contradiction. Hence p® —1 < |P| —1 < 3. If p® = 3 then |Q| > 5 and every vertex in P
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is adjacent to every vertex of @ — {1}. So I'¢ contains K33 which is a contradiction. Hence p* = 2.
This implies that |G| = 2¢°. If |P| = 3 and |Q| > 4 then every vertex in P is adjacent to every vertex
of @ — {1}. So I'; contains K33 which is a contradiction. Thus |Q| = 3. This implies that |G| = 6.
Because I'g, = K23 is not planar so G = Zg = Zg X Zs. Assume |P| = 2 which implies that the
Sylow 2—subgroup of G is a normal subgroup of G. So P C Z(G) by lemma P7I. Hence G/Z(G) is a

q—group. So G is a nilpotent group. Hence G = Zy x Q). The converse is clear. O

Remark 3.7. In [9, Remark 2.12] it is claimed that for G = Zy4 x Z3 X Z3, U' is a planar graph. But
the elements (1,0,0),(2,0,0),(3,0,0) and (0,1,0),(0,2,0),(0,0,1) constitute a K33 in I'g. So Lq is

not a planar graph.
The following theorem is a generalization of [d, Proposition 3.3].
Theorem 3.8. If G is a nilpotent group of order n then U'c has f(n) end vertices.

Proof. G is isomorphic to direct product of its Sylow subgroups. Assume G = P} X --- X P,. Then
(Pi\{1}) x --- x (P \{1}) is the set of end vertices which has cardinality f(n). O

4. Automorphism group of coprime graph

In this section, we study the Automorphism group of coprime graph. First we recall the following

theorem about automorphisms of a simple graph.

Theorem 4.1. Let V be a simple graph. Let o : V. — V be a bijection such that for all v € V, we
have Ny (v) = Ny (o(v)). Then o is a graph automorphism.

Proof. Let a,b be two adjacent vertices. Then a € Ny (b) = Ny (a(b)). So o(b) € Ny (a) = Ny (o(a)).

Hence o(a),o(b) are adjacent. So o is a graph automorphism. O

Define an equivalence relation on G as follows:

a ~ biff r(lal) = r(]b]). It is clear that a ~ b iff Nr(a) = Nr(b). Let [a] be the equivalence class of a.
It is clear that {b € G : |a| = |b|} C [a]. In particular, Cl(a) | J{a* : (k,|a|) = 1} C [a]. So [G : Cg(a)] =
|Cl(a)| < |[a]] and ¢(la]) < f(lal) < |[[a]]. Assume that G/ ~= {[a;]} and [[a)]| = 1, |G/ ~ | =1

Theorem 4.2. (1) Spy x -+ xSy, C Aut(T'g).
(2) If a € P where P is Sylow p—subgroup then [a] = U eq gPg—' — {1}
(3) pr”HG| then Syn_1 C Aut(Lg).
(4) If la| = m then f(m) < |[a]| and Sjm) C Aut(Lg).
(5) If G contains m end vertices then Sy, C Aut(T'q). In particular, for a nilpotent group G of
order n, Sy € Aut(T'g).

Proof. (1) Let 0 = (01,...,0) € Spy X -+ X Sp,. If 0; acts on [a;] then o is an automorphism by
Theorem BT
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(2) It is clear that r(|a]) = p. So the order of every element in [a] is a p-power. Hence by Sylow’s
theorem on conjugacy of Sylow subgroups the proof is complete.

(3) Let a be a p—element. Then p™ — 1 < |[a]| by part (2). Hence Syn_1 C Aut(I'g) by part (1).

(4) The subgroup (a) contains f(m) elements g which 7(m)||g||m. Hence r(m) = r(|g|). So these
elements are in [a]. So Sy, € Aut(I'g).

(5) The end vertices constitute a class.

Theorem 4.3. Aut(G) = Aut(Tq) iff G = Zs, Zs P Zo.

Proof. If Aut(G) = Aut(I'g) then every graph automorphism is a group automorphism. Assume
there are a # b € G of the same order and x € G\{1,a,b,a”1b}. Define o : T'¢ — I'g by o(a) =
b,o(b) = a,Vg € G\{a,b} o(g9) = g. So o is a graph automorphism by Theorem EZI. Hence it
is a group automorphism. Hence ax = o(az) = o(a)o(x) = bxr which is a contradiction. This
implies that |G| < 4. So G = Zy, Z3, Z4, Lo @ Zs. We have Aut(Zy) = {1}, Aut(Z3) = Za, Aut(Zy) =
Lo, Aut(Zo D Zz) = S3. Also Aut(I'z,) = Za, Aut(I'z,) = Za, Aut(I'z,) = S3, Aut(l'z, gyz,) = S3. So
the proof is complete. O

The next theorem is a generalization of [9, Theorem 4.3].

Theorem 4.4. Let G be a nontrivial group. Aut(I'q) is a solvable group iff G = Zg, L3, L4, Lo @ Z2, Zs,
Lg, L10, S3-

Proof. We know that S,, is a solvable group iff n < 4. So every equivalence class has size less than 4.
In particular, if G has an element of order m then f(m) < 4. Let |G| =n = p}* ---py*. Let P; be the
union of Sylow p;—subgroups and p;"* < |P;| = t;. According to part (1), (2) of Theorem B3, Sy, C
Aut(T'g). Hence t;—1 < 4. Sop; € {2,3,5} and t; € {2,3,4,5}. Assume p;" € {3,4,5}. We claim that
Sylow p;—subgroup is normal. Else there are at least three Sylow p;—subgroup which implies that
|P;| > 6 which is a contradiction. If 4| |G| then G is a nilpotent group because its Sylow subgroups are
normal. So S,y € Aut(I'g). Hence f(n) < 4.Son =4 and G = Z4, Zo P Z2. If |G| be an odd number
then G is a nilpotent group because its Sylow subgroups are normal. So Sy, € Aut(I'g). Hence
f(n) <4.Son =3,5and G = Zs, Zs. If 15||G| then G contains a subgroup of order 15. But every
group of order 15 is a cyclic group. Hence the equivalence class of its generator has f(15) = 8 elements
which is a contradiction. So |G| =6 or |G| = 10. If |G| = 6 then G = Zg, S3. Because Djo contains 5
elements of order two so G has an equivalence class of size 5 which is a contradiction. So, if |G| = 10
then G = Zig. Conversely, by drawing graphs,we have Aut(T'z,) = Aut(I'z,) = Za, Aut(T'z, gyz,) =
Aut(I'z,) = Sz, Aut(T'z,) = Sy, Aut(I'z,) = Sa x Sz, Aut(I's,) = Sy x Sz, Aut(I'z,,) = S X Sy, O

The following theorem gives a complete answer to in [4, Question 4.5].
Theorem 4.5. G = Aut(I'q) iff G = Zo.
Proof. Let |G| = n = p*---p* and pi* < --- < pp*. According to parts (1),(2) of Theorem B2,

ny ng _
(Pt = D! (pp* — D|Aut(G)| = |G]. So (plpnll)! (p’“pnkl)! < 1. Note that w is an increasing
1

k
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1 k1)1
function. If & > 3 then p§3 > 5. So (plpnll)! (p’“pnkl)' > 17'%'43' > 1 which is a contradiction. Hence
1 k

ny ng
k <2 If pj? > 5 then (py —DHpy"—1)! }L)l!(lfé D! > 15'43' > 1 which is a contradiction. Thus k¥ < 2 and py? < 4.
py'p

1 2
So |G| =2,3,4,6,12. By drawing coprime graphs of these groups we conclude that G = Z,. O

Remark 4.6. In [9] it is claimed that Aut(I's,) = S3. But Aut(I'g,) = S X S
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